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1 Introduction

We define three basic 3™ order linear recursive sequences {t,,,} m = 0, 1, 2 by initial values for
n = 0,1, 2 and the 3" order linear homogeneous recurrence relation Shannon [15]

tm,n = Pltm,nfl + PZtm,nf2 + PBtm,an% n Z 37 (11)

in which the P, are arbitrary integers so that (1.1) is essentially analogous to Horadam’s
generalized sequence for his 2™ order {w,, } Feinberg [10]. For later convenience, we shall take
the initial values as ¢,,0 = t,,1 = t;2 = 1 when Py, =1,P, = 0, = P; = 1, a Padovan
sequence Borwein et al. [5, §2.4] — sequence A000931 in Sloane [20]. We also define related
arrays of sequences {v, , } for any integer m by a partial recurrence relation

Umn = Um—1pn—1 T P3fnvmfl,27 0<m< 37 n > 07 (1.2)

with boundary conditions
Um,0 = Pgtn and Von = P37n~ (13)

The purpose of this paper is to explore some of the properties of this array as a non-standard
recurrence Anderson et al. [3].

2 Partial recurrence relation

We first show that the characteristic equation associated with (1.1) is related to the partial
recurrence relation by

2 2
zd = Z Py, — ™3 = Z Uy " 2.1
n=0 n=0
the proof of which follows by induction on m.
When m = 0,
2 2
Z Vo " = Z Py, a™ = 2.
n=0 n=0
Whenm =1,

2
n n
E V1pX" = E (Von—1 + P3_nvo2) x

n=0 n=0

2 2

x E Von—12""" + Vo2 g P3_pa"
1

_ n 3

= E VonT + Vg2l

n=0

2
=z Z Vo "
n=0
2
=z Z Py, x"
n=0

= .174.
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Assume the result is true form = 2,3, ..., s. Then
2

IS+4 —_ E :Us,nle_l

n=0

1
= V507" + E Vg ™!
n=0

2
_ 3 n
= Us,2% + Vs n—1T
n=0

2
3 n
= VUs,2T + § (Uerl,n - P3fnvs,2) X

n=0

2 2
3 n n
= Us 2T — Us2 E PS—nZE + E Us+1,nT
2
— 3 2 n
= e (2% = Py — Por — Pia®) + ) vy1n

n=0
2
n
= E Vs41,nT -
n=0

3 Application

We now apply this to the case where ) = 1, P, = 0, P, = P; = 1, which Hildebrand [11, p. 461]
used as an example in old-fashioned numerical analysis; that is, for
2

20 =) gt =1+ 22+ 2% (3.1)

n=0

We also have from (2.1) that
fB)=a’=a+1,
which is, in effect, the auxiliary equation for the corresponding third order Padovan sequence,

some properties of which have been developed in Jarden [12, p. 114] and Shannon et al. [16,17].
If we apply (2.1), we see initially that

f(3) =x+1,
f(4) = 2* +
fG)=2>+r+1
and so on by using (2.1) again
f(48) = 1706252* + 226030z + 128801
and
£(49) = 2260302* + 299426z + 170625

which conforms with Gnanadoss [9], to find that if we use = 1.3 as an approximation of the
dominant root of 23 — x — 1 = 0, then a better approximation with the Bernoulli iteration can be
given by
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F49) 4 594717073

f(48)
which agrees with Hildebrand [11, p. 461]. This in turn suggests how this can also be achieved
even more succinctly with the Padovan sequences { P, }, such that

e = Ppya® + Py + P, (3.2)
as exemplified in Table 1.

Table 1. Padovan sequences

Pn—&-laj2 + Pyyox + Py

m ™ A2+ Aoz + A, Expansion = gnt3 n
0 2= Aiz?2+ Ayr+ A= 1

1 al= Agz® + Azx+ A = T

2 2?2= Asx?+ A+ Ay = x?

3 23= Aw?+ Asz+ Az= x4 1 = P12 + Pyx + Py 0
4 2t = Asx® + Agx + Ay = 2+ = Pyx? + Pyx + Py 1
5 2= Agx’+ Ajx+ A5 = 22 +r+1 = P32? + Pz + P» 2
6 20= A7z®+ Agx+ Ag = 2+ 2x+1 = Py’ + Psx 4+ P 3
7 x"= Agz®+ Agx+ Ay = 202 + 2z + 1 = Psa® + Psx + Py 4
8 a8 = Agz?+ Ajgxr+ Ag = 222 + 3z + 2 = P¢ax® + Prx + Ps 5
9 29= A’ +Ajzr+A9g= 32*+4x+2 = Pra? + Pyx + Pg 6
10 29= Ap2?+Ape+ Ajg= 422 +52+3 = Pgz? + Pyx + P; 7
11 a2l = Apz?+ Az +An = bal+T7x+4 = Pgxz? + Pz + P 8
12 22 = A’ +Auz+An= T224+92+5 = P> +Phz+Py 9
13 28 = Aua?+Ase+A3= 922 +1220+7 = Pnz®+ Pz + Pig 10
14 M= Ajpa? + Ajgr + Ay = 1222+ 162+ 9 = Poz? + Pisx+ P 11
15 21 = Ajgr? + Ayze + Ais = 162% +21x + 12 = P32 + Pyx + P 12
16 210 = Ayza? + Ajgr + Ajg = 2122 + 282+ 16 = Pya? + Pisz + P13 13
17 2'7= Ajga® + Ajgr + Ayp = 2822 4372 + 21 = Pis2? + Pigx + Py 14
18 218 =

= Aygr? + Agox + A1g = 3722 + 49z + 28 = Pigz®+ Pirx + P15 15

48 2 = Aygr? + Asox + Aygs = 17062522 + 226030z + 128801 = Pusz? + Pyrx + Pys 45
49 % = Asor? + A1z + Agg = 22603022 + 2994262 + 170625 = Pyrx? + Pisx + Pyg 46

This seems to follow because Gnanadoss and Hildebrand both chose Padovan polynomials in
their examples, and the initial Padovan values are Fy = 1, P, = 0, P, = z, respectively so that
(3.2) can be proved by induction on n. Thus, we can obtain:
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Theorem 3.1. Let {Pn}nzo with Po=1, P, =0, P, =1,and P,.3 = P,.1 + P,(n > 0) be the
Padovan sequence. Then

2" = P, 2% + Pyyox + P, forn > 0,
where x is a root of x3 — x — 1.

Corollary 3.1. Following N. J. A. Sloane [20], let {Am}mzo with Ag = 1, Ay = Ay = 0, and
Apis = A1 + Ay (m > 0). Then

2" = Ap2® + Apyox + Ay, forn >0,
where x is a root of x° — x — 1.

We provide the proofs of Theorem 3.1 and Corollary 3.1 later on. They are based on the
following Lemma 3.1 and noting that P,, = A,, 3.

Lemma 3.1. 2" = (23 — 2 — 1) g,(7) + A, 12 + A, 0z + A,
Proof. Consider

" = (x3 —r— 1) Gn(2) + ana® + byx + cp. (3.3)
Then 2" 1 = (2® — 2 — 1) gp_1(2) + @p_12* + b,_17 + ¢,,_1. Hence,

P = 20 = 0 (5 = 2 = 1) gus(@) + s+ byra® 4 cpra
= (2" =2 = 1) [xgn1(®) + ap_1] + Q1T + @y + bp12® + ¢
= (:p?’ T 1) [2gn_1(2) + an_1] + bp_12® 4+ (Gp_1 + Ca1) T+ ap_1. (3.4)

By comparing (3.3) and (3.4), we obtain

an = bn—la (35)
bn =0ap-1+ Cp_1, (36)
Cp = Qp_1- (3.7)

Then ¢,.1 = a, = b,_1 by (3.7) and (3.5), respectively. Further, b, 1 = a, 2+ ¢, 2 =
Cn—1 + ch—2 by (3.5), (3.6), and (3.7), respectively. Thus,

Cnt1 = Cp—1 + Cp—2. (38)

Now, forn = 0,letag = bg = 0, ¢cg = 1. Let n = 1;thena; = 0, by = 1, ¢ = O.
Letn = 2; thenay = 1, by = 0, co = 0. Hence, we have ¢, ;1 = ¢,_1 + ¢,_2 With ¢y = 1
and ¢; = ¢ = 0, which implies that ¢, = A,. Additionally, we have a,, = ¢,11 = A,11,
bp =0, 1+ 1=C+Ch1=A,+ A, 1 = A,12by (3.6) and (3.7). Therefore, we have

" = (x3 —x — 1) g(x) + App12® + Apox + A, O
Corollary 3.2. 2" = (2° — z — 1) g,(x) + P,y12* + Py oz + P,

Proof. We have "3 = (23 — 1 — 1) g,(2) + Apiar® + A, 57 + A, 3 by Lemma 3.1. Since
Anis = By, it follows that 2" = (2% — x — 1) g, (2) + Pyy12? + Pyyox + P,. O
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We include the next result to demonstrate the similarity between Padovan sequences and
Fibonacci sequences. Further results are given by Roettger and Williams [14].

Corollary 3.3. 2" = (2> — 2 — 1) g,(x) + F,x + F,,_1 forn > 1.
Proof. The proof is similar to that of Lemma 3.1. ]

Example 1. See Table 2 below.

Table 2. Powers of a root of 22 — x — 1 = 0 expressed in terms of Fibonacci numbers.

x" = anB + Fn—l

20=1
t=Frx+EF=x
=Fr+F=x+1
P =Fr+F=2r+1
2t = Fyx + Fy =3z + 2
¥ =Fax+F,=5c+3

TR W N~ O S

We can now readily and simply prove Theorem 3.1 and Corollary 3.1.

Proof of Theorem 3.1 and Corollary 3.1. By Corollary 3.2, we have
2" = (2* — 2 — 1)g(2) + Poy12® + Prox + P,

Thus, because 2® = = + 1,

3 2
2" = P, 2% + Pyox + Py,

which proves Theorem 3.1.
Furthermore, since P, = A, 3, we have

2" = P2t + Poyor + Py = Apa® 4+ Apyst + Anys.

Let n + 3 = m, so that 2™ = A,, . 12% + A, 497 + A, for m > 3. The cases m = 0,1,2
follow directly from the initial values and the recurrence for { A, } ,,>0.
This proves Corollary 3.1. []

Corollary 3.4. Let 2" = P, 12> + P, 9w + P, and 2" = P, 92> + P, 33 + P,41. Then
2" = (P14 Poy2)2® + (Puyo+ Poys)x + (Py+ Poyr). Furthermore, {x" 3} U{1, z, 2%}
is a Padovan sequence with initial values, 1, x, 22, where x € N.

Proof. Since P,,1 + P12 = Pyy4, Pyio+ Pois = Poys, and P, + P,y = P,.3, we obtain
xn+6 = Pn+4x2 + Pn+5x + Pn+3- O

Corollary 3.5. Let 2™ = A, 122 4+ Apppor + Ay and 2™ = A, 02? + Apyist + A,

Then 2" = (Apy1 + Amio)2® + (Apge + Apmas)r + (A + Apyi).  Furthermore,
{2"%},20 U {1, z, 27} is a Padovan sequence with initial values, 1, z, 2, where = € N.
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Corollary 3.6. Let {Q”}nZO with QO = Ql = QQ = 1 and Q,H_g = Qn-{—l + Qn(n > 0)
Let $n+5 = 6271-5-1372 + Qn-i—?x + Qn and xn+6 = Qn+2x2 + Qn+3x + Qn+1~ Then $n+8 =

(Qm+1 + Qm+2)x2 + (Qm+2 + Qm+3)x + (Qm + Qerl)- Furthermore, {xn+3}n20 U {L Z, 332}
is a Padovan sequence with initial values, 1, x, x*, where x € N.

The sequence {Qn}n>0, also called the Cordonnier sequence, was discussed in Shannon et al.
[17,18]. B

Corollary 3.4 can be used to compute " without {P,}, ., by adding the corresponding
coefficients of 22, z, and z°, respectively. -

Example 2. We compute z”.

2 =1=022+0x+1
r=r=02+1x+0
22=22=1224+0x+0

B =x+1 (by adding the coefficients of z' and z),
t =24z (by adding the coefficients of 22 and '),
P=a+r+1 (by adding the coefficients of 23 and z?),
=2 +22+1 (by adding the coefficients of z* and %),
o’ =22% 422+ 1 (by adding the coefficients of z° and z*).

We have similar results and applications for { A, },-, and {F},}, -

Corollary 3.7. Let 2" = F, 1o + F,, and 2" = F, 91 + F,1. Then 2™ = (F, ;1 +
Fn—i—Z)ZB + (Fn + Fn-l—l)-

Example 3.

r=x=x+0

?=x+1 (by adding the coefficients of = and 2,
=22 +1 (by adding the coefficients of 2 and z*,
vt =32 +2 (by adding the coefficients of z* and 22,
2° =5z +3 (by adding the coefficients of z* and 2

Theorem 3.2. Let { P, } be the Padovan sequence with characteristic polynomial 2> —x —1 = 0.
Ifb,x™+by 12" '+ - +byx+by = 0(modax®—x—1), then by, Py+by 1 Py_1+ - -+b1 P+ Py = 0.

Proof. This is a special case of Lucas’s [13] results. O

Example 4. Prove P, s =3P, 5 — 2P, s+ P, 11 forn>11,and A,,,1 = 3A,,_2 + A, _g for
n > 8 (see Tedford [22]).

Proof. The characteristic polynomial of P,_o = 3P,_5 — 2P, s+ P,_11 is 2° — 32 + 223 — 1.
Now, from Table 1,
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¥ = 32% + 4z + 2,
5= 420 +1,
2 =x+1.
Hence,
) —32°+22° —1=B2* +42+2) - 3(*+22+1) +2(x+1) - 1=0.
This means that (2 — x — 1)|(2° — 32° + 223 — 1). Thus, P, s =3P, 5 — 2P, s+ P,_11.
Furthermore, since P, = A, 3, it follows that A,, .1 = 34, o —2A4,, 5+ A, _gforn > 8. O

Remark 1. One may use mathematical induction or long division to prove this identity, but by
using Table 1 is the best one.

There is another advantage by using Table 1 to create a new identity. Suppose we want to find
a, b, and c so that P, = aP,_4 + bF,_g + cP,_15 is an identity for a Padovan sequence. The
characteristic polynomial is 22 — ax® — bz* — ¢ = 0. Since
1% = 72% + 92 + 5,
2 =227 + 31 4 2,
ot =2+ x,
we have
(72* + 92 4+ 5) —a(22® +3v +2) — b(z* + 2) — c = 0.
Then 7—2a—b=0,9—3a—b=0,and 5 —2a —c =0,andsoa = 2, b = 3, and
c =1. Thus, P, = 2P, 4+ 3P, s + P,_12. Similarly, P, = 3P,_5 — 2P, ¢ + P,_9. (See
Cerda-Morales [6, Theorem 3] for another approach.)
Using Theorem 3.2, we have the following algorithm for establishing b, P, +b,, 1P, 1+ - -+
boPy =0, b, A, +bp_1An_1+ -+ byAg =0, and b,Q,, + b,,_1Qp_1 + -+ + byQo = 0, where
b € Z(i=0,1,2,...,n).

Algorithm

Step 1. Pick an arbitrary polynomial b,z + b,_ 12" 1 + -+ + byz + by = 0,b; € Z.
Step 2. Using Table 1, compute b,z + b,_12" ' + - -+ + by + by = px? + qx + 1.

Step 3. Compute b, 2" + b, 12"+ -+ bz + by — pr? —qr —r =0, ie., bya™ +b,_ 2" 1 +
o by + (b — p)a? + (by — @) + (bg — 1) = 0.

Step 4. Applying Theorem 3.2, we have
bn P+ bp 1 Py + -+ b3P3 + (ba — p)Pa+ (b1 — ¢) P1 + (bo — 1) = 0,
and since P, = A, 13 and Q),, = A,,.5, we have further that
bnAnys + bn1Anyo + -+ b3As + (b —p)As + (b1 — @) As + (by — 1) A3 = 0,

and
ann + bn—lQn—l +---+ b3Q3 + (b2 - p) + (bl - Q) + (bo - T) = 0.
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Example 5. We pick 28 —2°+22*+2+1 = 0. From Table 1, 2® = 222+ 32 +2, 2° = 22+ 2 +1,
and 2* = 22 + x, and so 2® — 2° + 22* + 2 + 1 = 322 + 52 + 2. Then
2® — 2% + 22% — 322 — 42 — 1 = 0. Equivalently,
xn+8 _ xn+5 + 2xn+4 _ an+2 _ 4xn+1 — " =0
By Theorem 3.2, we have
Pn+8_Pn+5+2Pn+4_3Pn+2_4pn+1_Pn:O)
An+11 - An+8 + 2An+7 - 3An+5 - 4An+4 - An+3 = 07 and
Qnis — Qniys T 2Qn1a — 3Qn12 — 4Qpn1 — Qn = 0.

4 More identities

In this section, we consider the same sequences P, and A,. However, we explore the various
ways in which we may sum the terms of each sequence.

Theorem4.1. Ag+ A, + Ay +---+ A, = A5,

Proof. Consider 1 + z + 22 + - - - + 2" = az? + bx + c. Then

1— l.n+1

= az® + b +c,
1l—x
and so
1— 2" = (1 —2)(az® + bx + ¢).
Since
xn+1 = An+2x2 + An+3x + An+17
we have
1 — (Apor® + Apysz + Appy) = (a2® +bx + ¢) — (az® + ba® + cx)
= ar® +br + ¢ — [a(z + 1) + bz’ + ca]
=(a—b)x* +(b—a—c)r+(c—a).
This implies
_An+2 =a—b,
_An+3:b_a_ca
1-— An-‘rl =C—a;
equivalently,

Appa=b—a,
Apig=a+c—b,
Api1=a—c+ 1.
Thus,c = Ao+ Apys,a= (Apir + Ao+ Apis) — L,Lb=2A,,0+ Api1 + Apis — 1.
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Hence,
T+o+a2+ .. 42" = [(Ang1 + Ango + Anys) — 1] 2%+
2An10 + Ang1 + Apgs — 1o 4 [Apgo + Anys)
= (Ansz + Angs) (L + 2+ 2%) + (Apss — 1)(@” +2) + Appox
= Aps2’ + (Appr — Da* 4+ A pom.
Thus, since Ay = A; =0,

A0+A1+A2+...+An:An+5*A5+(An+1—1)A4+An+1A1
:An+5- O

Example 6. A+ A +---+A=1404+04+1+0+14+14+1+24+24+3=12= Ays.

Corollary 4.1. Let {P,} be the Padovan sequence given by the third order linear recurrence
relation P,.3 = P,1 + P, for n > 0 with initial conditions Py = 1, P, = 0, P, = 1. Then
Ph+P+--+P,=Fys5— 1L

Proof. Note that P, = A,,,3. By Theorem 4.1, we have

PB+P+-+ P =A3+As+ -+ A3
= (Ag+ A1+ A+ A3+ Ay + -+ Apyz) — (Ao + AL + Ay)
:An+8_ (1+O+0)
- n+5 — 1 D
Corollary 4.2. Let {Q,} be the Padovan sequence given by the third order linear recurrence

relation Q0,13 = Qi1 + Q, for n > 0 with initial conditions QQy = Q1 = Q3 = 1. Then
Qo+ Q1+ +Qn=0Qn5—2

Proof. Note that ), = A,,;5. By Theorem 4.1, we have
Qo+ Qi+ +Qun=A5+As+ -+ Anys
= (Ag+ A+ A+ As+ Ay + Ay + Ag+ -+ Anis)
— (Ao + A1+ Ay + A3 + Ay)
= Apis— (1+0+0+1+0)
= Anys — 2
:Qn+5—2- O

Example 7.
. P+P+-4+Po=1+0+14+1+1+24+2+3+44+5+7
= 26
= Pi5 — 1;
2. Qo+Q1+ - +Qu=14+41+1+2+2+4+3+4+5+7+9+12
=47
= Q15 — 2.
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Theorem 4.2. Ay + A + -+ + Ay, = Aopia.

Proof. Consider
l+22 424+ 2™ =ax® + bz +c.

Then

1 — 2?2 = (1 — 2?)(ax® + bx + ¢).
Since

"% = Agy 31 + Agyia + Aspia,
we have

1 — (Agpys2® + Agpiax + Agpyo) = (ax® + bz + ¢) — (ax* + ba® + ca?)
= ar® + bz + ¢ — [a(z® + ) + b(z + 1) + c2?]

= —cz® —azx + (c - b).

This implies
_A2n+3 = —C, _A2n+4 = —a, and 1 — A2n+2 =C— b,
and so
Agnyz = ¢, Agna = a, and b = Agpy3 + Agpya — 1.
Hence,

T+a® +at+ - 4+ 2 = Agypa2® + (Agnas + Aoy — Do+ Agpys.
Thus, since Ay = A; =0,

Ag+ Ao+ ..+ Aoy = Agpia Ao + (Asngs — 1) Ay + Agpys

= A2n+3 .

]

Examples. A0+A2+A4+—|—A18:1+0+0+1+2+3+5+9+16+28:65:A21

Theorem 4.3. Al + Ag + -+ A2n+1 = A2n+4~

Proof. Consider
T+ 20+ 42" = ax® + br + ¢

equivalently,
z(1+ 2>+ 2"+ +2°") = az® + bx + c.

Then, from the proof of Theorem 4.2, we have
r— 2 = (1 — 2% (ax® + bz +¢) = —ca® —ax + (c — b)

Since
2n+3 __ 2
x = Aopia” + Agpis® + Agpys,

we have
7 — (Agnsa® + Agpist + Agpys) = —ca® —ax + (c — b).
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Then ¢ = Agyig, a = Aoy — 1, b= Asy,i, and hence,
v+ 4 T = (Agnys — Da? 4+ Agpiex + Agpga.
Thus, since Ay = A; =0,
Ay + As+ -+ Agpyr = Aopga. Il
Example 9. A, + A3+ A5+ +A5;=0+14+14+14+24+4+74+12=28 = As.

Remark 2. Theorem 4.3 can be proved by Theorem 4.1 and Theorem 4.2 as follows.
From Theorem 4.1, we have

Ag+ A+ A + - + Agnyr = Aonse;
equivalently,
(Ao + Ao+ -+ Agp) + (A1 + Az + - + Agnyr) = Asnge
From Theorem 4.2, we have
Ag+Ag + - 4 Aoy = Agpys.
Combining these facts, we obtain
Al + A3+ -+ Ao = Aopig — Aopis = Aopia,
1.e., Theorem 4.3.

Corollary 4.3. Let {P,} be the Padovan sequence given by the third order linear recurrence
relation P, .3 = P, 1 + P, for n > 0 with initial conditions Py =1, P, =0, P, = 1. Then

1. Po+ Py+ -+ Pop = Popys
2. Pi+Ps+ -+ Popp1 = Poppg— 1
Proof. Note that P, = A, 3 so that

Po+ Pyt -+ Poyy=As+ A5+ -+ Agnys
= (A + A3+ A5+ + Agpys) — Ay

= Agnis (by Theorem 4.3)
:P2n+37

and

Pit P+ + Popyr = As+ As+ -+ Aznga

= (Ao +Aa+ As+ Ag + -+ + Agpya) — (Ao + A2)
=Asi7r—1 (by Theorem 4.2)
:P2n+4—1. D

ExampleIO. 1. P0+P2+P4++P20:1+1+1++114:265:P23

2. PP+P+P+--+Pg=04+1+2+---4+86=200—-1=199.
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Corollary 4.4. Let {Q,} be the Padovan sequence given by the third order linear recurrence
relation Q13 = Qni1 + Qp for n > 0 with initial conditions Q) = ()1 = Q3 = 1. Then

L. Qo+ Q2+ + Qo = Qanys — 1
2. O +Qs+ -+ Qopy1 = Qapga — 1
Proof. Recall that ,, = A,, ;5 so that

Qo+ Qo+ +Qap=As+ A7+ -+ Aopys
= (A1 +As+ As+ Ar + -+ 4+ Aspys) — (A1 + A3)
= Ag,is — 1 (by Theorem 4.3)

= Qon+ys — 1,

and

Qi+ Qs+ + Qa1 =As + As + - + Aongs
= (Ag+ Ay + Ay + As + A+ - + Aonig) — (Ao + Az + Ay)
=Agi9g—1 (by Theorem 4.3)

= Qanta — L. [
Theorem 4.4. AO -+ Ag + Aﬁ + -4 A3n = A3n+2 + 1.

Proof. Consider 1 + 23 + 25+ 2% + - -+ 4+ 2%" = a2 + bx + c. Then

1 — 3n+3
1+:c3 = az® + bz +c.
Equivalently,
1— 2% = (1 — 2*)(az® + bx + ¢).
Since 233 = As, 42% + Aspisx + As,ps, we have

1 — (Aspis2® + Agpisx + Aspys) = (ax® + bx + ¢) — (ax® + ba* + ca®)
= (az® +br +c) — [a(x* + 2+ 1) + b(2® + z) + c(x + 1)]

=—bz* — (a+c)r —a.

This implies
Aspiga = b, Aspis =a+c, and Az, 3 =a+ 1.

Then 1 + 2% + 2% + -+ + 23" = (Az,43 — 1)z + Azpia7 + (Azpys — Azniz + 1), and so
Ao+ As+ Ag+ -+ Az = (Asngs — 1) Ao + Az g Ay + Az + 1.
Since A; = A; = 0, we have

Ao+ Az + Ag+ -+ + Az = Azpyo + 1. O
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Corollary 4.5. Let {P,} be the Padovan sequence given by the third order linear recurrence
relation P, .3 = P, 1 + P, for n > 0 with initial conditions Py =1, P, =0, P, = 1. Then

Po+ P3+ -+ + Pz, = P3,49.
Proof. Note that P,, = A,,, 3 so that

P0+P3+"'+P3n:A3+A6+"'+A3n+3
= (Ao + A3+ As + -+ + Aznyz) — Ao
= (Agnys+1)—1 (by Theorem 4.4)

= A3n+5
= P3n+2- O

Theorem 4.5. A() + A5 + A10 + -+ A5n = A5n+1 + 1.

1_x57L+5
1—z°

Proof. Consider 1 + 2° + 210 + ... + 27" = = ax? + bx + c. Then

1— 2" = (1 - 2°)(ax® + bx + ¢) = ax® + bx + ¢ — ax’ — ba® — ca®
=ar’ +br+c—a22® +2v+1) —b(z® +2r + 1) — c(z* +z +1).

5n+5

Since z = Aspi62? + Asnirx + As,ps, we have

Sn+b __ 2
=1- A5n+6$ - A5n+7l‘ - A5n+5

1—2z
so that
1 — Aspi67® — Aspirt — Aspis = (a—2a—b—c)z*+ (b—2a—2b—c)z+ (c—a—b—c).
Equivalently,

1— A5n+6$2 — A5n+7l’ — A5n+5 = —(CL + b + C)IZ — (2(1 + b + C)I - (a + b)

This implies
Asnis = a+b+c, 4.1)
Asnir =2a+ b+ c, 4.2)
A5n+5 =a+ b + 1. (43)

From Equations (4.1) and (4.3), we have
¢ = Asnt6 — Asnys + 1. 4.4)
From Equations (4.1) and (4.4), we have

Asnrs +1=a+b, 4.5)

and from Equations (4.2) and (4.4), we have

Aspyr — Aspye + Asngs — 1 = 2a + b. (4.6)
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From Equations (4.5) and (4.6), we have
a = Asni7 — Asnie- “4.7)
From equations (4.3) and (4.7), we have b = As,, .5 — Asni7 + Asnie — 1. Hence,
14 1'5 + .7710 + -+ Z'5n = (A5n+7 — A5n+6>$2 + (A5n+5 — A5n+7 + A5n+6 — 1>$
+ Asni6 — Asnis + 1
equivalently,
Aog+As+Arot+ -+ Asn = (Aspr—Asnte) Ao+ (Asnss— Asnpr+-Asnre—1) Ar+-Asnp6— Asnys+1.
Since Ay = Ay =0, wehave Ag+ A5+ Ao+ -+ A5 = Aspis — Aspas +1 = A5 +1. O
Example 11. A0+A5+A10+' . '+A35 = 1+1+3+ 12+49+200+816+3329 = 4411 = A36—|—1.
Corollary 4.6. Let {Q),} be the Padovan sequence given by the third order linear recurrence
relation Q13 = Qni1 + Qn for n > 0 with initial conditions Qg = ()1 = Q3 = 1. Then
Qo+ Qs+ -+ + Qsn = Qsnys-
Proof. Proof. Note that ,, = A,, .5 so that
Qo+ Qs+ +Qsn=As + Ao+ + Aspys
= (Ao + A5+ + Asnys) — Ao
= (A5 +1)—1 (by Theorem 4.5)
= Qsn6- O]

Theorem 4.6. Z (Z) P, = Ps,.

k=0
Proof. Consider the characteristic polynomial

f(2) = 2% — (2 +1)" = (@) = (& +1)" = [2° — ( + D]g(z) = 0.

Then (2* — 2 — 1)| f(x). Further, note that

fl@) = ()" — (2 +1)" = 2" — [(g) 2"+ (’;) I (Z) %] = 0.

Then

ie., Py, = > 1_ (1) P by Theorem 3.2 and 2* =  + 1. O

Corollary 4.7. P, = Z(—l)"’k (Z) Pxy.
k=0

Proof. Recall the binomial inversion formula: b, = >} (V) ar < a, = > _p_o(—=1)"7*(})bx
(Sloane [20]). Then

n

Pp=3" (Z) PP, = En:(—l)”_k (Z) P U

k=0 k=0
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5 Generalized continued fractions

Fibonacci numbers have many connections with ordinary continued fractions both pure (complex
analysis and number theory) Anderson, Bernstein [2] and [4, Ch. 2], and applied (linguistics and
numerical analysis) Anderson et al., Shannon and Crothers [1, 18]. Here we consider a plausible
case for how a generalized continued fraction can be related to arbitrary order sequences. Previous
work (for example Shannon, Wong, and Crothers [18, 19]) has tended to focus on going from the
continued fraction algorithm to the recurrence relation or difference equation, whereas we are
attempting to go in the opposite direction. From (1.2) we can write, both formally and more
generally, that for 7 = 0,1,2, ( = 1 is the case in (1.2)):

V3_jn = V2—jn—1 + Pjp1Um_12,n >0,

o0 ()i pa®

r—jn+1 = Yr—j—1n I%r—1mn
and
V2 5 = V-1 + Pivg2
(r) _ T 1 (r)
U4yl = Urlon + (_1) Plvrfl,n

so that if we put

(n) r—jn
a;y =
7 U7(“T—)l,n
(n) j
and b;" = (—1)? P;. Then " "
'Urr—j,n—l—l Urr—j—l,n
’U7(“—)1,n U7(‘T—)1,n - (_1)JP]
(r) (r)
UT—L’IL—"-I UT—Q,n
o™ (") (DA
r—1,n r—1,n

can be re-written, if we set a[()") =1, Vn, as

(n)
oD — a; " —b
-1 (m) _ (m)
1 1

An ordinary periodic continued fraction is an irrational root of a quadratic equation with
irrational roots; in particular, the convergents satisfy second order linear recurrence relations with
suitable initial conditions with the n-th convergent

n—+2 n+2

pu _ i —al
- n+l n+1

n Ty — Xy

where p,11 = appn + Pr—1, and ¢,11 = anqn + ¢n_1.
For k a non-negative integer and

¥ eRr i=12 ., n-1,

let [7]

a®) = [agk), a?, . ,agi)l] =a® e B,
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and let
F@®y = [, 687, b ] =P e B,

» Yn—1

with a\* £ b so that for T : E,_y — E,_;

a7 — (agk) _ bgk))—l(agk) _ bgk)7 agk) _ b:())k)’ a® b(k)) — (kD).

n n

which is a Jacobi—Perron Algorithm (JPA) of the vector a(”) as a sequence {a*)} of vectors
in F,_; and Bernstein has demonstrated how this is a generalization of the continued fraction
algorithm.

6 Concluding suggestions

This raises the related question that given the connection between the ordinary continued fraction
and the Euclidean Algorithm, can the latter also be generalized along the following lines? Instead
of relating two integers, suppose we connect two pairs of integers (a,b) and (c,d) in steps
analogous to the ordinary Euclidean Algorithm. Suppose ¢ > a > b > d, so that

(¢,d) = z1(a,b) + (¢ — 10,2, — d)
(a,b) = xo(c — x1a, 21 — d) + (a — x2(c — z10), 220 — (21 — d)) (6.1)
.= Ty (u,v) + (b, —a).

For example, consider the vector pair (17, 1) and (65, 0):

(65,0) = 3(17,1) + (14, —3)
(17,1) = 1(14, —=3) + (3,4)
(14, —3) = 4(3,4) + (2, —19) (6.2)
(3,4) = 1(2,—19) + (1,23)
(2,—19) = 2(1,23) + (0, —65)

in which from (6.1), the partial quotients are:
%1:3, Ll'gzl, 513'3:4, QZ4:1, .%'5:2.
In a sense, (6.2) contains two Euclidean Algorithms [19], namely

65 =3 x 17+ 14

17=1x14+3
14=4x3+2 (6.3)
3=1x2+1
2=2x1+0

and
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65 =2 x23+19

23=1x19+14
19=4x4+3 (6.4)
4=1x3+1
3=3x1+40.

From (6.3) and (6.4), we have two finite continued fractions
65/17 =[3,1,4,1,2] and 65/23 = [2,1,4, 1, 3].

In general, if p,/q, = lag,a1,as,...,a,], then p,/p,_1 = [an,...,a1,a0] (see Borwein
et al. [5, §2.4]). For 65/17, we have

an:3,1,4,1,2, and p,:0,1,3,4,19,23,65, and g, : 1,0,1,1,5,6,17.

Then
Py =09,p3 =23,q4 = 17,q3 = 6.

Thus,

“:@:@:[ ]
Pn—1 P33 23

The partial quotients in (6.3) are the same as those in (6.4) but in different orders. Further
developments of Padovan sequences Deveci and Shannon [7] could be related to the JPA
considered as a generalization of the ordinary continued fraction algorithm of Szekeres, Van der
Cruyssen [21,23].
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