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Abstract: Let (P,),., be the sequence of bi-periodic Padovan numbers and let (14,,), ., be
the sequence of bi—pe;iodic Padovan matrices. In this article we study when these matrices are
diagonalizable and we obtain a certain connection with the Lucas number sequence. We also
obtain some connections of these matrices with the generating matrix () for the Padovan numbers.
At the end, we obtain an infinite cyclic subgroup of the real Heisenberg group.
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1 Introduction and preliminaries
The Fibonacci sequence (F3,),-, is defined by second-order linear recurrence relation
Fn:anl—i_anQ; n =2,

with the first two terms fy = 0, F; = 1.
Closely related to the Fibonacci sequence was the Lucas sequence (Ly,), -, also defined as a
second-order linear recurrence
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Lp=1Ln 1+ Ln—Qa n > 27

with the first two terms Lo = 2, L1 = 1.

If we consider the characteristic equation t> —¢—1 = 0 associated with the recurrence satisfied
by the Fibonacci sequence and the Lucas sequence and denote by ¢; = « and ¢, = 3 the solutions
of this equation, it immediately follows:

aniﬁn

* Binet’s formula for the Fibonacci numbers: F;, = =— 3

* Binet’s formula for the Lucas numbers: L, = o" + (5".

The Padovan sequence (p,,),,- is defined by a third-order linear recurrence relation

Pn =DPn—2 +tPn-3, N > 37

with the first three terms pg = 1,p; = 1 and p, = 1. This number sequence was introduced
by Richard Padovan in [7]. Many mathematicians work with the shifted Padovan sequence,
presenting as initial values py = 1,p; = 0 and py = 1.

Many papers have been written about the study of the properties of Fibonacci sequence, Lucas
sequence, Padovan sequence or others particular difference equations of degree 2 or of degree 3
with integer coefficients (see [1,3-5,8-11,13]).

In the paper [12], the authors considered the generating matrix for Padovan numbers:

011
Q=100
010

They proved that, with pg = p; = ps = 1l andn > 5,

Pn—2 Pn—1 DPn-3
Qn = Pn—3 Pn—2 DPn—4a
Pn—4 Pn-3 DPn—5

The matrix () has one real eigenvalue and two non-real complex eigenvalues, so it is not
diagonalizable over R (see [14]).
In the paper [2], Diskaya and Menken introduced the sequence (F,), -, of bi-periodic Padovan
numbers like this B
aP,_o+ P,_3, ifniseven,

P, = forn > 3,
bP, o+ P,_3, ifnisodd,

with the initial values Py = 1, P, = 0, and P>, = a. where a and b are nonzero real numbers.

In the same paper [2], the authors gave the Binet-like formula of the bi-periodic Padovan
numbers. From the definition of bi-periodic Padovan numbers, the equation

—a-b-t—a-b=0
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is derived for bi-periodic Padovan sequences. We denote the roots of this equation by A, x4, and d.
In Theorem 1, from the paper [2] the Binet-like formula of the bi-periodic Padovan numbers

was given:
P x-AN"+y-pt+2z-0" ifniseven, forn > 0,
u-A\"+uv-p"4+w-0", ifnisodd,
with
=0 G- (== (-0 @-a
A=p)-(A=0)""  (u=A)-(p=0)"  (6=A)(6—p)
" a+b—pu—90 Y a+b—XA—90 w a+b—XA—pu
A=p)-(A=0)"  (u=N)-(p=0)" (0=A)-(0—p)

Also, in the paper [2], Digkaya and Menken introduced the sequence (.Mpn)n20 of bi-periodic
Padovan matrices like this

aM + M, ,, ifniseven,
M,, = =2 P8 forn > 3, (1.1)
bM,, , + M, ., ifnisodd,

where a and b are nonzero real numbers, with the initial terms

010 0 01
MPO = [37 Mpl = 001 ) Mp2 = 1 a0
1 a O 01 a

In this article we obtain some properties of matrices () and M, , by studying whether they
are diagonalizable or not. In the article [11], starting from the diagonalizable matrix

M=

S~
_ O W
O O =

we obtained a set of diagonalizable matrices, in connection with the matrix M. In this article we
find out for which real numbers a and b all matrices in the sequence (M, ), -, are diagonalizable.
Throughout the article, diagonalizability and simultaneous diagonalizabiliq_/ are understood over
R unless otherwise stated. For this we recall what it means that two matrices are simultaneously
diagonalizable.

Let A, B € M, (R) be two diagonalizable matrices and A, Ay, ..., A, be the eigenvalues
of the matrix A, and Xl, XQ, e Xn be the eigenvalues of the matrix B. A and B are called
simultaneously diagonalizable if there exists an invertible matrix 7' € M,, (R) such that

A =T diag(\y, ..., \)T, B =T 'diag(\,,..., \)T.
It is known that:
i) if A, BeM,, (R) are simultaneously diagonalizable, then A- B = B - A.

ii) The converse of i) is valid, provided that one of the matrices A and B has no multiple
eigenvalues (see [6]).
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2 Results

We remark that Mgl = M,, and, using the recurrence relation for biperiodic Padovan matrices, it
follows immediately that M,,, = bM,, + Is, M,,, = aM? + M,,, M,, = M? + b*M,, + b,
M,, = aZMg1 + (a + b) M, + I5. Next, we show that every M, is a polynomial in M, , namely:

Proposition 2.1. For every integer n > 0, there exist real numbers o, 3, and ~,, such that
M, = o - M2 4 Bn - My, + 7 - L.
Proof. We prove by mathematical induction over n € N the statement
P (n): (3) an, B, vn € R such that M, = o, - M;l + By - My, + v - Is.

For n = 0, 1,2, the statement follows from M, = I3 and M,, = M? , with

(a07607’70) = (0707 1)’ (0417617’71) = (07 170)? (a2a527’72) = (1’070)'

We assume that, for some n > 2 and every integer 0 < k& < n, there exist real numbers oy, 55
and v such that
My, = ag - M2 + B - My, + - Is.

We prove that there exist real numbers o, 1, 5,1 and 7,1 such that
2
Mpn+1 = Qpt1 - Mp1 + ﬂnJrl ’ Mp1 + Ynt1 - [3~

If n is an even number using the inductive hypothesis and the recurrence relation of bi-periodic
Padovan matrices, we have:
M,

Pn+1

b (Oénfl : Mp21 + anl : Mp1 + -1 IS) + a2 - Mp21 + 5n72 : Mp1 + Yn—2 I3 =

=bM,, ,+M =

Pn—2

Qpt1 le + BnJrl ’ Mp1 + Ynt1 - I3,

where Upy1 = bOénfl + apg, ﬂnJrl = bﬁnfl + ﬁn727 Tnt+1 = bf)/nfl + Yn—2-
If n is an odd number, applying the inductive hypothesis and the recurrence relation of the
bi-periodic Padovan matrices, we obtain:

M,

Pn+1

::(1A4%n—1<+-ﬂ4- =

Pn—-2
a(an_1- M + Boct - My, + Vo1 - Is) + g - M2 + Bro - My, + Yoo - Iy =
Qi1 M+ Brsr - My, + g - I,
where o, 11 = aq,_1 + a9, Bri1 = aBn—1 + Bn-2, Ynt1 = @Vn—1 + Yn—2. O

Corollary 2.2. Let (M,,), ., be the sequence of bi-periodic Padovan matrices defined in the
introduction section. Then

M,, - M, =M, -M,, (¥)nmeN.

n
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Proof. If n = 0 orm = 0, since M,,, = I3, the equality in the statement follows immediately.
If n,m € N*, applying Proposition 2.1, we immediately obtain

Mpn ) Mpm = Mpm ’ Mpn- [

We now study for which real numbers a, and b the Padovan bi-periodic matrices are
diagonalizable. For some values of a > 2 we used Magma Computer Algebra System software
and we saw that the matrix )/, is diagonalizable. We obtain the following result.

Proposition 2.3. Let (M,,), -, be the sequence of bi-periodic Padovan matrices with a > =

V4
and b is an arbitrary nonzero real number. Then, we have:

i) the matrices M, are diagonalizable, for any n positive integer;

ii) if AMn, Aon and Ng,, are the eigenvalues of the matrix M, , labelled consistently with the
common diagonalization in the proof, for each n positive integer, then

ANin—2 + Nin_3, ifniseven, _
Nip, = 2 » f forn >3, 1=1,3.
b/\in—Q + >\in—37 lf?’L is 0dd7

Proof. M,, = I is diagonalizable and A\jg = oo = A3 = 1.

p1

Il
—_ o O
Q@ O =
O = O

The characteristic equation is
det (M,, — X - I3) =0,

which is equivalent to
N —ad—1=0.

The discriminant of this cubic equation is A = 4a® — 27.
If A > 0, thatis a > %4, the eigenvalues: A1y, A2y, Ag; of M, are distinct real numbers, so
the matrix M, is diagonalizable.

Since M,, = MPQ1 it follows that the matrix M, has the following eigenvalues A\j3 = A%},
A2 = A3;, Asa = A%,. Furthermore, we note that the matrix )/, cannot have two opposite
eigenvalues. From all these, it follows that M, has 3 real distinct eigenvalues, so the matrix M),
is diagonalizable.

But, M, - M, = M,, - M,,, and according to 8.3.26, p.429 ( [6]) we obtain that the matrices M,
and M, are simultaneously diagonalizable, so there exists an invertible matrix 7’¢ M3 (R) such
that:

A 0 0
My, =T 0 Xy 0 | T (2.1)
0 0 Ay
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and

M2 00
My,=T" 0 Xy 0 [ T (2.2)
0 0 A

From the relations (2.1), (2.2) and the recurrence relation of the bi-periodic Padovan matrices, it
follows that

bA\11 + Ao 0 0
M,, =T". 0 bAa1 + Mg 0 .T. (2.3)
0 0 bAs1 + A3g
and
alz + Ay 0 0
M,, =T". 0 arag + Aoy 0 -T. (2.4)
0 0 aX3p + A31

From (2.3), it results that \;3 = bA\;; + A, fori = 1, 3.
From (2.4), it results that \;s = a)\;s + M1, fori = 1, 3.
We prove by mathematical induction over n > 1 the statement

An 00
Pn): M, =T 0 X 0 | -T
0 0 Az

and

aNin_o + Ain_3, 1f nis even, —

Ain = ? ’ forn >3, i=1,8.

b)\in,Q -+ )\infg, if n is Odd,
The common diagonalization has already been established for n = 0, 1, 2. From (2.3), it results
that P (3) is true. From (2.4), it results that P (4) is true.
We assume that P ([) is true for each 0 < | < n, with n > 4, and we show that P (n + 1) is true.
We consider two cases.

Case 1: When n is odd. Applying (1.1) and the inductive hypothesis, it follows that

Mpn+1 = aMpn—l + Mpn—Q
aMp—1 + Mn—2 0 0
=7t 0 aXon—1 + Aan_2 0 -T. (2.5)
0 0 aA3n—1 + A3pn—2

Case 2: When n is even. Applying (1.1) and the inductive hypothesis, it follows that

Manrl - bMpnfl + Mpn72
bA1n—1 4+ Ain—2 0 0
- Til . O bAQn_l —|— /\gn_g 0 . T (26)
0 0 bAzn—1 + Azn—2
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From (2.5) and (2.6), it results that P (n + 1) is true.
We obtain that P (n) is true for each positive integer n > 3. From here it follows that the
matrices M, are diagonalizable, for any n positive integer and its eigenvalues are

ANjp—o + Ain—3, 1f nis even, R
Ain = forn>3,1=1,3. O
b)\m_g + )\m_g, if nis Odd,

From Proposition 2.3, it follows that, when a > 3/ /4, all matrices M, are diagonalizable
for every nonzero real b; the parameter b enters the recurrence relations of their eigenvalues.

Corollary 2.4. Let (M,,), ., be the sequence of bi-periodic Padovan matrices with a > % and
b is an arbitrary nonzero real number. Then, the matrices M, and M, are simultaneously
diagonalizable, (V) n,m € N.

Proof. Let A, Ao, and A3, be the eigenvalues of the matrix M), and let Ay, Aoy, and A3y, be
the eigenvalues of the matrix M, ,.
According to Proposition 2.3, the matrices M,,, and M, are diagonalizable, (V) n,m € N and

)\1n 0 0 )\1m 0 0
M, =T 0 Xn 0 |-TandM, =T | 0 Xm 0 |-T,
0 0 /\Sn 0 0 )\3m
so, the matrices M, and M, are simultaneously diagonalizable, for any positive integers n
and m. [
Now, we examine whether the matrix M, is diagonalizable or not in the cases a = \3%,
respectively a < % . We obtain the following results.
Proposition 2.5. Ifa < %4, the matrix M,, is not diagonalizable over R.
Proof. Case 1: Whena = %. The characteristic equation is
det (M, — X -1I3) =0,
which is equivalent to
3
AN——A=1=0.
V4
3
The discriminant of this cubic equation is A = 4 (%) —27=0.
The eigenvalues are \; = —;%2, with the algebraic multiplicity may, = 2 and \y = V/4,

with the algebraic multiplicity may, = 1. The eigenspace associated with the eigenvalue
/\1 is

S(Aﬂz{(a-%,—a-\g@,a) |a€R}.

It follows that the geometric multiplicity of \; is mgy, = dimg S (A1) = 1. So, ma,, #
mgy, and the matrix M, is not diagonalizable.
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. 3
Case 2: When a < I
The characteristic equation is

N —aX—1=0.
Ifa < 314, the discriminant of this cubic equation is A = 4a® — 27 < 0. So, M,
has the eigenvalues A;€R and Ay, \3€ C\R. It follows that, for a < %4, the matrix
M,, € M; (R) is not diagonalizable over R. O
Together, Propositions 2.3 and 2.5 show that the whole family (M, ),>o is simultaneously
diagonalizable over R if and only if @ > 3/+/4, independently of the nonzero real parameter b.
The diagonalizability of individual matrices below or at this threshold is not classified here.

Proposition 2.6. Let (M,,) ., be the sequence of bi-periodic Padovan matrices. The following
Statements are true:

i) The set A = {04 A3+ B My, +v- Mzi la, B,y € R} is a finitely generated algebra over
the field R;

ii) M, €A, for any neN.

Proof. 1) Applying Cayley—Hamilton theorem, it follows that M]" € A, for any meN, m > 3.
We obtain quickly that A is a subalgebra of the algebra M3 (R) over the field R, namely A is the
R-algebra generated by the matrix M, .

i1) It follows immediately by applying Proposition 2.1. [

In proving our next results we used the following remark.
Remark 2.7. ([6]).
i) Te(T-A-T7')=Tr(A), for any AeM,, (C) and for any invertible matrix T€ M, (C) .

ii) Let n be a positive integer, let K be a commutative field and let A€ M,, (K). If the matrix A

has the eigenvalues \i, \a, . . ., \n, then the matrix A' has the eigenvalues N, N5, ... N
where | €N*.

For a = 2, we obtain the following result about matrices M , with n positive integers.

Proposition 2.8. Let (L), - be the sequence of Lucas numbers and let (M,, ), .., be the sequence

of bi-periodic Padovan matrices with a = 2 and b is an arbitrary nonzero real number. Then
Tr (M) = L, + (—1)".

S

_ 1+V5 _ 1-
Proof. Tf, we denote v = 152 and § = 1522,
we have L, = o™ + /™.
From (2.1), there exists an invertible matrix 7’€ M3 (R) such that:

according to Binet’s formula for Lucas numbers,

-1 0 0
My,=T"[ 0 a 0| T
0 0 B
From here, applying Remark 2.7 ii) and i), it follows that Tr (M) = L, + (—1)". O
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If we denote by B = (@ - M, , we quickly obtain that the eigenvalues of the matrix B are
A1 = Ay = A3 = 1, but B is not diagonalizable.

1 na n
Proposition29. i) B"=| 0 1 0 | ,foranyn eN*.
0 1
1 na n
ii) If a is a real number, the set of matrices G = 0 1 0 ||n€Z formsacyclic group
0 0 1

with respect to matrix multiplication.

1 a1
Proof. i) B=Q -M, = | 0 1 0 |.Itis quickly shown by induction over n € N* that
0 01
1 na
B" = 1 0
0 0 1
1 —a -1
ii) The matrix B is invertible and B~ = | 0 1 0 |. Itis easily proven by induction
0 0 1
1 —na —n
overn € N*that (B~)"= 0 1 0
0 0 1

Using these, it is easy to show that GG is a cyclic subgroup of the group (GLs(R),-) of
invertible matrices of order 3, with real number elements. Since the (1, 3) entry of B" equals n,
the powers B" are distinct. Thus G = (B) = (Z,+) is an infinite cyclic subgroup of the real
Heisenberg group of upper triangular 3 x 3 matrices with all diagonal entries equal to 1. [
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