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Abstract: In [5], we give a sufficient condition for generalized continued fractions to converge to
an irrational number. Specifically, we determine how many non-integers must existin cy, co, . . ., ¢;
in order for the continued fraction [0; ¢1, ¢y, .. .] to be irrational, where ¢; are rational numbers
greater than M > 1 (denoted by ¢; € Q>)s) and the denominator of c; less than or equal to
positive integer N. In [6], we extended this result from the case M > 1to M > 0. In this
paper, we give a further extension by removing the restrictions on the denominators of the partial
quotients. Let M be a real number greater than 0. We consider continued fractions [0; ¢1, o, . . ],
where ¢; are rational numbers greater than or equal to M for any positive integer .. We give a
sufficient condition for it to converge to an irrational number and some interesting examples.
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1 Introduction

Let M be a positive real number. We consider the following continued fraction:

1
a=1[0;¢1,¢0,c3,...] :=0+ , (1)

c1 +
Cz—|—

1
CS+...
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where ¢; € Q> for any positive integer 7. This continued fraction converges to a real number
by the Seidel-Stern theorem (see [3] or [4]) . It is well known that if ¢; € Z-( for any positive
integer 7, the continued fraction (1) converges to an irrational number (see [1]). We denote the
denominator (respectively, the numerator) of ¢; by den ¢; (respectively, num c¢;). Then we have
the following equation:

1 den ¢;
o = = : (2)
1 (den ¢ )(den ¢y)
ci+——— numc +
1 (den ¢y)(den c3)
Co + num cy +
C3+.“ numcg+...

For the right hand side of this, the following result is well known (see [4] or [2]):

Theorem 1.1. Let ng be a positive integer. If num c¢; is greater than or equal to (den ¢;_1)(den ¢;)

for any integer i > ng > 2, then the continued fraction (2) converges to an irrational number.

This theorem implies thatif ¢; > 1 and ¢; > den ¢;_; > 1 for i > 2, then «v is irrational. This
criterion is sufficient but not necessary. In [5], the following extension was obtained:

Theorem 1.2 ([5, Theorem 1.2]). Let S, be the set of all ¢; such that 1 < ¢ < n and c; is not an
integer, and let |S,,| denote the cardinality of S,,. Assume that ¢; > M > 1 and den ¢; < N for
allt > 1. Then

limsupM <logy M = [0;¢1,¢9,...] ER—Q.

n—00 n

Furthermore, we extended this result from the case M > 1to M > O:

Theorem 1.3 ([6, Theorem 3]). Let M be a positive real number greater than 0. We assume that
den ¢; < N foralli > 1 and put ¢y == (M + vV M? +4)/2. Then
1S,

limsuan’ <logyon = [0;¢1,¢0,...] ER—Q.

n—0o0

2 Main results

These results provide less restrictive sufficient conditions for a generalized continued fraction
to be irrational, compared to Theorem 1.1. We further extend Theorem 1.3 by removing the
restriction that the denominator of ¢; is bounded by N. Specifically, we obtain a sufficient
condition for « to be irrational by considering the limit superior of the sequence ([ [}, den i)t/
as n — oo.

The main contribution of this note is a sufficient irrationality criterion that replaces pointwise
restrictions on the denominators of rational partial quotients with a condition on their asymptotic

geometric mean. Our main result is the following theorem:

Theorem 2.1. With the above notations, put D,, = H?:l den c;. Then

1
limsup Dy < oy = a € R—Q,

n—oo
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or equivalently

1 n
limsup—Zlogden ci <logpy = aecR—-Q.
=1

n—00 ni

Since @ys > 1 for every M > 0, Theorem 2.1 can establish the irrationality of o even when
lim sup,_, ., den¢; = oo, or when there are infinitely many ¢ such that ¢; < 1. This extends the
applicability of Theorems 1.1 and 1.3. We give examples illustrating these conditions at the end
of the paper. To prove Theorem 2.1, we need the following lemma.

Lemma 2.1. [5, Lemma 4] Let p,,/q, = [0; ¢y, Ca, . .., ¢,]. Then we have that

D,
lim 2 =0=acR—-Q.

n—oo qn

!/ ’
Proof. Weput o = p,, /¢, = [05¢1,C2,. .., Cp, Qny1], Where a1 = [Crg1; Crgas Crys, - - -
. . . . ’ / . .
By the classical continued fraction theory, rationals p,, ., and g, , satisfy the recurrence relations;

{p;@—&—l = Qp41Pn + Pn—1,

!
qn+1 = Qny1dn + Gn—1,

especially
{pn+1 = Cn4+1Pn + Pn—1,
Gn+1 = Cn+1qn + Qn-1,

with initial conditions (p_1,¢-1) = (1,0), (po,q) = (0, 1). Then we obtain that

_ p;L+1 _ Qpi1DPn + Pn—1

(0% 7 .
qn+1 On+1Gn + Gn—1

Hence we see that
o — Zﬁ _ Pn-1Gn — Pnln-1

dn B Qn(a/n—HQn + Qn—1> '
Here by recurrence relations of p,, and ¢,, we easily show that p, 1¢, — ppngn_1 = (—1)" by

induction. Furthermore ¢; > M > 0, then we see that o, 1 > M, g, > 0 for any positive integer n.
Therefore we have inequalities:

1
Mg?

Dn
o — —

an

Prn-1Gn — Pndn—1
qn(an-HQn + qn—l)

Pn—-1Gn — Pndn-1

0<
Qn(MQn + Qn—l)

Since 0 < |ag, — pn| < 1/Mgqy, if p,, g, are positive integers, then « is irrational. Because, if
« = a/b is rational number, we see that

0< ‘ q Pnl < !
0 " " M‘ITL‘
From these inequalities, since
0 < lag, — bp,| < ,
lag Dn | Mq,

we see that 0 < |ag,, — bp,| — 0 as n — oo. This contradicts |ag,, — bp,| > 1.
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In general, p,, g, are not positive integers by ¢, € Q>)s, but they can be made positive
integers by multiplying them by D,,. By recurrence relations of p,,, we have that

ann =Cp - pnlen _'_panDn = (num Cn)pnlenfl + (den Cn)(den Cnfl)pananQ-

Hence we easily see that p, D,, are positive integers for any n > 1 by induction. Similarly, we
obtain that ¢, D,, are positive integers for any n > 1. Therefore we get inequalities:

0< nDyn — Pn Dl < )
lag PnDh| M,

If the rightmost side approaches zero as n approaches infinity, a real number « is irrational. [

Proof of Theorem 2.1. We consider the generalized continued fraction:

Oé:[O;Cl,CQ,C:;,...]: )

where ¢; € Q>),. We obtain an inequality for g,:

dn = CpQn-1 + gn—2 Z MQn—l + gn—2-

This follows from the recurrence relation for ¢,, and the assumption for c; to be greater than or
equal to M. Putting r,, = Mr,_1+7,_2, with initial conditions r_; = 0 and ry = 1, we determine
the asymptotic behavior of r,, using an argument similar to that in [6]. We see that

n+1 n+1
N 1 <M+\/M2+4> (M—\/M2+4)
qn = Th = -
2

M2+ 4 2

Since ¢, > 1, we obtain that

M?+4 1\
lim n—Jrn = lim (1 —~ (——2) ) =1.
n—oo (pM n—oo (pM

Then we have that r,, ~ 7' /v/M2+4 (n — 00), where f(n) ~ g(n) (n — oo) implies
f(n)/g(n) — 1 (n — oo). Hence we obtain that

— < — n — 00).
dn Tn 50716/-[’_1 ( )
By Lemma 2.1, if
M2+4 D, D,
lim T — =0, ie, lim — =0,



then a real number o = [0; ¢y, ¢o, . . .] is irrational. Since

p, . (D&Y
lim—n:hm< ) =0,

1
n
n

if

1
lim sup <1 1ie., limsupDy < ¢, 3)
n—oo YM n—o00

1
then lim,, (D75 /o)™ = 0. Also, the condition (3) is equivalent to

1 n
lim sup — Z logden ¢; < logwyy.

n—oo N %
i=1

Therefore, this completes the proof of Theorem 2.1. U

Since Dy; > 1and (), logden ¢;)/n > 0, we can state the following corollary.

Corollary 2.1.

1 1 «—
limsup Dy =1 or 1imsup—210gden ¢i=0=a=[0;c1,c9,...] ER—-Q,
n

n—00 n—o00 -
=1

Proof. Clearly, @), is greater than 1 and log ¢y, is greater than 0. Therefore, a real number « is
irrational for every positive real number M by Theorem 2.1. ]

3 Examples

We give four examples including cases in which the denominators of the partial quotients are
unbounded.

Example 1. For any real number 0 < ¢ < 1 and for some constants a,b > 0, we assume that
[T, den ¢; < n . Then we see that

c+b 1 1
an”+ logn:a-olgn—l—b-ogn.
n n' ¢ n

1 n
— Z logden ¢; <
N

Since (logn)/n'~¢ and (log n)/n approach 0 as n approaches infinity, we have that a real number
« 1s irrational by Corollary 2.1.

Example 2. We put den ¢; = Viifiis square, den ¢; = 1 otherwise. Then we have that

[vn]
legfgl;f =1
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where [z] denotes the integer part of x. Hence, we see that
1 L
1< Dy <y/nv" =1 (n— o0).
Therefore, a real number « is irrational by Corollary 2.1.

Example 3. Let 7(z) be the prime-counting function. We define den ¢; = [log (7 (i) + 2)] if i is
prime, den ¢; = 1 otherwise. Then we obtain that

m(n)+2
1<D,= H [log (m(i) +2)] < H log (7 (4) H log k.
15 1%

Hence we obtain the inequalities

1
m(n)+2 n

< Hlogk < (log (n(n) +2)) "+ .

S3|~

1<D

Taking logarithms, these inequalities yield

1

m(n)
— Z logloghk < —= ( )
k=3

0< log log (7(n) + 2).

3|>—‘
3

By the prime number theorem, since m(n) ~ n/logn, i.e., 7(n)/n ~ 1/logn (n — o), we
have that the rightmost side asymptotically zero. Then we have that D,; approaches 1. Therefore,
a real number « is irrational by Corollary 2.1.

Example 4. We define den ¢; = 7(7) if 7 is prime, den ¢; = 1 otherwise. Then we obtain that the
equalities

i:prime
1<i<n

Hence we have that

— Zlogden = — logﬂ( ).
By Stirling’s approximation, the rlght hand side can be approximated by

m(n)logm(n) — m(n) + O(logw(n))  w(n)logm(n) w(n) n O(logﬂ(n))'

n n n n

Using the prime number theorem, we see that the right hand side asymptotically approaches

log7(n)
logn

Since log w(n) ~ logn — loglog n by the prime number theorem, we see that

logm(n) 1 loglogn R

logn logn
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Hence we have that

I 1
— E logden¢; = —logm(n)! -1 (n — o).
n n

i=1

Especially, since

1 n
li — logden ¢; =1,
1msupn; ogden c

n—0o0

if log ¢ps > 1, a real number « is irrational by Theorem 2.1. This condition is equivalent to

1
M >e— - =235040238 .. ..
e

Therefore, if M > e — 1/e and den ¢; defined by above, then a real number « is irrational.
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