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1 Introduction

Let Sj denote the number of &k consecutive numbers each less than n, and relatively prime to n.
In 1869, Schemmel proved that for each integer a > 1 (see [2, 15]):

0 ifp <k
Se(p) =4 =
(P") { P Hp—k), ifp>k

and Sy, is a multiplicative, with Sy(1) = 1. This form of Schemmel’s function has the following
other representation that we will use below:
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Sk(n):n-H(l—g), (1)

where in the product p runs through all prime divisors of n > 2 and every prime divisor of 7 is at
least £ > 1. When £ is a prime divisor of n, then obviously Si(n) = 0.

There are many known generalizations of Sy(n), see the monograph [11]. For example, K.
Nageswara Rao [5] in 1961 considered the generalization

k
SOy =n*-T] (1 - E) . 2)

pln

Let F' = {fi(z),... fr(x)} (kK > 1) be a set of polynomials with integer coefficients and
let A be the set of all ordered k-tuples of integers (ay,...,a) such that 0 < ay,...,ar < n.
Define pr(n) as the number of elements in A such that ged(fi(aq), ..., fx(ax),n) = 1. This
generalization is due to H. Stevens (see [16]). For an asymptotic result on Steven’s function, see
[14]. There are many connections of these functions to other arithmetic functions, or applications
in various fields of mathematics (see, e.g., [11]). For example, D. N. Lehmer [4] used S5(n) (i.e.,
Sk(n) for k = 2) in the enumeration problem of certain magic squares..

In 2000, M. Deaconescu [3] proved the inequality

p(n)(p(n) =1) = (n —1)53(n) 3)

and made the conjecture that for n > 2,S5(n) divides ¢(n) — 1 if and only if n is prime.
This generalization of Lehmer’s conjecture (see [14]) seems as difficult as the original Lehmer’s
problem is.

Recently, K. Atanassov [1] introduced an analogue of (1), and called it the generalized Dedekind
function:

Dy.(n) :n-g<1+§> . Dp(1) =1 (4)

(in [1] is used the notation 1)(¥)(n) for general k, and ¥*(n) for k = 2; and also *(n) for Sy(n),
but we will use the classical notations in the literature, i.e., for example, ¢* and ¢* are usually
denoted to the Cohen unitary functions). We will use the notation Dy (n) for k = 2 in (4).

The aim of this paper is to offer new proofs and refinements of some results from [1], as well
as certain new results of other type.

2 Main results

Theorem 1 of [1] can be generalized as follows:

Theorem 1. Let n, k. a, b be positive integers such that k* > ab, and 2k > a + b. Then one has

Di(n) > Dy(n) - Dy(n) forn > 1. 5)
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Proof. Letn = p{*---p? be the prime factorization of n. Dividing both sides of (5) by n? and
denoting p%- =ux; (1 = 1,...,r), it will be sufficient to prove that (1 + kz;)? > (1+ax;)(1+ bx;),
or kx; + 2k > abx; + a + b. Since k% > ab, and 2k > a + b, the result follows.

In particular, selecting a = 2k — s, b = s (s < 2k), the conditions are satisfied, as
k* > s(2k — s) becomes (k — 5)* > 0. O
Let for the natural number n with prime divisors py,--- , p,
w(n) =r,

Theorem 2. Let n > 2 have distinct prime divisors p1 < --- < p, and let k be an integer such
that 2 < k < py. Then

Sk(n) . Dk(n) k2w(n) ]{32 2
Tgl—%(n)§1—ﬁ~w(n)fork22. (6)
Proof. Apply the classical inequality
(1—z) - (1—2)<1l—2z- 2, z € (0,1] (7)

(i=1,2,...,m;7 > 1) for z; = (k/p;)?. Then the first inequality of (6) follows, by remarking
that the left side is Si(n)Dy(n)/n? by relations (1) and (4). For the second inequality of (6),

written in the form
ka(n) k2 )
- >
V)~ n2” )

remark that as —75 > 1, it will be sufficient to show that kM) > k2% (n) or k) > k- w(n).
This is true by k<M ~1 > 2v(M)=1 > (,(p).
Relation (6) improves Theorem 2 of [1]. O

Theorem 3. With the notations of Theorem 2, one has
2(w(n) — 1) - kM) . p
7(n)

Sk(n) + Dr(n) > 2n + > 204 2(w(n) — 1) - kM fork < p, <--- < p,.

(®)
Proof. We will apply the inequality (see [6]):
[[@+D+][@-1=2][zi+20r -1 r > 12> 16 =1,....7). 9)
i=1 i=1 i=1
By letting z; = -, with z; € (0,1] in (9), we get
(I+z)- - Q+2z)+1—2z)--(1—2)>2+2(r—1)z - 2. (10)
Letting z; = ﬁ, and using (1) and (4), we get
2(w(n) — 1) - kM . p
7(n) '

The last inequality of (8) follows from # > 1 and k¥ > k. Relation (8) improves the
inequality of Theorem 3 from [1]. [

Sk(n) + Di(n) > 2n +
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Theorem 4. Letn > 1 and k > 2 are integers, then

k w(n) X kd(n)
D) <n(1+2 <Z . (11)
2 2
Proof. As 1 —|— < 1+ % for each prime p > 2, we can write D‘“(") =(1+ ) (1+ pﬁr) <
(1+£)~™) the ﬁrst 1nequa11ty of (11) follows. For the second 1nequa11ty, write k:d = k- kd)-1,
and use the relations & > 14-k/2 and d(n)—1 > w(n), which follows by d(n) > 2*( > w(n)+1.
Relation (11) improves the inequality of Theorem 8 from [1]. ]
Theorem S. For integers n > 2 and k > 1 one has
nkw(n)
Di(n) >n+ . (12)
~(n)

Proof. Inthe classical inequality (14+y;)--- (14+y,) > 14y -y, (y; > 0),lety; = z% (i =
1,...,7). Then we get

D) _ (1 Ky (1K) 0 B

and the result follows.
Relation (12) improves the inequalities of Theorem 9 from [1], where in place of k(™ there
is k(=1 ]

Theorem 6. One has

>1+———— forn>1, (13)
n

where o(n) is the sum of divisors of n and s(n) = [[(p — 1), where p runs through all distinct
pln
prime divisors of n.

Proof. Let a > 1 be an integer. First, let n = 2%. Then s(n) = 1 and

Dy(n) 201 1 1
- S I S I —
o(n) 201 —1 2041 — 1 o(n)-s(n)

Second, let p® be a prime power. We will show that

2( ) pa+1
o) T =T

(14)

a+1

As Dy(p®) =p»- (14 %) and o(p*) = pTl_l, we easily obtain that

2( )7 a+1_|_pa—1.(p_2)> pa+1 :1+ 1
(p) pa+1_1 — pa+1_1 pa—i-l -1’

asp > 2.
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Third, as

p*|In

for arbitrary n, we obtain

Ds(n) 1 1 1

> 1+— |21+ =-=1+——
oo =11 (145w =1) 21 = =
peiin p(In
and the inequalities of (13) follow.
The equality in (13) holds if and only if n = 2¢ for some integer a > 1. O]

Inequality (13) improves the inequalities of Theorem 10 from [1].

Theorem 7. For n > 2, one has

¢(n)(p(n) —1)
n—1

Sa(n) < <epn)—1<n-—d(n). (15)

Proof. The first relation of (15) follows by Deaconescu’s inequality (3). The second relation
follows by the classical inequality ¢(n) < n — 1, while for the last inequality, written in the form
w(n) +d(n) <n+1,see[7] or [8].

Relation (15) improves the inequality so(n) + d(n) < n of Theorem 4 from [1]. []

Another refinement of the inequality sq(n) < n — d(n) is provided by the next Theorem.

Theorem 8. Forn > 2, one has

Sa(n) < n(l - > <n—d(n). (16)

Proof. Applying inequality (7) for z; = z% (1 =1,...,7), we get the first inequality of (16). For
the second inequality, we have to prove that

n 290 > d(n) - y(n). (17)

This can be rewritten as pi* - - - p@ 2" > py -+ - p,-(ay+1) -+ - (@, +1), or p{* 1+ por=1.27 >
(a;+1)---(a,+1). It will be sufficient to show that p®~!-2 > a+ 1. For a = 1 there is equality,
and by induction upon a the relation follows. Indeed, p*-2 = (p®'-2)-p> (a+1)-2 > a+2,
asa > 0. [l

A refinement of inequality Dy(n) > n + d(n)w(n) of Theorem 5 from [1] is provided by the
next Theorem.

Theorem 9. For n > 2, one has

Dy(n) >n+ ——-w(n) - 2°M >n 4+ d(n) - wn). (18)
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Proof. Applying the well-known inequality
(x14+1) - (z,+1) >ay- 2. +7 forz; > 1 (19)
for z; = yi (0 < y; < 1), we can write
(yi+1) - (y+1) Zryr---yr + 1. (20)

Lety; = ]% in (20). Then by (4) for k = 2, we get Dy(n) > n+ % -w(n)-2¥M 5o the first
inequality of (18) follows. Now the second inequality of (18) follows by (17). [l

Theorem 10. One has the double inequality for every odd integer n > 3:

P_H<1_E><T<1 1)
p>3
and
D
lim sup M =1 (22)
n—oo,n odd n
D
timinf 22D _ b 75 (23)
n—oo,n odd n

Proof. One has

M:(l_i>...<1_i)<l,

n2

. 4 .
and the same is greater than [] (1 — F) =P

p=>3

As the infinite series 1% is convergent, the infinite product will be convergent, too. As for
p=3

n = p (prime), 52(19)1272(19)

— lasp — ocoand forn = py---pr (Where pp, > --- > p; > 3 are
consecutive odd primes). For n equal to the product of the first m odd primes, the ratio tends to
P as m — oo, proving (23).

The approximation P ~ 0.378 ... follows by computer calculations. [

Theorem 11. For each integer n > 2, one has

2w(n)+1 . 712 12n2

(S2(n))* + 2(Ds(n))* > 3n* + - (24)
v(n) v(n)?
and
2w(n)+1 .n2 4w(n)n2
Dy(n)(D 25 > 3n? - : 25
Proof. In [9] the following two algebraic inequalities were proved: Let x; > 1 (i =1,2,...,r),,

then it holds that
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ﬁ(mi—1)2+2ﬁ(mi—|—1)2Z3ﬁx?+2ﬁxi+3, (26)
i=1 i=1 =1 i=1

and
ﬁ(xi—l—l)Q—I—Qﬁ(:ﬁ—l)23ﬁx?+2ﬁxi—1. (27)
=1 =1 1=1 =1

Let x; = & > 1. After simple computations, we get the inequalities (24), respectively (25).

Generalizations of (26) and (27) can be found in [12].
Thus, relations (26) and (27) can be generalized, too. L]

Theorem 12. For n, k > 2, one has

Dy(n) <n - o)’ (28)
and
Di(n)  o(n) n o\ k-1
kn < n <<p(n)) ’ (29)

where @(n) is Euler’s totient function.

Proof. Inequality (28) can be rewritten as
Ds(n) _ on) n
n n p(n)
As each term of (30) is a multiplicative function, it will be sufficient to prove the inequality

for prime powers n = p®. One has % = 1%2, A(p®*) = <1 + % + -+ #);%1' Fora = 1,

= A(n). (30)

the inequality is true, as 1%2 < <1 + %) - f}il becomes (p + 2)(p — 1) < p(p + 1), or

p—1 —1
pPP+p—2<p’+p.

For a > 1 remark that A(p®) > A(p'), as a increases, A(p®) increases, too. Thus, one has
Do (p®)/p* = Do(p)/p < A(p') < A(p®), so the inequality follows.

The proof of (29) is similar, but for n = p we have to show that for & = 2:

(p+2)(p—1)=plp+1)-2<pp+1),

while the inequality
(p+k)-(p—D"" <p" " (p+1). (31)

follows by an induction upon k£ > 2, and the result follows.
It is known (see, e.g., [13]) that @ = O(loglogn) and o = O(loglogn), so by (30) one
has
Ds(n)

n

= O((loglogn)?). (32)
[

The more precise result is contained in the next Theorem 13.
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Theorem 13. One has

D
lim sup & = Ce”, (33)
n—oo n(loglogn)?

where 7 is the Euler constant, and C = || (1 — >+ %) ~ 0.28675. ...
p

Proof. The expression

AT
pln

takes the greatest value when the primes p are the least, so when

“1I»

p<z

Then

Remarking that

2 1\2 2 2 1 3 2
((+2)(1-2) =(1+2)(1-2+5) =1-5+ 2,
p p p p D P p

we get

SO

p p<w p<w

The product [] (1 -5+ Z%) converges absolutely to a constant
p<w

c=1T11 (1—2%%—2%)%0.2867...

(with a computer computation). By Mertens’ theorem, one has
1\ -1
H (1 — —> ~ e’ logx
p<x p

as x — oo (see [7]). Thus from the above we get

D
2(n) ~ Ce”(log x)*.
nac
Now,
logn = log <Hp> = Zlogp = 0O(x)
p<z p<z

Chebyshev’s function. By the prime number theorem, one has ©(z) ~ z, so logn ~ z. This
gives log logn ~ log z, and (33) follows.
Numerically, C' = 0.28674 . .. and €* ~ 3.17221 ..., s0 Ce* =~ 0.9096 . O
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A similar method can be used to show that

nooo n(loglogn)*

Ok=H<1+§><1—%>k.

p

k
:Ck'ewa

where

Theorem 14. For n > 3 odd, one has

A
Dy(n) <n- (7(71)) : (34)
where
_ logh B
A= log 3 (35

Proof. Let f(x) = ;%%, x > 0. Then

f(z) = - — ;121-2/\)\)(96%— 2)] _ _;p21+/\ Az +2(1+XN)] <0

for A\ > 0,2 > 0. Thus the function f(z) is strictly decreasing, implying f(p) < f(3) forp > 3
p+2 5

a prime. Thus EsY < FiEwe 1 by (35). Thus, we can write the inequality
2 A
14+ -<p". (36)
p
By taking all primes p|n, we get from (36)
DQ n
)y,
and the result follows. U

Remark 1. The constant X is transcendental, as can be shown by a method used, e.g., in [10].

r—2

Remark 2. By considering the function g(x) = ~1=;, we can show similarly that if n > 3 is odd

and n is not divisible by 3, then

SQ (n) 1
> ; (37)
n (v(n))~
where
~log(3)
H= log 5 (38)
Theorem 15. One has
D
Z 2(n) =Cx + O(log2 x), (39)
n<x n
Z Ds(n) = %xQ + O(zlog® z), (40)
n<x

where C' = ] (1+1%>%2.1908....

p prime
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Proof. Let

fy =20 T (14 2).

n p
pln

Then first we will determine by Dirichlet convolution the function g(n) given by

f(n) = (1xg)(n) =) g(d).

din
2 2
As f(p) = 14 ~and f(p) = g(1) + g(p). we get g(p) = 75 f(p*) = 1+ g(p) + 9(p*) from
where it follows that g(p*) = 0. Thus g(n) is only non-zero, when n is squarefree, i.c.,

() - 20
gty = 02T

for all d.
One has, by standard methods,

S i) = o) =Y g@[2] =2 30D o5 ISyt

n<x n<z dln d<z d>x d<z

where {g} is the fractional part of g

Now @
T 2%
S@{Z} <) <Y —
d<z d<z d<z
A well-known result of number theory states that (see, e.g. [13])
Ax) = Z 24 <« glog . 41)
d<z

Now, by Abel’s summation formula

gw(d) 4 T At 1 “tlogt 1
Z - ($)+/ #dt<<z ng+/ 02g dt < logz + =~ log’z < log® z.
d<a d x 1t x 1t 2
On the other hand,
g9(d) 22
DI S D IL
d>x d>zx

and by Abel’s summation formula again we get

ouw(d) A < At 1 < logt
3 S (x)+2/ ﬁdt<<xgx+/ RL-LR T

d? 2 3 2
d>x

As

12 x x x

* logt logz 1 logz
/ Slap =82 | 2 %

we get finally that
Z f(n) =Cx + O(log” z).

n<x
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Now, by a simple Abel summation, we get

an(n) = ZDQ(n) = %ﬁ + O(zlog® 1),

n<x n<x

so Theorem 15 is proved. ]

Remark 3. It can be proved similarly that

. Dkrfn) = Cy -2+ O((log z)"), (42)
n<lz

and
> Di(n) = % - 22 + O(x(log )*), (43)
n<x

where C), is some constant.

3 Conclusion

In the near future, other properties of the new Dedekind arithmetic function will be investigated
and its relationship with other arithmetic functions will be discussed.
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