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Abstract: Schinzel’s classification of radical extensions relies on the structure of quadratic
cyclotomic extensions, which also play an important role in the study of cyclotomic extensions
over general fields. In this paper, we identify properties and invariants associated with quadratic
cyclotomic extensions that are relevant to these classification problems. We determine the possible
minimal polynomials of primitive roots of unity generating quadratic extensions, describe the
prime-power levels at which such extensions occur, and assemble the prime-power information
into a global classification of quadratic cyclotomic fields. The treatment applies in arbitrary
characteristic, with the usual restriction that, in positive characteristic, the orders of the roots of
unity considered are prime to the characteristic.

Keywords: Cyclotomic extensions, Field extensions, Roots of unity, Quadratic extensions,
Radical extensions.
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1 Introduction

This work emerged from an effort to understand the classification of radical field extensions up to
isomorphism. From Kummer theory, the relevant isomorphisms are described in [12, Corollary
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to Theorem 3] and [14, Theorem 2.1]. These results establish the existence of two isomorphism
types, but do not by themselves characterize precisely when each type occurs. The distinction
is linked to the occurrence of certain quadratic cyclotomic subextensions, in particular those
generated by primitive 2°-th roots of unity. Clarifying the cyclotomic information underlying this
classification led to the present paper.

The problem belongs to a broader literature on quadratic and finite-rank algebraic structures.
Quadratic extensions over rings are studied, for example, in [4, 6, 13], quadratic modules in [8],
and moduli and discriminant descriptions of finite-rank or quadratic algebras in [2, 11, 15]. In the
field-theoretic direction most closely related to the present work, structural questions for radical
extensions and their subfields are considered in [1, 5, 10, 12, 14], while degrees of cyclotomic
extensions over general base fields are studied in [16]; see also the expository account [3].

Throughout the paper, if char(F) = r > 0, we consider only roots of unity whose order
is prime to r. Equivalently, every p-primary assertion concerns primes p # r. This convention
allows the characteristic-zero and positive-characteristic cases to be treated in parallel.

A significant part of the paper is devoted to primitive p°-th roots of unity (, that generate
quadratic cyclotomic extensions. For odd primes p, the situation is rigid: whenever the p-primary
component is nontrivial over F, the nontrivial automorphism acts by inversion, and the
corresponding minimal polynomial has the usual trace—norm form with constant term 1; see
Lemma 2.1. The case p = 2 is more delicate. Lemma 2.2 determines the possible orders over
[ and the possible involutions, which give rise to three types of quadratic minimal polynomials.
These prime-power calculations are assembled for an arbitrary primitive n-th root of unity in
Theorem 2.1.

We then introduce the field invariants needed to organize these extensions. The property C
isolates the exceptional 2-primary situation relevant to Schinzel’s classification, while the map
tp records the effective cyclotomic order entering the quadraticity criterion. The invariants ¢, p
and vy~ p record, respectively, the p-power roots of unity already contained in F' and the range
of p-power levels that can give quadratic cyclotomic extensions. Theorem 3.1 gives a criterion
for F'((,,)/F to be quadratic, and Theorem 3.2 determines the corresponding prime-power range.
The 2-primary case requires a separate analysis, particularly when (> p = 1, where the upper
range may be finite or infinite.

Finally, we pass from prime-power information to a global classification. For each prime that
occurs in a quadratic primary cyclotomic extension, there is a unique corresponding quadratic
field £,. Two such primes are declared compatible when their quadratic p-primary fields coincide.
Theorem 3.3 shows that the resulting compatibility classes are in bijection with the quadratic
cyclotomic extensions of F' and describes the primitive roots that generate each class.

The mathematical results presented in this article originate in the second author’s doctoral
thesis [9]. The purpose of the present paper is to provide a self-contained, corrected, and streamlined
journal-article treatment of this material, organized around the structure and classification of
quadratic cyclotomic extensions. Related cyclicity questions for 2-power cyclotomic extensions
are studied in [7].
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2 Quadratic cyclotomic generators

2.1 Conventions and basic notation

Fix a field F and an algebraic closure F. If char(F) = r > 0, every integer n occurring as the
order of a primitive root of unity is assumed to satisfy (n,r) = 1. Likewise, throughout the paper

Pr := {p prime : p # char(F')}

when char(F") > 0, while P is the set of all primes in characteristic 0. Thus primitive p°-th roots
are only considered for p € Pp. This is the only restriction needed to treat characteristic 0 and
positive characteristic in parallel.

Weuse N = {1,2,...} and Ng = NU{0}. We call an integer n > 1 admissible if every prime
divisor of n belongs to Pr. For an admissible integer n > 1, let

pn i={CEF: (" =1}, P :={C € pp, : ord(¢) = n}.

Thus ,, 1s the cyclic group of n-th roots of unity and P, is the set of primitive n-th roots. We
write (,, for an element of P,,. Whenever divisibility relations among orders are used, the roots
are chosen compatibly inside F. More precisely, whenever n = rs with gcd(r,s) = 1, we
choose primitive roots ¢, and (s compatibly with ¢,,, by which we mean that (,, = (,.(;. Such a
choice is always possible. Indeed, choose integers a, b such that as + br = 1 (mod n). Then
G i= (2%, (, = Cb" are primitive roots of orders 7 and s, respectively, and satisfy (.(; = (.

n

For (,, € P,,, define its order over F' by
or(¢y) :==min{m >1: (" € F}.

The set {m € Z : (" € F} is a subgroup of Z containing nZ. Hence, it is 0x((,)Z, and
or(Cn) | n. If ¢, = ¢ with ged(u, n) = 1, choose v such that uv = 1 (mod n). Then (¢/)™ € F
if and only if (" € F. Hence 0x((,) is independent of the chosen primitive n-th root. We put

dp(n) == OF&n).

Equivalently, dz(n) is the largest divisor d of n for which F' contains a primitive d-th root of
unity. For a prime p, v,(n) denotes the usual p-adic valuation.

If [F(¢,) : F] = 2, let o denote the nontrivial element of Gal(F'((,)/F). There is a unique
residue class jo., € (Z/nZ)* such that o(¢,) = (. Since 0% = 1 and (,0((,) € F, we have

jgm =1 (mod n), 0r(C) | (Jom +1). (1)
We write minpol((,, F') for the monic minimal polynomial of (,, over F'. It is therefore

minpol((,, F) = 2% — (¢ + o) + (Ionth, 2)

2.2 Odd-primary quadratic cyclotomic extensions

The following lemma will be used repeatedly below.
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Lemma 2.1. Ler [F((,) : F| = 2, and let p be an odd prime divisor of op((,). Put a = v,(n).
Then, for every 1 <t < a,

L G ¢ Fand F((y) = F(C);

2. 0p(G) =9, dp(p') =1, v,(0r(Ca)) = a;

3. if o denotes the nontrivial element of Gal(F'((,)/F), then o((y) = CI;I. Consequently,
minpol({yt, F) = 2 — ({pr + Cp_tl)a: + 1.

Proof. By Equation (1), 0¢((,,) | Jo.n + 1. Since p | 0r((,), it follows that j,, = —1 (mod p).
Hence, for the compatible primitive p-th root (;, 7((,) = ¢ ! £ (,, where the inequality follows
from the fact that p is odd. Thus ¢, ¢ F, and F' C F((,) C F((,). Since [F((,) : F] = 2, we
obtain F'((,) = F((,).

Forevery 1 <t < a, F'((;,) C F(¢y) C F((,), and therefore F'((,t) = F((,). In particular,
¢yt ¢ F. This proves (1).

Now suppose that dg(p') > 1. Since dg(p') is a power of p, this implies p | dz(p'), and

hence ¢, € F, a contradiction. Therefore dr(p') = 1, and op((,t) = p'.

Similarly, p { dp(n), since otherwise ¢, € F. Asn = dp(n)or(¢,) and a = v,(n), we
conclude that v, (o F(Cn)) = a. This proves (2).

Finally, since F'((,t) = F((,), the restriction of o to F'((,t) is its nontrivial F'-automorphism.
Applying Equation (1) to {,+ and using op((yt) = p' gives p' | jopt + 1, and hence j, 0 = —1
(mod p'). Thus o(Gy) = ¢ ;" Consequently,

minpol(Gye, F) = (¢ — ) (x — ') = 2° — (G + ¢ )e + 1.

This proves (3). O

2.3 2-primary quadratic cyclotomic extensions

The 2-primary case is different because —1 € I’ whenever 2 € Pp.

Lemma 2.2. Let ¢ > 2 and suppose that [F((ye) : F| = 2. Then op((ee) € {2,271}, More
precisely:

L. Ifop(Coe) = 2, then jy0e = 14271 (mod 2¢), minpol((ae, F) = 2% — (3.. If e > 2, then

F(Goe) # F(C) for every j > e.
2. Ifop(Cae) = 2°7Y, then F((oe) = F(CX) (1 < s < e —2), and exactly one of the following
occurs:

(@) jooe =271 —1 (mod 2°) and
minp01<<267 F) = xQ o (CQe - g;el)x - 17

thus (oe — (5t € F.
(D) jyoo = —1 (mod 2°) and

minpOI(CQea F) = $2 - (C2e + C;l)x + 17

thus (o + (5t € F.
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Proof. Fore = 2,(} = —1 € F,s00p((4) = 2 = 2°7!, Assume e¢ > 3. The representatives of
the solutions to u> = 1 (mod 2¢) are 1, —1, 1 +2¢71 —1 + 2¢71. The first is excluded because
o is nontrivial.

If jo0e = 14 2°7!, then using (1) and the fact that o ((e) is a nontrivial power of 2 imply
op(Cae) = 2.

For either of the other two involutions, ¢ acts by inversion on ¢4 = (3 . Hence (1 ¢ F.
Consequently op(Coe) > 2¢72. Since —1 = sz_l € F, the order over F is at most 2¢71, so it is
exactly 27!, This proves the dichotomy.

The three displayed minimal polynomials now follow directly from (2). In the second case,
(% ¢ Ffor1 < s < e — 2;since it belongs to the quadratic field £'((,.), it generates that field.

It remains to justify the last assertion in 1. Suppose e > 2 and F((3c) = F((y) for some
j > e Ifop(Cy) = 2, then (55-1 € F, hence (3 € F, a contradiction. Therefore the first part of

the lemma gives o5 (Cyi) = 2/~ Since ¢y = (2,
2j_1 e—1

OF(C2E) - gcd(2j*1,2j*e) =2 )

contradicting op((ae) = 2. O

Remark 1. Let [F((,) : F] = 2. If nis odd, or if n is even and its full 2-primary root yu, )
lies in F, then ged(dp(n),0r(¢,)) = 1. Otherwise the greatest common divisor is 2. Indeed, let
d = dp(n) and o = 0r((,), so that n = do. If an odd prime p divided both d and o, then p | o
and Lemma 2.1 would give p t d, a contradiction. Thus no odd prime divides gcd(d, o). For the
2-primary part, if (yu,m) € F, then v3(0) = 0. Otherwise Lemma 2.2 gives either v5(0) = 1 and
v9(d) = va(n) — 1, or va(0) = va(n) — 1 and vy(d) = 1. Hence in the nontrivial 2-primary case
v9(ged(d, 0)) = 1, proving the claim.

2.4 The general quadratic minimal polynomial
We now assemble the prime-power information and express the minimal polynomial in terms of
d:=dp(n), o, :=0r((,), 09e := 0p((a¢), so that n = do,,. Put e = v5(n). By Remark 1,

1, e=0o0r(se € F,
ged(d, 0,) =
2, (o ¢ F.

According to the order of the 2-primary component (5. over F', the factorization n = do,, can
therefore be rewritten as a product of coprime factors:

do,, e=0or(e € F,
n =9 (2d)(0,/2), 09 =2,
(d/2)(20,), 09 =2°71.

In each case the two displayed factors are coprime. Hence, choosing the corresponding
primitive roots compatibly with (,,, we may write
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CaCoy, » e=0or (o € F|
Cn - CQdCon/Zv Oge = 2,

Ca/2C20,, 02e =271

Theorem 2.1. Let [F((,) : F] = 2, put d = dp(n), 0, = 0p((), 02¢ := 0p((a¢), and let o be
the nontrivial element of Gal(F((,,)/ F). Then exactly one of the following cases occurs.

(1) The trivial 2-primary case. If e = 0 or (o € F, then F((,) = F((,), 0(Gn) = CaC, s and
minpol(¢,, F) = 2% = Ca(Co, + ¢ )2 + G-

(2) The order-2 case. If o9e = 2, equivalently 2 || o,, then F((,) = F((oq) = F((ae-1,, ),
U(Cn) = _<2d<(;}27 and

minpol(Ga, F) = 2 — Coq(Conp2 — Co_n}g)$ — (o

(3) The plus-trace case. If € > 2, 03e = 2°71, (oe + (' € F, then F((,) = F(Coo,) = F(C),
(Cn) = Cay2Can,» and

minpol(¢,, F) = 2° — Cajo (C2on + Cz?}l)x + Cdz/z-

(4) The minus-trace case. Ife > 2, 09 = 2°71, (oe — (5t € F, then F((,) = F((o0,) = F((4),
o(Cn) = —Cd/zggoi; and

minpol(Ga, F) = 2% = Ca/2 (G0, — G20, )T = Cijo-

Proof. For every odd prime p dividing o, Lemma 2.1 shows that the nontrivial automorphism acts
by inversion on the corresponding p-primary component. The components belonging to d lie in
F and are therefore fixed by o. It remains only to combine this with the action on the 2-primary
component given by Lemma 2.2.

In case (1), we have ¢, = (4(,,, where (; € F, while ¢ acts by inversion on (,,. Hence
0(Cn) = ¢t Since ¢ € F, we also obtain F((,) = F/((o,)-

In case (2), we have ¢, = (24(,,/2- The odd-primary factors of (y4 lie in /', while Lemma 2.2(1)
gives 0((2q4) = —(24. Moreover, 0,,/2 is odd, so Lemma 2.1 gives 0((,,/2) = C;;Q.

Therefore o((,) = —ngg;}z. Both (54 and a compatible primitive 2¢~1o,-th root lie in
F(¢,)\ F, and hence each generates the quadratic extension. Thus F'((,,) = F'((aq) = F((ae-1,, )-

In cases (3) and (4), we have ¢, = (4/2C20,, Caj2 € F. In case (3), Lemma 2.2(2) together
with Lemma 2.1 gives 0((s,,) = (5, , whereas in case (4) it gives 0((2,) = —(5,. - This yields
the stated formulas for o((,). Moreover, (4 € F((,) \ F, so the quadraticity of the extension
implies F'((,,) = F((2,) = F({4). Finally, in every case

minpol(G,, F) = (2 — Gu)(z — 0(Ca))-

Substituting the corresponding expression for o((,) gives the four displayed minimal
polynomials. [
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Remark 2. 1. Let d = dp(n), as defined in Theorem 2.1. The automorphism acts by
inversion on (,, that is, 0(¢,) = ¢!, if and only if d = 1, or d = 2 and (o + (! € F.
Equivalently, j,, = —1 (mod n) precisely in these cases.

2. Assume char(F) # 2, and let a be a root of unity such that the polynomial under
consideration belongs to F[z]. Then 2 — (a + a~')x + 1 is irreducible over F if and
only if a — a™' ¢ F, while 2> — (a — a~')z — 1 is irreducible over F' if and only if
a+ a ' ¢ F. Indeed, their discriminants are respectively (¢ — a!)? and (a + a1)%.
Thus, once a cyclotomic element is known to have degree at most 2 over F', these criteria
distinguish the quadratic case from the trivial one.

3 Structural invariants and classification

We now introduce the invariants that describe the prime-power structure of quadratic cyclotomic
extensions. As noted in the Introduction, the material in this section originates in [9]; the
definitions are formulated here so as to include both finite and infinite ranges and to apply
uniformly in arbitrary characteristic.

3.1 Roots already contained in the base field

For p € Pp put

fhpoe 1= U fpe -

e>1
Definition 3.1. For p € P, define )
lyoo = sup{e € Ny : pi,e C F'} € No U {00},
where [0 = {1}.
Remark 3. If - p < 00, then piye NF = [ tpo0 1 If ()00 p = 00, then pipeec C F. Thus fipee N F'

is finite cyclic in the first case.

For a family of subgroups of F”, we write \/ for the subgroup generated by that family. Let
Hoo = \/ Hpoe s foo(F) = fioo N F.
pEPF

Every root of unity in z., is a finite product of its primary components.

3.2 The function t ¢

The function below records the part of a primary root that remains nontrivial over F'.

Definition 3.2. Forp € Pr and e > 1, define

;

p°, poddand op((pe) > 1,
2¢, p=2and op((ze) > 2,
2, p=2and op((e) = 2,
L, op(Gp)=1.

tr(p°) =

\
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For an admissible n = [, p*™, put

p|n

tr(n) = [ [ tr(™™),
pln

with the empty product equal to 1. In particular, tg(1) = 1.

Lemma 3.1. For fixed p € P and integers 1 < f < e, one has tr(p/) | tr(p®). Moreover, if
CtF(Pe) + Ct_Fl(pe) € F7 then Ctp(pf) + Ct_Fl(pf) € F.

Proof. Putm; = tr(p’) and m. = tz(p°). The divisibility m | m, follows from Definition 3.2
and the inclusion F'((,r) C F((pe). Indeed, for odd p, each tx(p") is either 1 or p¥; for p = 2, it
is one of 1,2, 2%, and op((oe) = 2 implies (pe-1 € F.

Since my | me, choose (y,, = (:nl:/mf. For every ¢ > 1, the expression X? + X9 is an
integral polynomial in X + X 1. Indeed, if u, = X%+ X9, then uyy1 = (X + X Huy — ug-1,
up = 2,u1 = X + X' Hence, if ¢y, + (.0 € F, then, taking ¢ = mc/my, Gu, + (o =
Gme!™ + Gul™!™ € F. 0

3.3 The radical case: Roots of order 2 over F'

We first isolate the quadratic cyclotomic extensions generated by roots of unity of order 2 over F'.

Lemma 3.2. Let n = 2°r be admissible, with r odd, and assume char(F) # 2. Then op((,) = 2if
and only if op(Coe) = 2 and (. € F. If Uy p < 00, this is equivalent to e = (00 p+ 1 and ¢, € F.

If l9oc p = 00, there is no root of unity of order 2 over F.

Proof. Suppose first that or((,) = 2. Then (? € F. Since r is odd, the Chinese remainder
theorem gives an integer k£ such that

2k=0 (mod 2°), 2k=1 (mod r).

For a compatible decomposition ¢, = (5:(,., we therefore have ((?)* = (., so0 (, € F. Consequently,
Coe = (¢t ¢ F, (3. € F, and hence op((ae) = 2. Conversely, if (. € F and op((yc) = 2, then
(o & Fand 2 € F,s00r(¢,) = 2.

Finally, if {90« p < 00, then

OF(C%) =2 <~ 6262007F+1,
since (pe-1 € F but (e ¢ F. The assertion for {5 p = oo is immediate. O
Corollary 3.1. Assume char(F') # 2. If ly~ p < 00, the roots of unity of order 2 over F are
precisely the products {1, where § € Pty p+1 and 1 € F is a root of unity of odd order. Every

such root generates the same quadratic extension, F'(¢n) = F (C2e2oo, F+1). If lyo p = 00, there
are no such roots.
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3.4 The exceptional property C-

The only exceptional sign in the trace criterion occurs in the 2-primary case.

Definition 3.3. [f char(F') # 2, an integer e > 2 has property C; over F' if

Coe & F, tr(2°) # 2, (oo — (R EF.
We say that F has property Cs if char(F') # 2 and such an e exists.

Lemma 3.3. If F' has property Cy, the corresponding exponent is unique. We denote it by co(F).
Moreover,

(1) 0p(Cyeatm) = 2271 and minpol ey, F) = 22 = (Coeatry — Coonim )T — 1;
(2) for everyinteger 1 < f < cy(F), Cp(af) + Ct_pl(Qf) eF.
Proof. Let e have property Cy. The element (e is a root of 22 — (Ce — (3' )z — 1 € Fla].
Since (oe ¢ F, this polynomial is irreducible and F'((sc)/F is quadratic. Because tp(2¢) # 2,
Lemma 2.2 gives the order and the displayed minimal polynomial.
Setu = (e — (' € Fand ay := (o + (' for1 < f < e. Then
Qo1 =Coe + (o =u>+2 € F, aj1=a3—2 (2< f<e).

The recurrence gives ay € F successively for every 1 < f < e. Whenever t r(27) = 2/, this is
precisely the required assertion; if tz(2/) = 1 or 2, the assertion is immediate. This proves (2).
For uniqueness, suppose ¢ < k both have property C,. Applying (2) to k gives (oe + (o' € F,
while property Cs at e gives (o — (5" € F. Since char(F) # 2, adding the two expressions yields
2(oe € F', a contradiction. ]

3.5 A criterion for quadraticity

For an admissible n, write n = 2 with r odd. Thus, after discarding the odd-primary factors
already contained in F, the remaining odd-primary component is a primitive tz(r)-th root.

Theorem 3.1. Let n = 2°r be admissible, with r odd. Then F((,,)/F is quadratic if and only if
(o & F and one of the following mutually exclusive alternatives holds:

(1) Ife =0o0r (o € F, then Gy + G ) € F.
(2) Ife > 0and op(Gae) = 2, then Goe (Gipry = i) € F
(3) Ife > 0 and op(Cac) > 2, then
* if F has property Cy and e = c3(F), Cipo(n) — Ct_Fl(n) € F;
* otherwise (i, (n) + (t_Fl(n) e F.
Proof. Putd := dp(n), and o,, := op((,). Assume first that [F'((,,) : F] = 2.

If e = 0 or (3¢ € F, then o0, is odd and tr(n) = o0,.
By Theorem 2.1(1),

minpol(¢,, F) = 2% — (4(Co, + C(;l)l’ + ¢
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Since (4 € F'*, the trace coefficient lies in F" if and only if C;,.(n) + C; l(n) eF.

If e > 0 and op (o) = 2, then 2|0, and 0, /2 = tg(r). Moreover, vs(d) = e — 1, and the
odd-primary part of (o4 lies in F'; hence (oq = u(ae for some u € F*. Theorem 2.1(2) therefore
shows that its trace coefficient lies in F' if and only if (o ((t p(r) — Cop 1(T)) e F.

Finally, suppose that ¢ > 0 and op((s¢) > 2. Then op((ee) = 2°71, tr(n) = 20,. Since
Cas2 € F*, Theorem 2.1(3) and (4) give respectively C;,.(n) + Ct_Fl(n) € Fand G ,.(n) — Ct_Fl(n) eF.
The latter occurs precisely when e has property C,, hence, by Lemma 3.3, precisely when
e = c(F). This proves the forward implication.

Conversely, assume that (,, ¢ F' and that one of the stated conditions holds. Removing from
(,, all primary components already contained in F' does not change the field it generates, since
multiplication or division by an element of F'* does not change the field generated over F'.

In case (1), we obtain F((,) = F(Cip(n)). Since (ip(ny + Ct_Fl(n) € F, the element (i, ()
satisfies @2 — (Cip(n) + C{Fl(n))x + 1 € Flz]. Thus [F(Cp@my) - F] < 2, and (i) ¢ F gives
equality. In case (2), let 6 := (¢, & := (i, (r)- Removing the components that lie in I, we obtain
F((,) = F(§). Since op(d) = 2, we have §* € F. By hypothesis, a := §(Cp(r) — Ct_Fl(T)) € F,
and ¢ satisfies 2 — a€ — 6% = 0. Hence [F(€) : F| < 2, and since £ ¢ F, the degree is exactly 2.

In case (3), we again have F'((,) = F((i.(n)). If F' has property C, and e = c,(F'), then
CtF(n)—Ct;l(n) € F, 50 (i, (n) satisfies xz—(gtF(n)—gt;l(n))x—l € F[z]. Otherwise, QF(n)—i-Ct;l(n) €
F, 50 (i, (ny satisfies 22 — (Cop(n) + Ct_Fl(n))x + 1 € F[z]. In either case [F((ip(n)) : £'] = 2. The
three alternatives are mutually exclusive by their conditions on the 2-primary component. U

3.6 The upper primary invariant vy~ g

This invariant records the last p-power level that can contribute to a quadratic cyclotomic extension.
It is a corrected reformulation of the corresponding upper invariant in [9], with the exceptional
2-primary level separated explicitly.

Definition 3.4. For p € Py, define
VJOOF = sup{k € N: Goppry + Ct_Fl(pk) € F} € Ny U {0},
with sup & = 0. Put

Vi p + 1, p=2and F has property Cs,
Vpeo =y, ‘
Vpoo s otherwise.

Lemma 3.1 shows that the set defining V;;o’ 18 an initial interval of exponents, so the supremum
is a genuine endpoint (possibly co). If F' has property Cs, then in fact yjoo’ = C2(F) — 1. Indeed,
Lemma 3.3 gives the plus-trace condition at every lower level; it cannot hold at cy(F'), since
together with the defining minus-trace condition it would imply (,c,r) € F'; and Lemma 3.1
then excludes the plus-trace condition at every higher level. Thus the expression 1/520, 1+ 1in
Definition 3.4 is finite whenever it occurs and equals co(F').

The next result shows that, for each prime p, the exponents giving quadratic p-primary

cyclotomic extensions form a single interval between the lower and upper invariants.
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Theorem 3.2. Let p € Pp.

(1) One always has lpo p < Vpoo p.

(2) If lyoo p < 00, then [F(Cpe) : F| = 2 if and only if Uy p < € < Upoo p. If Upoo p = 00, RO

p-power root generates a nontrivial cyclotomic extension.
(3) For p = 2, the endpoint is described more explicitly as follows:
(@) if lyo p = 00, then vy = 00 and there are no quadratic 2-primary extensions;
(b) if 2 < lye p < 00, then Vyso p = Lo p + 1;

(€) iflaoo p = 1, then vyeo p = sup{k > 2 : F((x) = F(C4)}, which may be finite or
infinite.

Proof. Forevery k <l p, (p € F, 50t #(p*) = 1 and the plus-trace condition in Definition 3.4
is automatic. This proves (1).

Assume { := () p < 00, and let e > ¢ be such that [F'((,e) : F] = 2.

If p# 2,orif p=2and e # cy(F), Theorem 3.1 gives (i, (pe) + Ct_Fl(pe) € F. Hence, by the
definition of V;;,’F, e < ypiof < vy . The only remaining case is p = 2 and e = ¢»(F'). In that
case, Lemma 3.3 gives 1/5;7 » = (F) — 1, and therefore, by definition, vo=~ p = V;CX,’ rpt1l=
c2(F) = e. Thus in all cases e < Voo p.

Conversely, let ¢ < e < Vpeo p. If € < I/;;o’ > then by the definition of 1/;00,  and Lemma 3.1,
Cop(pe) + C;Fl(pe) € F. Since e > ¢, we have (e ¢ F, and Theorem 3.1 yields [F'((ye) : F] = 2.
The only remaining possibility is that vy p > V;oo? - By Definition 3.4, this occurs only when
p = 2 and F' has property C,. In that case e = V;;ov » + 1 =co(F), and the fact that the extension
is quadratic follows from Lemma 3.3. This proves (2).

For 3(a), the assertion follows from Remark 3.

Suppose next that 2 < lye g < 00. Since (,yrpec o € F but (ye00 41 ¢ F, the latter is a root of
% — Cotase > SO F((QeQOo,FH)/F is quadratic and its order over F'is 2. Because {3~ r+1 > 2, no
higher 2-power can generate a quadratic extension: if j > (3 p+1 and F'((y;)/F were quadratic,
then it would contain the quadratic subfield F'(( ¢, »+1) and hence would equal it, contradicting
Lemma 2.2 (1). It follows that no exponent greater than (s r + 1 gives a quadratic 2-primary
extension. Consequently, 150 p = l2 p + 1, proving (3)(b).

Finally, suppose that {3 p = 1. Then (4 ¢ F, while (} = —1 € F, so [F({) : F] = 2. For
every k > 2, (4 = 22:_2, and hence F'((4) C F((or). Therefore, if F'((,x)/F is quadratic, then
the above inclusion between two nontrivial quadratic extensions must be an equality. Conversely,
this equality clearly implies that F'((yx)/F' is quadratic. By 2, since lo« p = 1, the quadratic
2-power levels are precisely those with 2 < k < 15~ . Consequently,

Voo p = sup{k > 2: F((or) = F((4)}-

This supremum may be finite or infinite. For F' = Q, it equals 2, since [Q((s) : Q] = 4. O
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3.7 Global compatibility and classification
We now pass from primary information to arbitrary roots of unity. Define
AM(F) = {C € oo \ F[F(Q) - F] =2} and  &(F) = {F(() : ¢ € #(F)}.

Thus .#5(F') is the set of quadratic cyclotomic generators and &(F') is the set of quadratic
cyclotomic fields inside the fixed algebraic closure.

Call a prime p € Pr active if some p-power root of unity generates a quadratic extension,
equivalently if {0 p < Voo p. Let Po(F') denote the set of active primes.

Proposition 3.1. Let p be active. If e and f are such that [F((ye) : F| = [F((pr) : F| = 2, then
F((pe) = F(Cpr). We denote this common quadratic field by E,,.

Proof. 1If pis odd and F((,e)/F is quadratic, Lemma 2.1 gives F'((,t) = F'((pe) for every lower
nontrivial level ¢. If two exponents e < f are both quadratic, applying the lemma to f gives

F(Gpe) = F(Gpr)-

For p = 2, if {3 p > 2, Theorem 3.2 shows that there is only one quadratic exponent. If
(3 p = 1, every quadratic F'((z) contains the nontrivial quadratic field F'({), hence equals it.
This proves uniqueness in all cases. ]

Define an equivalence relation on Py (F') by
p~rq << L,=1FE,
Let
MF = PQ(F)/NF

be the set of compatibility classes. For M € Mg, write y, for the common field £, withp € M.
We note that £, is well defined, since if p, g € M, then p ~f ¢, and hence E, = E,,.
For an extended exponent a € NyU{oo}, use the convention ji,e = j1,c when a = oco. Define

e (ymomr ) (L

peM pEPR\M
Conceptually, 1, allows precisely the nontrivial primary components that generate the single

quadratic field £/;; all primary components outside M are required to lie already in F'.

Theorem 3.3. For each M € Mg, every ¢ € un \ fioo(F) generates the field Ey;. Conversely,
every € Mo(F') belongs to exactly one such set. Hence

Mo(F) = T (s \ po(F)),
MeMpg
and M —— E\; is a bijection from Mg onto &(F).
Proof. Let M € Mp and let { € pps \ fioo(F'). Decompose ( into its primary components.
By the definition of p,;, every component corresponding to a prime outside M lies in F'. For

p € M, a primary component either lies in /' or, by Theorem 3.2, generates F,, = E,;. Hence
every primary component of ¢ belongs to Ey;, so ¢ € E),. Since ¢ ¢ F, we obtain F'(¢) = Ey.
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Conversely, let ¢, € #5(F') and put £ = F'((,). Define

Sk ={p|n: Cpop(m ¢ F}.

This set is nonempty since ¢, ¢ F'. For every p € Sp,, F' G F((pm) € E. Since [E: F] = 2,
we have F (vap<n>) = E. Thus p is active and F,, = E. Hence all primes in Sp,, belong to the
same compatibility class M.

For p € Sg,,, Theorem 3.2 gives v,(n) < vy p. For p ¢ Sp,, the corresponding primary
component lies in F', 80 v,(n) < {00 p Whenever (e p < 0o. Therefore ¢, € pips \ oo (F'). The
class M is unique: any class M’ for which (,, € pps \ oo (F') must contain every prime in the
nonempty set Sg,.

It follows that

My(F)y =TT (nar\ poo(F)).

MeMp
Finally, the correspondence M — E); is injective by the definition of the compatibility classes,
and it is surjective because every field in & (F') is generated by some element of .#5(F). O

4 Finite fields

The preceding classification becomes especially transparent over a finite field.

Example 1. Let /' = I, where ¢ = r"™ and r is prime. For every n prime to r,

[Fy(Cn) : Fy] = ord,(q),

the multiplicative order of ¢ modulo n. Hence
[Fo(Gn) 1 Fg] =2 <= n|(¢" =1 andnf(q—1).
It follows that, for every p # r,
ber, = (@ = 1), vy, = vp(¢° — 1)

All active primes have the same primary quadratic field, namely F,.. Thus there is a single
compatibility class and

gQ(F) = {]FqQ}v %Q(F) = Hg2—1 \ Hg—1-
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