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1 Introduction
It is well-known that the Fibonacci and Pell sequences are defined as follows, respectively:

0, ifn =20,
F, = 1, ifn=1,
F,_1 + F,_5, otherwise
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and
0, ifn=0,

Pn = 1, lfn = 1,
2P, 1 + P,_5, otherwise.

Number theoretic properties such as these obtained from homogeneous linear reccurence
relations relevant to this paper have been studied recently by many authors; see, for example,
[6,10,15].

The study of the linear recurrence sequences in groups began with the earlier work of Wall
[27] where the ordinary Fibonacci sequences in cyclic groups were investigated. Other work
on the Fibonacci sequences in cyclic groups is discussed in, for example, [5,20,24-26]. In the
mid-eighties, Wilcox studied the Fibonacci sequences in abelian groups in [28]. In [3], the theory
was expanded to non-abelian groups by Campbell et al. There, they defined the Fibonacci orbit
of a 2-generator group. In next process, some special linear recurrence sequences defined by the
aid of group elements have been studied by many authors; for example, [1,2,4,8,9,11,12,14,17-
19,21,22]. In [23], Peters et al. contributed to theory via the Hosoya-type Pell sequence. In their
paper they defined this sequence by considering Hosoya triangle and extended it to groups:

Definition 1.1. Let v be a positive integer and let P, be the r-th Pell number. For a generating
pair (x1,z5) € X, we define the Hosoya-type Pell r-orbits of the 2-generator group G as follows:

af =11, @ = @9, dypy = (al) T ()", (0> 0).

n -

For the generating pair (21, x), we denote the r-th Hosoya-type Pell orbit of G by P/""  (G).

(z1,72)

A sequence of group elements is eventually periodic if, after a certain point, it consists only of
repetitions of a fixed subsequence. In addition, a sequence of group elements is simply (purely)
periodic with period £ if the first k£ elements in the sequence form a repeating subsequence. The
number of elements in the repeating subsequence is called the length of the period (eventually or
simply) of the sequence. For example, the sequence a, b, ¢, d, b, c,d, b, c,d, b, c,d, ... 1is eventually
periodic after the initial element a and has the length period 3. On the other hand, the sequence
a,b,c,d,a,b,c,d a,b,c,d a,b,cd,...issimply periodic with the length of period 4.

If the sequence P(};:m) (G) is periodic (eventually or simply), then the symbol l?fhzz) (GQ)
denotes the length of the period of the sequence P{; ) (G) (cf. [23]).

In [23] it is shown that the sequence {P,S’"’a’b)} defined by

r
1

Pér’a’b) —a, Pl(r,a,b) — D, PT(L:,_%,b) =P Pé:ﬁ,b) P PT(Lr,a,b)7 (n>0,r>1),

where a and b are arbitrary integers and P, is the r-th Pell number. The sequence {Py(f’“’b) } in the
integers modulo m can be written as P’ (Z,,; a,b) and the length of the period of the sequence
P! (Zn; a,b) is denoted by A% (m) (cf. [23]).

This paper is in the spirit of [23]. In this paper, we examine the behaviors of the lengths of
the periods of the Hosoya-type Pell r-sequences in certain 2-generator groups.
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2 Main results

There are various criteria used while discussing the algebraic properties of a group through a
sequence defined by means of group elements. As it is known, Periodicity is one of the most
important of these criteria. In this paper, we concentrate on periodicity of the Hosoya-type Pell
r-orbits of the dihedral group D-,,, the semidihedral group S D= and the generalized quaternion
group (Qom+1 With respect to the generating pairs (x,y) and (y, ).

Consider the sequences
—Pu;_,, if n is odd,

u; =1,uy =0and u,, = . i, e
—Pu, | +u_,, ifniseven

and
—P. v+ vl if n is odd
+1Up— _
v] =0,v) =1and v, = nelo e ’
—Pu; n
Py 5, if n 1s even

where r is a positive integer and P, is the r-th term of the Pell sequence. If we reduce the
sequences {u!} and {v!} by a modulus m taking least nonnegative residues, then we get the
following recurrence sequences:

and

{on (m)} ={vi (m), vy (m), vz (m),.... vj(m),...}
where u] (m) and v} (m) are used to mean the i-th term of the sequences {u], } and {v] } when read
modulo m, respectively. It is easy to prove that the sequences {u, (m)} and {v], (m)} are periodic
(eventually or simply). We denote the lengths of the periods of the sequences {u! (m)} and

{vy, (m)} by hi, (m) and b, (m), respectively. From the recurrence relations in the definitions
of the sequences {u], } and {v] }, we may write the following companion matrices:

r 0 —F, r —P, 1
Ag ) = and Ag ) = i .
1 0 1 0
1 Pr Pr T T T _Pr
Let B = A0 AP = i and let B = AV AV = X . If we let
0 —P _P.,

o] oAV (B}”)T, if 1 is odd,
ey = 40 ()
(BY))Q, if n is even

and
" A (B(”)T, if n is odd,

(MQ(’“)) NN
(Bé”) : , if n is even
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then by using the conventions found in [4] and [16], we can easily write the following vector

relations: o _ ;
( Ml(f)> "0 _ Up,yo

I 1 | I (O |

and L _ }
()" =] e
0 Unt1

for n > 0. From this result we immediately deduce that A}, (m) and h;, (m) are the smallest
positive integers « and [ that satisfy the following requirements, respectively:

<M1(r)>a = I, (modm)

and 5
<M2(T)> = I, (modm),
where I, is the 2 x 2 identity matrix and ged (m, P,) = 1.
In [23], the lengths of the periods of the Hosoya-type Pell r-orbits of the modular maximal-

cyclic group M,, were obtained. Now we concentrate on the dihedral group Ds,,,, the semidihedral
group S Dym and the generalized quaternion group (Jom+1 in order to expand the concept.

We will deal with the following presentation of the dihedral group D, of order 2m:
(z,y: 2™ =y* = (zy)? =e).

We shall now address the periods of the r-orbits P(};’Ty) (Ds,,) and P(’;’;) (Ds,,) by using the
operators h;, (m), h;, (m) and had) (m).

Theorem 2.1. Let m be an integer such that m > 3 and let r be a positive integer. Then the
Hosoya-type Pell r-orbits of the dihedral group D, with respect to the generating pairs both
(x,y) and (y, x) are periodic sequences. The lengths of the periods of the sequences P(};’;) (Do)

and P(};’;) (Da,,) are as folows:

.k, h,
i) l(m,ly) (Dam) = l(y,lm

ii) If r > 2 is an odd integer, that is, P, is odd and P, is even, then l?’r (Do) =

z,y)
lem (hf, (m),2) and 1" (Dyp) = lem (hy, (m),2).

(y,z)
iii) If r > 2 is an even integer, that is, P, is even and P, is odd, then l?a’fy) (Do) = 1 and
[G7 (Da) = BT (m),

Y,)

Proof. 1) From the definition of the Hosoya-type Pell r-orbit we can write terms of the sequences
P(];’ly) (Ds,,) and P(Z’lx) (Ds,y,) in the following forms, respectively:

=, ai =y, ap, = (a)) " (ah), (n20)

and

=y, o =2 gy = (a) " (a40)°, (020).
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Using the fact that zy = yz ', yo = 2~ 'y, (2"y)* = e and (yz")* = e, we get the sequences
P(}; 7,2) (Do) and P(’;’;) (Do) as follows, respectively:

{$7y7$_1>$2y7$ay7 - }

and
{ya T, ?/1'2, 5571, Yy, x, .. } .
Then, it is clear that the sequences P(};z) (Ds,y,) and P(];’i) (Do) are simply periodic and whose

periods are 4.

i1) Let » > 2 be a positive odd integer.
Firstly, we consider the Hosoya-type Pell r-orbit of the dihedral group D-,, with respect to
the generating pair (z,y). Let us calculate the terms of the sequence P( ) (Ds,,) depending on

. _p P,
the recurrence relation al, , = (a?) """ (al,,) '

x?
Y,
P7y r+1 — m—PT7
( 7‘) T+1 — yxfprpr+l — xPTPr+1y
)
-P, P.P, Pry (P)?
T ’V‘) ( rLr41 ) — T (o
( :
PPy, 2\ ~PoPrr+ (P Pt — g=(P)*Pria+ PP
(x r4r — y:c L T T =z T T Lo y’

_ yx(PTVPTH—PTPTH—(Pr)SPTH

— (PT)SP’I‘+1_(PT)2P’I‘+1+P7‘P’I‘+1
= T Y,

(:I/,(Pr)2> - (l‘ (Pr Pry1+PrPria y) das = J)_(PT)S,

Priq
(x—(PrFPTHJrPrPTH y> ( )3

For n > 1 we can see that the sequence P(];’;) (Ds,,) will separate into some natural layers
and each layer will be of the form
(=P)"

T _
a?n_w s

P’I’PT+1((_1)n+1(PT)7L71+(_1)n(PT‘)n72+(_1)n71(PT‘)7L73+"'_P7‘+1)y.

agn+1 =T
It is interesting to note that when (m, P,) = 1 the sequence P(];”;) (Dayy,) is simply periodic and
when (m, P,) # 1 the sequence is periodic. Considering the sequence {u| }, we may write the
terms of P(];’ry) (Dy,,) as follows:

agn — xugnJrl
and
agnJrl = xu£n+2y

for n > 0. Obviously, the last relations imply that the length of the period of P(};Ty) (Dayy) is
lem (hL, (m),2) form > 3.
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Now we concentrate on determining the period of the sequence Pg/’;) (Ds,,) by the aid of
the operator h;, (m). Using an argument similar to that given above, we see that the sequence
Pl (Do) is of the form:

(y,
T _ T o__
ay = Y, 4 =2T,...,
r o P ((CD)M (P T (D) TP TR (1) R (P P+ P r _ (=P)"
a, = 2 ( ) ) : . )y7 = 2(=Pr)

for n > 1. Thus we can easily derive
T 5 r N
g, = TPy, ay, . = "0+2, (n > 0)

and so l@rx) (Dam) = lem (R, (m),2). Also note that if (m, P,) = 1, then P(};’;) (Day,) is a

simply periodic sequence; if (m, P,) # 1, then the sequence is eventually periodic.
iii) Let » > 2 be a positive even integer.
By direct calculation, it is easy to see that the sequence P(};’;) (Dayy,) is

{:E, Y, a:_PTy, $_Pry, e ,x_PTy, a:_PTy, .. } .
Thus it is verified that the sequence is eventually periodic and l?x’ry) (Day,) = 1.

Now we examine the length of the period of the Hosoya-type Pell r-orbit of the dihedral
group D,,, with respect to the generating pair (y, ) by considering the period of the sequence
{P,ST’O’D} . Here the start of the sequence P(};’;) (Dayy,) is

{y, x, abr+ } .

More precisely,
r I PT(LT’O’I)
ap, =y, a, =x (n>1).

Then, it is easy to see that the sequence is eventually periodic and laTx) (Do) = A0 (m) . O

Itis clear that det (BY)) = det (Bér)) = —P,. With this in mind, we consider the lengths
7 (D) and Ufy" (Da,) when m t .

Corollary 2.2. Let p > 3 be a prime and t be a positive integer and let (a,b) be one of the
generating pairs (x,y) and (y,x). If r > 2 is an odd integer with p { P,, then l@fb) (Dopr+1) =
h,r h,r h,r

l(a,b) (DQpi) or l(a7b) (D2pt+1> — p . l(a,b) (DQPT).

Proof. Let us consider the sequence P(ZIL) (Ds,,). Then, by the first condition above, it is known

(r)> Fun (ptﬂ)

that ], (p'*!) is the smallest positive integer satisfying <M1 = I, (mod p'™). So

(r)> i <pt+l)

we can derive (Ml = I, (modp'), which means that A}, (p') divides h!, (p't!).

Moreover, we may write

Y

(M(r))hzn(pt) _ ki-pt+1 ky - p'
! ky-pt kyeptl
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where k1, ko, k3 and k4 are positive integers. Then, by the binomial theorem, we have
(M(r)>p i (7') = I, (mod p*1) ,

which implies that 4], (p‘*!) divides p-h!, (p'). Therefore, it can be clearly seen that ], (p*!) =
hi, (p')orhl (p'™')=p-hy (p'). Since l@fy) (Dam) = kI, (m) whenr > 2 is an odd integer,
we have the conclusion.

The proof for the sequence P(}; ’;) (Do, ) is directly similar to the above and is omitted. [

Corollary 2.3. Let my and ms be integers greater than or equal to 3 and let (a,b) be one of the
generating pairs (x,y) and (y,x). If r > 2 is an odd integer with my 1 P, and my 1 P,, then

12 (Dasemmymy)) = lem (z@fb) (Dam,) 15 (D2m2)>.

oy (ma)
Proof. We now deal with the sequence P(};’;) (Day,). Letlem (my, mg) =m. Clearly, (M (T)) 1

ks, (m2)
= [, (modm,) and (MZ(T) = I, (modmsy). By means of the least common multiple

operation, this implies that
oy, (m)
(Mér)> = I, (modm,)
and
(r) th (m)
<M2 ) = [, (modmy).
Thus we immediately deduce h;, (mq) | A}, (m) and h} (mg) | hj (m), which means that
lem (A, (mq), ki (mo)) divides Al (lem (my, ms)).
Now assume thatlem (h], (m1),h (ms)) = a. Then we may write (MQ(T)> = [, (modm,)
and (MQ(T))Q = I, (modmy), which implies that (Mé”)a = I, (modm). So we see that
lem (A, (mq), ki (ms)) is divisible by A7, (lem (my, ms)). Thus we obtain

lem (R, (mq),hl, (ms)) = kY (lem (mq,ms)).
Since l@fx) (Dam) = hi, (m) when r > 2 is an odd integer, we have the conclusion. O

The semidihedral (quasidihedral) group of order 2™, S Dy is defined by the presentation

<x, Y 2" = y2 =e, yry = a:2m_2_1> .

For more information on this group see [13].
Now we consider the lengths of the periods of the Hosoya-type Pell r-orbits of the semidihedral
group S Dym when m > 4.We give the following Theorem.

Theorem 2.4. Let m be an integer such that m > 4 and let r be a positive integer. Then the
lengths of the periods of the sequences P (S Dym) and P " (S Do) are as folows:

i) 10 (SDym) = U (SDam) = 4,

(y,z)
ii) If r > 2 is an odd integer, that is, P, is odd and P, is even, then l?;y) (SDgm) =
r m— h,r r m—
lem (hy, (2™71),2) and 1)), (SDym) = lem (hy, (2771),2).

U
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iii) If r > 2 is an even integer, that is, P, is even and P, is odd, then l&ry) (SDgm) = 1 and
1" (SDgm) = RO (2m—1),

(y,7)

Proof. The proof is similar to the above and is omitted. [

A generalized quaternion (dicyclic) group (QQom+1 of order 2™ is defined by the presentation

<a:,y 2 =yt =e, 27 =, y ey = a:_1> .
For more information on this group see [7].
We give the following Theorem for the computing the lengths [ 1 (Q2m+1) and l?y o) (Qam+1)
by the aid of the operators h!, (m), hl, (m)and A"*") (m).

Theorem 2.5. Let m be an integer such that m > 2 and let r be a positive integer. Then the
lengths of the periods of the sequences P (Q2m+1) and Ph (Q2m+1) are as follows:

i) If m = 2, then
2, ifr=1,2(mod4),
l}” ) (Qs) = x) (Qs) =4 4, ifr =3(mod4),
1, ifr =0(mod4)
forr > 1.

ii) If m > 3, then three subcases occur:

i) 15y (Qenen) = Uiyl (Quet) = 4
ii’) If P, = 1(mod4) and P, is even, then lxy) (Qam+1) = lem (A (2™),4) and
17 (Qamen) = lem (hI, (2m),4).
iii’) If P..1 = 1(mod4) and P, is even, then

lhr (Qyenr) = 2, if P, =2(mod4),
(@.9) 1, if P, =0(mod4)

and

h,r
lyﬂc)

(Q ) h(r,l,Pr+1+27H—1) (2m) 7 lfPr =9 (IIlOd 4) ,
m+1 ) —
? Rr0D) (2m) | if P, = 0 (mod 4).

Proof. We first note that zy = yz ™!, yz = z~ 'y, (z"y)*> = ¢ and (yz™)* = y2. The proof of
every statements follow from an analogous argument as the above. For all values of , we obtain
the Hosoya-type Pell r-orbits of the group (Qom+1 as follows:

When m = 2 and r = 1 (mod 4), for the generating pair (z, y)

T T T T
CLOZJI, a1:y7 CLZZZL', agzy,...7

and so it is simply periodic with period 2.
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When m = 2 and r = 1 (mod 4), for the generating pair (y, x)
ay =19y, 41 =T, Gy =Y, Q5 =1T,...,
and so it is simply periodic with period 2.
When m = 2 and r = 2 (mod 4), for the generating pair (z, y)

ro__ ro__ r_ ,—1 ro__ r__ . —1
ao—x7a1—y,a2—y 7a3_y7a4_y PR

and so it is eventually periodic with period 2.
When m = 2 and r = 2 (mod 4), for the generating pair (y, x)

1 1

T o__ T o__ T o__ - T o__ T o__ —
ag =1y, A} =T, Gy =T , Q3 =T, Ay =T ...,

and so it is eventually periodic with period 2.
When m = 2 and r = 3 (mod 4), for the generating pair (z, y)

1

r r T — r -1 T I
aozx,alzy,a2zx ,(13:y ,a4:$7a5:y7...,

and so it is simply periodic with period 4.
When m = 2 and r = 3 (mod 4), for the generating pair (y, x)

ro__ ro__ r_ -1 r_ _—1 ro__ ro__
Gy =Y, @y =T, Qg =Y , A3 =T ~, Gy =Y, 5 =T, ...,

and so it is simply periodic with period 4.
When m = 2 and r = 0 (mod 4), for the generating pair (z, y)

ro__ ro__ ro__ ro__ ro__
&0—$’, al_y7 a2_y7 a3_y7 a4_y7"'>

and so it is eventually periodic with period 1.
When m = 2 and r = 0 (mod 4), for the generating pair (y, x)

T __ T o __ T o__ T __ T o __
Ay =19, Q] =T, Ay =T, A3 =T, Ay = T, ...,

and so it is eventually periodic with period 1.
When r = 1, for the generating pair (z, y)

1 _ 1 _ 1 _ -1, 2 1 _ .23 1 _ 1 _
Ay =T, G =Y, G =T Y, A3 =Y, Oy =T, Q5 =Y, ...

and so it is simply periodic with period 4.

Now we consider the case m > 3. Then we have the following results:
When r = 1, for the generating pair (y, x)

and so it is simply periodic with period 4.
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When P. = 1 (mod4) and P,,; = 0 (mod 4), for the generating pair (x, y)

ro__ ro__ r __ _—P r _ P-Pry1,3
ay =2, a3 =Y, Ao =o ", a3=x "y, ...,

T Ui 4T — Um0, AT — o Uhnas AT U403
Ay =T "+7a4n+1_x 2y, a4n+2_x "+,a4n+3—x n+y7"'7

which has period lem (b7, (2™),4).
When P. = 1 (mod4) and P,,; = 2 (mod 4), for the generating pair (x, y)

ro__ ro__ r_ .—P. 2 r _ PP 3
Ay =2, Q1 =Y, Gy =2 ""Y°, ag =x """y L,

aZn = xuzwrl? agn—l—l - xUZ7l+2y’ a£n+2 = xuszrSva a2n+3 - xu2n+4y3’ tety
which has period lem (b7, (2™),4).
When P, = 1(mod4) and P,;; = 0 (mod 4), for the generating pair (y, x)

ro__ ro__ r _ .—Pry1,,3 r _ ,.—P
ay =Y, 4, =T, ag = Ty’ ag=x"",...,

aZn = xU£n+ly’ a£n+1 = xU£n+2’ a£n+2 = xvszrSyS? a2n+3 = xU£n+4’ e
which has period lem (R (2™),4).
When P, = 1(mod4) and P,;; = 2 (mod4), for the generating pair (y, z)

—Pry1,,3

ro__ ro__ ro__ r__ 2 —P
a’O_Z/?al_xva’Q_‘r y,a3—yx "

g ey

oo,y T Uy I R 1) 3 T .2, v
a4n = 4n+1y, &4n+1 = 4n+27 a4n+2 =2 4n+3y , a4n+3 _y x 4n+47”"

which has period lem (hI, (2™),4).
Note that the last four sequences are eventually periodic.

When P, = 2 (mod4) and P.,; = 1 (mod 4), for the generating pair (z, y)
ay =1, ay =y, ay=a" "y, ag=a" "y’ ay=a" "y, ag =27yt

and so it is eventually periodic with period 2.
When P, = 0(mod4) and P,.; = 1 (mod 4), for the generating pair (x, y)

ro__ ro__ ro__ - - = -
aO*xv alfya a2—.1' Y, a3—l' Y, a4—£L‘ Y, a5*x Yyovny

and so it is eventually periodic with period 1.
When P, = 2 (mod4) and P.,; = 1 (mod 4), for the generating pair (y, =)

ro__ ro__ r _ Prg2ml
ay =1y, & =, ay = "t e

and so it is eventually periodic with period h("1Fr+1+2" ") (2m).
When P, = 0(mod4) and P,.; = 1 (mod 4), for the generating pair (y, )

ro__ ro__ r __ P
Ay =Y, 4 =T, Gy =" "1 ...

and so it is eventually periodic with period h("0Y) (2m).

Thus we have the conclusion.
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