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Abstract: Let GL,(z) = GL%"T(x) denote the sequence satisfying the recursion GL,,(7) =
xGL, 1(x) + GL, o(x) + T for n > 2, with GLy(z) = a and GL,(z) = bz, where a, b
and T are arbitrary. The GL, () are referred to as generalized Leonardo polynomials. In this
paper, we provide a combinatorial interpretation for GL, () as a weight function on a certain
class of linear tilings wherein the initial tiles are colored according to their type. We use our
interpretation to provide combinatorial explanations of some identities for GL, (x) which were
previously found by various algebraic methods. Further, we are able to establish by combinatorial
arguments several new identities for G£,,(x), among them, formulas for various sums of products
and a Cassini-like relation.
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1 Introduction
Let £,, denote the n-th Leonardo number (see A001595 in [17]) defined recursively by

,Cn = /Cn—l + ,Cn_Q + 1, n Z 2, (11)
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with initial conditions £y = £, = 1. The Leonardo numbers were apparently first introduced by
Dijkstra in conjunction with his smoothsort algorithm [7, 8], and have subsequently been studied
(see, e.g., [2,5,6]). Various extensions of £, have been put forth, among them, the generalized
Leonardo numbers defined by the recurrence

Ek,n - Ek,n—l + Ek,n—Z + k?, n Z 27 (12)

with £, 0 = L1 = 1. Here, k is often assumed to be a fixed positive integer, but may also be
taken to be a variable. Note that £ ,, provides a common generalization of the Leonardo and
Fibonacci numbers, reducing to the former when £ = 1 and to the latter when £ = 0. The
Ly, were introduced by Kuhapatanakul and Chobsorn [11], who found several properties of this
sequence extending those of L£,,. For other generalizations and/or analogues of L,,, we refer the
reader to [10,12,14,15,18,21].

A further extension of Ly ,, is given by the generalized Leonardo polynomial [1], denoted by
GL,(x) = GLT (z), and satisfying the recurrence

GL,(v) =2GLy1(x) + GLy2(z) + T, n>2, (1.3)
with GLy(z) = a and GL,(x) = bzx. The values of GL,,(x) for 2 < n < 5 are given by

GLo(x) =a+bx* + T, GLs(z) = ax + bx(1 +2?) + T(1 + ),
GLi(z) = a(l 4+ 2%) + b2®(2 4 2%) + T (2 + = + 2?),
GL5(7) = ax(2 + 2%) + br(1 + 32% + %) + T(2 + 3z + 22 + 2%).

The GL, (z) are seen to reduce to L, whena = b = x = 1, with 7' = k, and to polynomial
extensions of the Fibonacci and Lucas numbers, upon taking 7' = 0 with various choices for
the parameters a, b and x. In particular, if « = b = 1 and T" = 0, then GL, (x) reduces
to F,+1(x), where F,(x) is the n-th Fibonacci polynomial defined recursively by F,(z) =
xF,_1(x) + F,_o(z) for n > 2, with Fy(x) = 0 and Fy(z) = 1. Moreover, taking a = 1,
b=2x—1and T = x in GL,(x) yields the single variable Leonardo polynomial generalization
studied by Prasad and Kumari [13]. Still more general sequences that extend GL,,(x) have been
considered in [19,20], where 1" is replaced by a function of n (typically a polynomial in n) and/or
the order of the recurrence is arbitrary.

The GL,,(x) were introduced by Abd-Elhameed et al. [1], who found several relations involving
the sequence employing various algebraic methods. Among the properties established were
explicit formulas for G£,,(x) in terms of binomial coefficients and Fibonacci/Lucas polynomials
as well as expressions for the product of GL,,(x) with other sequences and some related definite
integrals. In this paper, we shall introduce a combinatorial framework in terms of colored tilings
for GL,(x) by which one may understand several of the results from [1] as well as derive
additional formulas. See [16] for a comparable approach to L, and also [3], where a
combinatorial interpretation is developed for the Leonardo p-numbers introduced by Tan and
Leung [21].

The organization of this paper is as follows. In the next section, we describe a combinatorial
interpretation for G£,, () in terms of tilings. In the third section, we use this interpretation to give
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combinatorial proofs of some recent identities for GL,,(x) established in [1] by other methods. In
the final section, we establish several new relations involving GL,,(x) by combinatorial arguments,
which generalize identities for the Fibonacci and Leonardo numbers. Our arguments seemingly
provide a more elementary, self-contained approach to those used to establish the results in [1],
which were intricate in some cases and drew upon advanced concepts such as the Zeilberger
algorithm and the Chebyshev inversion principle. Furthermore, our model allows for one to
readily extend to GL,, () identities that are known for some of its special cases.

2 Combinatorial interpretation for G L%* ()

To provide a combinatorial interpretation for gﬁf;b’T(x), we extend one given for the Leonardo
numbers in [16]. A (linear) tiling is a covering of the numbers 1,...,n, written in a row, by
rectangular pieces, called tiles, such that no number is covered by more than one tile and tiles
are indistinguishable from one another outside of their length. A tile covering one number or two
consecutive numbers is known as a square or domino and is denoted by s or d, respectively. The
length of a tiling is the sum of the lengths of all of its tiles. Let F,, denote the set of tilings of
length n consisting of squares and dominoes; see, e.g., [4, Chapter 1]. Note |F,| = f,1 for all
n > 0, where f,, denotes the n-th Fibonacci number defined recursively by f,, = f,,_1 + f._o for
n > 2, with fo = 0 and f; = 1. For example, if n = 4, then F, = {d?, ds?, sds, s°d, s*} and
|F4| =5 = f5, where t' denotes a sequence of i consecutive occurrences of a tile ¢ within a tiling.

A Leonardo tiling (see [16]) is one consisting of squares, dominoes and a special tile, denoted
by p, which satisfies the following: (i) p is a tile of variable length m for any m > 2, (ii) p need
not occur, but if it does, must occur as the first tile. When the length of a special tile p is known,
it will often be denoted by a subscript. Let K,, denote the set of Leonardo tilings of length n; note
|IC,.| = L, for all n > 0. For example, if n = 4, then

’C4 = {d27 dSQv SdS, S2d7 847 dea p282a pP3s, p4}

and |[[Cy| =9 = Ly.
We now consider the following extension of the set /C,,.

Definition 2.1. Let a, b and T be positive integers. By a generalized Leonardo tiling, we mean a
colored member of K,, wherein a starting square, domino or special tile comes in one of a, b or
T colors, respectively, with the remaining tiles each not receiving a color. Let T, = T,(a,b,T)

denote the set of all generalized Leonardo tilings of length n.

From the prior example above, it is seen that 7; has cardinality 2a + 3b + 47 for all a, b and 7T'.
We define a weighted sum on 7, as follows.

Definition 2.2. Let the weight of a member = € T,, be given by x*™, where 1i(1) denotes the

number of squares in . Let w, = w*>T(x) for n > 1 denote the sum of the weights of all the

members of T, with wy = a

Extending the prior example where n = 4, we have wy = a(1+2?) +b2?(2+22) +T(2+x +2?).

Notice that w, works out to gﬁi’b’T(m) and this is not a coincidence.

380



Proposition 2.1. We have w®*" (z) = GLY>T (z) for all n > 0.

n

Proof. When n = 0 or 1, there is equality as both sequences are given by a and bz, respectively.
To complete the proof, we show that w,, satisfies recurrence (1.3) for all n > 2. Consider the
final piece within a member of 7,,. If this piece is a square or domino, then one gets respective
contributions towards the weight of zw,_; and w,_o. If the final piece is a special tile, then it
must be the only piece, and hence there are T possibilities in this case, each having weight 2° = 1.
Combining the cases above implies w,, = zw,_1 + w,_2 + 1" for n > 2, as desired. ]

We will make use of this combinatorial interpretation for G£%*" () in the subsequent proofs.
Note that the sum of the weights of all the members of F,, is given by F}, (), where the weight
of m € F, is again defined as M) see, e.g., [4, Section 9.4]. We now recall a couple of further
sequences. The Lucas number ¢,, for n > 2 is given recursively by ¢, = ¢,,_1 + {,,_o forn > 2,
with {5 = 2 and ¢; = 1. Note /,, enumerates the marked square-and-domino tilings of length
n where a starting domino may be marked, the set of which will be denoted by P,,. The n-th
Lucas polynomial L, (x) satisfies the recurrence L, (z) = xL,_1(z) + L,_2(x) for n > 2, with
Lo(z) = 2 and Ly(z) = x. Note L,,(1) = ¢, and L,(z) = F,11(z) + F,_1(x) forall n > 0,
where [ (xz) = 1. Finally, we have that L, (z) gives the sum of the weights of the members of
P.., where the weight is defined as before.

3 Combinatorial proofs of prior identities

In this section, we provide combinatorial explanations of some of the identities shown in [1]. The
following result occurs as Theorems 2 and 3 in [1] and expresses GL,,(x) in terms of Fibonacci
and Lucas polynomials.

Theorem 3.1. If n > 1, then

n—1
GLI (x) = (a = b)Fuiy (2) + bFppa (z) + T Fy(x) (3.1)
p=1
and
[(n—3)/4]
Qﬁfl’b’T(x) = bLn(fL‘) + T Z Cn_4p_3Ln_4p_3 (l’)
p=0
1 [n/2]
+5 D Cnop (T+ (1P (20 — 40+ T)) Ly_z(x), (3.2)
p=1
1, ifm>0;
where c,, =
Lo ifm=0

Proof. To show (3.1), consider cases on the first piece within 7 € 7,. There are aF,,_; and
bxF,, = b(F,4+1 — F,_1) possibilities if the first piece of 7 is a domino or a square, respectively,
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where F,, = F,(z). If 7 starts with a special tile of length n—p for some 0 < p < n—2, then there
are T'F},, possibilities as the remaining tiles comprise a member of J, with squares weighted
by x. Considering all possible p accounts for the summation on the right side and completes the
proof of (3.1).
To show (3.2), we compare the coefficients of a, b and 7" on both sides and make use of (3.1).
Equating coefficients of b, we need to establish the identity
[n/2]
Fopw—F, 1 =xzF, =1L, —22 P e —apLn—ap, n>1, (3.3)

where L, = L,(x). By the fact L,, = xF, + 2F,_;, which may be realized by considering
whether or not a member of P, starts with a square, we have that (3.3) is equivalent to (3.5)
below, which is given a combinatorial proof. Note that equating coefficients of a in (3.2) also
leads to (3.5).

Finally, comparing the coefficients of 7" in (3.2), we need to show

n—9 [(n—2)/4] [(n—3)/4]
Y F= Y tralnwoat Y, Ciarsloss,  n>=1 (34)
p=0 r=0 r=0

Upon letting n = 4m + ¢, where m > 0 and 0 < ¢ < 3, we have that (3.4) is equivalent to the
following four identities in m:

4m—2 m—1
Z Fpi1 = Z Liym—ar—2 + Lym—ar_3),
r=0
4m—1 m—1
Z Foi = Z Lym—ar—1 + Lam—ar_2),
r=0
m—1
ZFp—i-l =1+ Z Lym—s4r + Lam—ar-1),
p=0 r=0
4dm+1 m—1
Z Fooa=1+x+ Z(L4m—4r+1 + Lym—ar).
p=0 r=0

These identities each follow from applying L,, + L, 11 = F,_1 + F, + Fj1 + Fl4o forn > 1.
This last fact follows from two applications of the relation L,, = F},_; + F},;1, which can be seen
combinatorially by considering whether or not a member of P,, starts with a marked domino.
This completes the proof of (3.4), and hence of (3.2). [l

Lemma 3.1. Ifn > 1, then

[n/2]
Fuoa(z) =) (=1 'engpLnnp(x), n>1, (3.5)
p=1
1, ifm>0;
where c,, = . '
9 lleZZQ
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Proof. First assume n is even and we consider further subcases mod 4. Suppose n = 4m + 2 for
some m > (. Then (3.5) in this case is equivalent to

Fyny1r — 1= Ly — Lyyp—2 + -+ — Lo, m > 0. (3.6)

Note that (3.6) is trivial if m = 0, so assume m > 1. Let A = A,,, denote the set of “marked”
Lucas tilings of length 4m wherein a tiling ending in exactly & dominoes for some 0 < k£ < 2m
may have its final © dominoes marked for some 0 < ¢ < k, with the exception that ¢ < k if
k = 2m. Define the (signed) weight of A € A ending in exactly i marked d’s by (—1)’z#™),
where 1(\) denotes the number of squares in A. Note that an initial domino within a member
of .4 may be marked, like in members of P, though this marking is to be distinct from the one
used to indicate a string of terminal dominoes. In particular, the member of .4 ending in 2m — 1
marked d’s and starting with a marked d will have ¢ = 2m — 1.

Then the right-hand side of (3.6) is seen to give the sum of the weights of all the members of
A. Let A® denote the subset of .4 whose members end in i marked d’s. Define an involution on A
by either unmarking the leftmost marked d within members of A% where 7 is odd or performing
the reverse operation on members of A¥) where i is even and the leftmost marked d is directly
preceded by another d. The survivors of this involution consist of those members of U;-”;OlA(zj )
where the leftmost marked d is preceded by an s if 7 > 0 or that end in s if j = 0.

Note that each survivor has positive sign and the sum of their weights is given by z( Ly, +
Lym—5 + -+ + Ls). Thus, to establish (3.6), we need to show

Fipmi1 = 1+ 2(Lagm—1 + Lapm—5 + -+ - + Ls), m > 1. (3.7)

To do so, suppose A € Py;_q for some i € [m]. If A does not start with a marked d, then we
append sd*™ % to \ to obtain a member of F,,, ending in an even number of d’s. If \ starts with
a marked d, then we delete this d and append sd*™~2"*! to obtain a tiling ending in an odd number
of d’s. Allowing ¢ to vary implies that all members of F,,,, except for d?™, arise in this manner,
with the weight of these tilings being given by ©( L4, —1 + Lgm—5 + - - - + L3). This implies (3.7)
and completes the proof of (3.6).

Now suppose n = 4m for some m > 1, and we need to show

Fim1+1=Lyno— Loys+ -+ Lo, m > 1. (3.8)

We may assume m > 2 and let B = ,,, denote the set of “marked” Lucas tilings of length 4m — 2
in which a tiling may end in exactly ¢ marked d’s for some 0 < 7 < 2m — 2. With the weights
defined as before, we define a sign-changing involution on B comparable to the one defined on A
above which pairs members of B where 7 is odd with those where ¢ is even for 0 < i < 2m — 3,
setting aside all members of B for which ¢ = 2m — 2. Considering the weight of the set of
survivors, we then need to show

Fip1 = 2>+ 1+ 2(Lam-3 + Lam—7 + - + L3), m > 2. (3.9

Upon reasoning as before, there are x(Ly4,,_3 + - - - + L5) members of Fy,, » that end in exactly
j d’s for some 0 < j < 2m — 3. To this, we add 22 + 1, which accounts for the weight of the
members of Fy,, o ending in 2m — 2 or 2m — 1 d’s. This implies (3.9) and completes the proof
of (3.8).
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A comparable argument, which we quickly describe, applies if n is odd. Letting n = 2m + 1,
formula (3.5) in this case is equivalent to

Fom = Lom—1 — Lom—3 + -+ + (=1)""'Ly. (3.10)

One may then define a sign-changing involution comparable to before based on the right-hand
side of (3.10). Considering the weight of the set of survivors of this involution leads to the

identity
[(m—2)/2]
L— (=)™
Fym = (— Z Lom-2-ai, (3.11)

which can be shown by appropriately modifying the arguments given above for (3.7) and (3.9).
This yields the odd case of (3.5) and completes the proof. ]

Remark: For a different combinatorial proof of (3.10) in the case + = 1 that does not use an
involution, see [4, Identity 55]. Note that (3.7) and (3.9) also follow from applying the relation
L, = F, 11+ F,_1 to each Lucas summand and then recalling the fact F5,, 1 = 1 + x(F3,, +
Fopo+ -+ F3). See [4, Identity 12] for the combinatorial proof of the x = 1 case of this
formula for F3,, . In a similar manner, formula (3.11) can be obtained using Fy,, = x(Fs,,_1 +

Fyp3+ -+ -+ F1); see [4, Identity 2] for the x = 1 case.
Let z,, = z(z +1)--- (2 +m — 1) if m > 1, with zy = 1. Further, we define z_; = =

m. The following explicit formula for GL%"” (z) in terms of the products z,,

corresponds to [1, Theorem 1].

and z_o =

Theorem 3.2. If n > 1, then

[n/2]
gﬁ;‘;b’T(x) _ Z (n=2r+1)(ar+bn—2r))+r(n—r)T)(n—2r+2),_9 r—
—~ r!
[(n— 1)/2J
-2 1
4T Z P D oo (3.12)

(r—1)!
Proof. By the definition of the product z,,, one may rewrite (3.12) equivalently as

Ln/2] Ln/ 2J

n—2r+1),_ 2 )r 2
G4 @) =0 ) ( TR Z 2
n/2 n1)/2
S Z oot s
:at%(n—r 1) n2r+bLn§J<n—r—1) n—2r
— r—1 " r
+T Lnf (n - T) T+ T L(nim (n 1 1> o o
= -l r=1 Tt
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We now provide a combinatorial explanation of (3.13). Let 7,, = 7;@) U 771(b) U 7;(T), where
771(‘1), 7;(17) and 7?L(T) denote the subsets of 7, whose members start with a domino, square or
special tile, respectively. Hence, the coefficient of a, b or T in the expression for GL~"" (z) gives
the sum of the weights of the members of T, , 7. or 771(T), respectively, without regard to the
color assigned to the initial tile. First, suppose m € 7" and let r denote the total number of
d’s in 7. Then 7 contains n — 27 squares, and thus there are (”_2:”"_1) = ("TT 1) possibilities,

1

"=27 and thus considering all possible

as the first piece must be a d. Each such 7 has weight x
1 < r < |n/2]| accounts for the first summation in (3.13). If 7 € 7. and r again denotes the

n2r ) = (711 possibilities, as 7 must start with an s in

number of d’s in 7, then there are (

this case. Considering all 0 < r < [n/2] then accounts for the second summation in (3.13).
Now suppose 7 € 7Z(T) and contains exactly ¢ dominoes and j squares. Then 7 starting with a

special tile implies 0 < j <n—2and 0 < i < [*=— n=J=2| There are (]JZ”) such T, and considering

all possible j and 7 implies that the weight w of the (uncolored) members of 7. is given by

n—2 L7n7%‘72J . . n—2 . g n . 1
- +i 22N n—j+ 5\ .
ve2 e 2 (jz- ):Z(jjiij)fzz( 2y )T G
7=0 =0 j=0 j=2 2

where we have used in the second equality the parallel summation formula for binomial coefficients
(see, e.g., [9, p. 174] and [4, p. 68] for a combinatorial proof). Letting j = 2r or j = 2r + 1 for
some r > 1in (3.14) implies

/2, ln=1)/2) ,
_ n—2r n—2r—1
v Z (r - 1) * Z ( r—1 ):E '

r=1
Thus, the weight w is accounted for by the final two sums on the right-hand side of (3.13), which
completes the proof of (3.12). ]

The final result in this section gives formulas for the 2 = 1 case of GL£%"(z) in terms of
Fibonacci and Lucas numbers and corresponds to [1, Corollaries 5 and 6].

Theorem 3.3. Let U, = GLY"T(1). If n > 1, then
YU, =a+ Z U (Y(A+T)fisr +y(—=2a+b—T)fio1 + (y — DU (3.15)
and
YUy = a + zn:y <%(—a F2b+ Tl + %(4a —3b+ Ty + (y — 1)Ui> . (3.16)
1=0

Proof. By convention, we take f_o = —1, f_; = 1 and /_; = —1. We first argue combinatorially
Uy=afis+bfio+Tfi1+ Ui, 1> 1. (3.17)

Both sides of (3.17) are equal to b when i = 1 and a4+ b+ 7T when ¢ = 2, so assume 7 € 7T;, where
1 > 3. If 7 ends in s, then there are clearly U,_; possibilities. Suppose now 7 consists of a single
special tile or is expressible as m = pn’d, where 7’ is possibly empty and p denotes a special tile.
Since p can range in length from 2 to ¢ — 2, it follows that there are 1+ f1 + fo+-- -+ fi_3 = fi_1
possibilities for m without regard to the color of the first tile. Since each of these 7 belongs to
7;(T), we then get a contribution of 7' f;_; from these 7. Finally, suppose 7 ends in d and does not
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start with p. Then there are a f;_3 possibilities if 7 starts with d and bf;_5 if 7 starts with s, which
accounts for the first two terms on the right side of (3.17). Combining the prior cases completes
the enumeration of 7 € 7; and hence yields (3.17).

Thus, by (3.17) and the Fibonacci number recurrence, we have

Ui=a(fi—2fi—2) +bfice + T(fi — fi—2) + Uia

Multiplying both sides of (3.18) by 1, and summing over 1 < i < n + 1, gives

n+1 n+1

S yUi=a+> y((a+T)fi+(-20+b—T)fi2+ Uiy)
1=0 =1

—a+Y v ((a+T) i+ (—2a+b=T)f; 1 +Uy).
=0
Subtracting > y"U; from both sides of the last equality, and combining a difference of sums
on the right-hand side, now yields (3.15).
If 7 > 0, then we have

(a+T)fir1+(—2a+b—=T)fi-1 = a(fix1 —2fic1) +bfici + T(fia — fiz1)
=afio+0fii +Tf;
- a(4€i_1 — gi—&—l) + b(2€z+1 — 3&_1) + T(£i+1 + Ei—l)

5
—a+2b+T)¢; da —3b+T)l; -

_ (ca+2b+ )+1;(a 3b+1T) L (3.19)
where in the third equality, we have made use of the facts 4¢; | — ;1 = 5f; o, 20; 1 — 3l;_1 =
5fi—1and ;11 + ¢;_1 = 5f;; for the third fact, see [4, Identity 34]. Note that each of these three
relations may be afforded a combinatorial explanation using the tiling interpretations for f,, and

¢,,. Substituting (3.19) into (3.15) yields (3.16) and completes the proof. [l

4 Some further identities for G L% (x)

We denote GL%*T(z) here by v, for n > 0, where z is assumed to be nonzero. In this section,
we prove using our combinatorial model several new identities for v,,.

Proposition 4.1. Ifn > 0, then

Vnga = bz" 2+ Y (T + 2" 'vy), 4.1
i=0
Vopy1 = br +nT +x Z Vo “4.2)
i=1
and .
Vop =a+nT +x Z Vgi_1- 4.3)

=1
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Proof. The three identities are seen to hold if n = 0, the first as vy = a + bx? + T, so we may
assume n > 1. To show (4.1), we enumerate © € 7, according to the position of the rightmost
d, if it exists. First note that there are 2 ‘v; possible 7 of the form = = 7'ds" %, where 7’ € T;
and 0 < ¢ < n, upon considering separately the ¢ = 0 case. Summing over all 7 then accounts
for the summation on the right side of (4.1). The bz"2 term gives the weight of the all squares
tiling s"*2. The remaining members of 7,,,, start with a special tile and contain no dominoes.
Thus, they are of the form 7 = p;s"">~%, where 2 < ¢ < n + 2, and hence contribute 7' " "
Combining the prior cases on 7 gives (4.1).

To show (4.2), let m € 75,1 and we consider the position of the rightmost s, if it exists.
If 7 = 7'sd™™", where 1 < i < n, then 7’ € Ty and there are x ), vy; possibilities in all.
The tiling sd™ has weight bz, whereas there are exactly n members of 75,1 not containing an s,
namely, those of the form 7 = py; 1 d" " for some i € [n], which are accounted for by the nT
term. Combining the prior cases then yields (4.2), with a similar argument applying to (4.3). [

We will henceforth denote the Fibonacci polynomial F,,(x) simply by F,,. The v, satisfy the
following further recurrence relations.

Proposition 4.2. [fn,m > 1, then

Untm = Vo1 Fy + 0 Fopr + T ) F. (44)
=1
Ifn>10>1, then
l
(1+2) —1 il
Ungp = T + z;x - vn-i (4.5)

Proof. Let m € T,.,,. First suppose m = a3, where o € 7,,,. Then there are F},, possibilities
for S as m > 0, and hence the weight of such 7 is v,,, F}, 1. If 7 = «ad3, where a € T,,_1, then
|| = n — 1 and we get a contribution of v,, 1 F}, towards the weight in this case. The remaining
members of 7., have the form 7 = p;n’, where m +1 < i <n+m. Then0 < |7'| <n —1,
which implies that the weight of such 7 is given by 7Y """ | F;. Combining the previous cases for
m yields (4.4).

Now let 7 € 7,4, where n > ¢ > 1. First suppose that the combined number of squares and
dominoes in 7 is at least . Let ¢ denote the number of dominoes amongst the final ¢ pieces of
7. Then there are x‘~* (f) possibilities for the final ¢ pieces, which have a total length of ¢ + 7.

Thus, the remaining section of 7 comprises a member of 7,,_; implying this section is nonempty
¢

if i < n. Hence, there are 2‘~* (l.)vn_i possibilities for 7 if 7 < n, with this formula also seen
to hold if 7 = n (which can occur only when ¢ = n) as the tiling in question in this case is d".
Considering all 0 < ¢ < ¢ then accounts for the summation on the right side of (4.5). On the other
hand, if 7 does not contain at least ¢ squares and dominoes, and hence the total length of these
pieces is at most 2/ — 2, then n > ¢ implies m must start with a special tile. Suppose 7 contains
k — i squares and ¢ dominoes altogether for some 0 < i < k < £. Then we have 7 = pr’, where

p is a special tile of length n + ¢ — k — i (note n + ¢ — k — ¢ > 2) and 7’ contains ¢ dominoes.
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Considering all possible k£ and ¢ then yields a contribution towards the weight of

-1k -1
1 t—1
) I R N R
k=0 =0 k=0 v
Combining this case with the prior yields (4.5) and completes the proof. ]

Remark: Note that (4.1), (4.2) and (4.3) reduce respectively to Identities 1, 2 and 12 in [4] when
a=0b=x=1and T = 0. Formula (4.4) when m = 1 is seen to be equivalent to (3.1).

Theorem 4.1. If m > 1, then

b2 1 T(2a + 2T + ax — 2bx + bx* + (v — 2)vom, + 209y 1)

2 2 2
Vom — V2m+1V2m—-1 = Q@ +abx® — .

(4.6)

and

V3| — VgmUsm_o = —a* — abx® + b?2”* —

T(2a + ax — 2bx + bz? — (2 — 2)vom_1 — 209 _2)

! (4.7)
Proof. We prove only (4.6), with a suitable modification of the argument applying to (4.7). Let
X = Tom X Tom and Y = Topmi1 X Tom—1, Wwhere m > 1. The tail-swapping procedure (see,
e.g., [4, Chapter 1]) provides a one-to-one correspondence between the subsets of X and ) for
which it is defined. Assume when tail-swapping is applied to members of X’ that o and § within
(o, B) € X are arranged so that (3 lies below « and is translated to the right by one square length.
Then ~y and 0 within (v, ) € ) are such that § lies directly below the middle 2m — 1 positions of
~. Note that tail-swapping cannot be performed if there are no common faults or if it results in a
special tile or a colored square or domino occurring as the second tile within some tiling. Let X’
and )’ denote the subsets of X’ and ) for which tail-swapping is not defined.

We first enumerate the members of X”. One may verify that X’ consists of those (o, 3) € X
for which one of the following holds: (a) o = 8 = d™, (b) a = s2d™!, 3 dam,
(€) v = poyd™ ", B = fld™ " or (d) a = o/d™", f = pyud™ ", where o € Ty, f € Taios
and ¢ € [m]. Note that there are vy; 5 possibilities for the section /3’ in part (c) if ¢ > 2, with this

formula holding for ¢ = 1 as well since the tiling 5’ is empty in this case and is directly followed
by a d (and hence there are a = v, possibilities). Combining these cases then implies that the
weight of the members of X’ is given by

a® + abe® + T (vgig + v2) = a® + aba”® + T(a — vam) + 2T Y vy,
i=1 1=1
2T (vyyy1 — mT — bx)

=a® + abx® + T(a — von) + :
T

by (4.2).

Next, observe that members (7y,0) € )’ must have one of the following forms: (a) v =
sd™, § = sd™ 1, (b) v = pod™ 5 = §d™, with i € [m)], or (¢) v = A/d™ 5 =
Poid™ Y, with i € [m — 1], where 7/ € Ta;41 and & € T;_1. This implies members of )’
have weight

388



m m—1 m
b2l'2 + T Z V9i_1 + T Z V241 = 621'2 — bxT + 2TZ V2i—1
i=1 =1 =1
2T (voy, — mT —
— 0?7 4 L em —mT —a),
xz

by (4.3).
By tail-swapping, we have that the quantity v3 = — Vg, 11V2,_1 is given by the difference in
the weights of the sets X’ and ). This implies
2T (Va1 — mT — bx)
x
2T (vgy, — mT — a))

T

2 2 2
V3 — Vomi1Vom—1 = a° + abx” + T(a — vo,) +

— (b2x2 — bxT +

T(U2m+1 — Ugm—1 — T)

= a® + abx® — b*2* + T(a — 2b+ bx + 2a/z) —
x

n 2T (Vopmg1 — Vam)
x

T2
= a® + abz® — b*2® + T(a — 2b+ bx + 2a/x) + —
x

n T (vomi1 — 209y, + Vom—1)
T

Substituting vo,,11 = XV, +v2, 1+ 71 into the last expression, and simplifying, yields (4.6). [
In the next two results, we let a,, = GLY 11 (1) and 3, = GL2"2 T2 ().

Theorem 4.2. Ifn > 1, then

box? — (2n — V)T, Ty + Ty (B — Ty(agy_1 — b ol
Oy = 20— @ VI A T = ) £ Tl D)y 57 5 )
=1
and
bux? — 20Ty Ty + Ty (Boprq — b To(cvy, — 2n
Y 1(52;1 SARRE LRIV S ST

Proof. To show (4.8), first note that the left-hand side enumerates the set of ordered pairs (A1, A2),
where \; € To,(ay,b1,T1) and Ay € T3,1(as, be, T5) and the weight of an ordered pair is defined
as the product of the weights of its components. Consider the largest i € [2n — 1], if it exists,
such that A; and Ay may be decomposed as \; = 7,0, and Ay = 7505, where ~; and -, are both
of length i. Then 6, = sd™ ("5") 5, = d"("%") if i is odd and 6, = d" 5,6, = sd" 5" if i
is even, by the maximality of ¢. Thus, the ordered pairs for which such an 7 exists have weight

T Zf:;l «;3;, where the factor of x accounts for the initial s in either ; or ds.

So assume no such i € [2n — 1] as described above exists. If neither A; nor A\, contains a
special tile, then we must have \; = d™ and \y = sd"~!, which gives a,b,z. Otherwise, at least
one of A;, A\ must start with a special tile. If both A\; and A, start with a special tile, then the
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lengths of these pieces must be different due to the assumption that no 7 as above exists. First
suppose that A\; starts with a special tile of length strictly greater than that of the one in Ao, if
it occurs, with )\, also allowed to start with s or d. Then the special tile of A\; must be of even
length, for otherwise, there would be an index ¢ for which both A\; and )\, have prefixes of length :.
Then we must have A\; = pgjd"_j for some j € [n], which in turn implies Ay = yd"™/, where
v € Taj—1(az, be, T). Such pairs (A1, A2) in this case have weight

~ T1(Bop, — Ton — a
T1262j71 = 105 2 2)7

T

j=1
by (4.3).

Now suppose A, starts with a special tile of length strictly greater than that of the one in A,
where \; may also start with s or d. By similar reasoning as before, we must have A\, = pzj_ld”‘j ,
and hence \; = vd" /%!, where 1 < j < nand vy € T5;_2(as, b, T1). Considering all possible j
gives in this case a contribution towards the weight of

)

- Ty(ag, 1 —Ty(n—1)—b
53y g = o =Tl =) b
j=2

by (4.2). Combining the prior cases on (A1, \o) yields

2n—1

T1(Bayn — Ton — Ty(ag,—1 —Ti(n—1)—b
QonBon—1 = a1byz + 182 n — aa) + 2{@zn-1 in = 1) — bo) + Z i,
T x p
which may be rewritten as (4.8). A similar argument implies
n n 2n
Qop 4182, = asbix + T4 Z Ba; + T Z Qi1+ Z ;3.
j=1 j=1 i=1
Applying (4.2) and (4.3) then yields (4.9) and completes the proof. O

Our next result expresses the quantity o, 3, — o, /3, in terms of Fibonacci polynomials.

Theorem 4.3. If n > m > 1, then

amﬂn - anﬁm = (_1)m(’}/1$ - 72/55 + 73)anm - (fYQmel + 731'Fm) Z E

=1

Fn—m

+ (Vo (Frm1 — Fm2) + y32(Ep — Frum1)), (4.10)

where Y1 = a1b2 — CLle, Yo = a2T1 — (11T2 and Y3 = b2T1 — bng.

Proof. We will prove only the even case of (4.10) and leave the odd as an exercise for the reader.
We may assume n > m, as both sides of (4.10) are seen to be zero when n = m. Let A =
Tm(a1,b1, T1) X Tp(ag, by, To) and B = Ty, (a1, by, T1) X Trn(az, be, To). We apply the tail-swapping
procedure to (A1, A2) € A or 3, where it is assumed that the tiling \; lies directly above A, and is
not staggered. Let S; and S, denote respectively the subsets of A and B for which tail-swapping
cannot be performed, i.e., there exist no common faults of A\; and A\, when they are arranged as
described. Then we have o, 3, — B = W(S1) — w(S2), where w(.S) denotes the weight of a
subset of A or B.
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Suppose (A1, A2) € A belongs to S;. If neither A\; nor A\, starts with a special tile, then m
even implies \; = d', with )\, starting sd’, where ¢ = m/2. Otherwise, at least one of \; or
Ao must start with a special tile, with these pieces being of different lengths in cases when both
A1 and A\, contain one. If the longer special tile occurs in A, then it must be of even length and
followed by dominoes, for otherwise, a non-initial square would occur in Ay, which would imply
the existence of a common fault of A; and Ay as n > m. On the other hand, if A5 contains the
longer special tile, then it must have length in [m + 1, n] or be of odd length less than m. Putting
the preceding observations together, we have that S; consists of those pairs (A1, A2) satisfying
one of the following: (i) \; = d', Ao = sd')N, (i) A = pyud™, X = od =N, (i) N\, =
o'd"™" Ny = paiy1d "N or (iv) A; arbitrary and Ay = p;\*, where N € Fy_po1, A* € Fojy
0 € Tai—1(ag, by, Ts), 0’ € Tai(ay, by, Ty) and j € [m + 1,n], withi € [t] in (ii) and i € [t — 1] in
(iii).

Combining the prior cases yields

t—1 n

t
w(S1) = abox Fypy + Th F sy, Z Baoi—1 4+ ToF,_p, Z ag; + Toha, Z Fo_jn

i=1 i=1 j=m+1
TF, T. T5F, - 2T
R . (ﬁm _mly QZ) L (am_1 _(m=2)% blx)
T 2 T 2
+ T2am Z Ea

=1

by (4.2) and (4.3). By similar reasoning, we have

T5F, T TVF, - 2)T:
W(S2) - CLlean—m + 2 (am - it - al) + . (Bm—l - M - bgl’)

T 2 T 2

+ Tlﬁm Z E
=1
Thus, we get

amﬁn - anﬁm = W(Sl> - W(SQ)

Fn—m Fn—m
= leanm + T (Tlﬁm - T2am - 72) - (Tlﬁmfl - TQOémfl - 73I)
— (11 — Trorm) > Fi, (4.11)
=1

where the ; for 1 < ¢ < 3 are as described above.
By (3.1), we have

m—1 m—1
T\ B — Too, =T} (bﬂFm +agl1 + 15 Z E) — Ty <b1$Fm +a Fp + 11 Z Fz)

i=1 =1

= Yol 1 + 32 F, m > 0. (4.12)
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Substituting (4.12) in (4.11) implies

n—m

CVmﬁn - O‘nﬁm = (f}/lx - 72/1' + VS)anm + (’}/Qmel + 73me)

n—m
Fn—m

(v2Fm—2 + 732 F 1) — (72 Fm-1 + 32 Fy,) Z F;,

=1

which yields the even case of (4.10). U

Remark: Let GG,, denote the sequence defined by G,, = G,,_1 + G, forn > 2, with Gy = a
and G| = b, where a and b are arbitrary. Note that GL%"" (z) reduces to G, when x = 1 and
T = 0. Benjamin and Quinn [4, Chapter 3] refer to the (5, as Gibonacci numbers, which is
shorthand for generalized Fibonacci numbers. Taking x = 1, 7" = 0 in (4.5) and (4.6)/(4.7)
recovers respectively Identities 40 and 46 in [4], though expressed in a slightly different form.
Further, we have that (4.8) and (4.10) when z = 1, 77 = T, = 0 are equivalent to Identities 42
and 43 in [4].

Using (4.10), it is possible to derive some further combinatorial identities as follows. First
note that by (3.1), we have

m—1 n—1
B = (blem tar P+ T Fj> (ngFn +asFu+ Ty Fj)

Jj=1 J=1
-1

= (bll'Fm + CLlmel)(le'Fn + CLQanl) + Tl(bg.%’Fn + CLQanl) Fj

3

j=1
n—1 m—1 n—1
+ Tg(blfL‘Fm + alFm_l) Z F} + T1T2 Z Fj Z P}
j=1 j=1  j=1
Finding the analogous expression for «,/3,,, and subtracting, we have
U B — B = (a2b1 — arba)x Fp By + (a1by — aghy ) v Frp g
m—1 n—1
—+ Tl(bQSUFn -+ G,QFn,1> Z F] — T1<b237Fm —+ CLgFm,1> Z F}
j=1 j=1
n—1 m—1
+ Ty Fy + a1Fp1) Y Fy = To(biaF, + aFoq) Y Fy (413)
j=1 j=1

Equating the coefficients of b,7} in the expressions for o, 3, — B, in (4.10) and (4.13) in the
case n = m + 1 yields

m—1 m
(1 _x)Fm_ m—1 T (_1)m :me-H ZFJ' _meZFj,
7j=1 j=1

which may be rewritten as

m—1

Fo = Frs1 + (1) = —2F2 + 2(Fpp1 — F) Y Fj.

Jj=1
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Equating the comparable coefficients of a,75 yields

(LL’ - 1)Fm,1 + Fm,Q + (—1)
- = F_ ZlF szlF FpFry+(Fpy—F ZF]
J J

Solving for Z;;l F} in the two relations above yields the following identity for the sum of
Fibonacci polynomials.

Corollary 4.1. If m > 1, then

an:xFT%Fm_ mit + (D" 2B 4 g = B = (2D
j=1 ’ x(Fm+1_Fm) m(Fm_ m—l) ' ‘

Note that (4.14) may also be shown directly by a somewhat involved inductive argument. A
more familiar formula for sums of Fibonacci polynomials involves a convolution with powers of
2 and is given by

m—1
Y 2" =F,n -2, m>1 (4.15)
j=1

Identity (4.15) may be obtained readily by induction using the recurrence for [ or by extending

using weights the combinatorial argument (see [4, Identity 1]) for the x = 1 case of (4.15),

whereas (4.14) apparently cannot be obtained in this manner. Note that the x = 1 case of (4.14)

is an equality for Fibonacci numbers which follows from the x = 1 case of (4.15) combined

with Cassini’s identity f,,.1f,—1 — f2 = (—1)" for n > 0. Finally, by using either formula for

Z;;l F; from Corollary 4.1 in (4.4) or (4.10), one obtains expressions for v,.,, and

QB — B, Tespectively in terms of Fibonacci polynomials that do not involve a summation.
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