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Abstract: The sequence Fj, and its convolutions have (for A~ = 0) been studied in a recent
paper at the arxiv. The instance with general / is more involved and uses Chebyshev polynomials.
Keywords: d-sections of Fibonacci numbers, Convolutions, Chebyshev polynomials, Generating
functions.

2020 Mathematics Subject Classification: 11B39.

1 A review of the Chebyshev polynomials of the second kind

These polynomials might be defined and studied in many ways [1], but we consider U, (x) via the
generating function:
1
—_— = Upn(z)t".
1= 2tx + 2 ;0 (@)

The denominator 1 — 2tz + ¢? leads to the recursion U, (z) — 22U, _1(z) + U, _o(x) = 0, with
Up(xz) = 1 and U, (x) = 2x. From this one can obtain via induction the explicit formula
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Ugp(z) = >, a?F(—1)"* (”2’;]“) 22k

Uspii(z) = Zk $2k+1(_ " k(n;;:;l)?k“

Since

0 1 2t 0 1 2st
= and .

Orl—2tx+12  (1— 2tz + 2)2 w (1= 2tz +12)° (1 — 2tx + £2)s+1

we may set

U
(1 — —|—t2 s+1 Z

and find again explicit formula

Up) () = 32, a?F (= 1)k () (R ) 22,

UQ(Z)H(@") -3, x2k+1(_1)n—k (n;ﬁ;il) (2k+ss+1) 92k+1

This may be derived via induction on the parameter s.
A small variation is via the introduction of a & sign; lete € {—1,+1} and

U S
(1 — A — €t2 s+1 Z

n>0

then )
Uy () = 3o, a?hen k(" k) (PFF) 22,

U (@) = S a1 H () (1) 220,

2 The d-section of Fibonacci numbers

The recent paper [3] considers for Fibonacci numbers £, o = F, 11 + F,, Fo =0, F1 =1
z
Fo ;
Z 22" T 132422

and, more generally,

Z Fdnz”

n>0

n
g Fanynz

n>0

Here, we are interested in

which makes the analysis more complete and also more challenging.
A pioneering paper on sub-sections of the Fibonacci sequence is [2].

Proposition 1.

Fh —|—< 1) ZFd h
F, .
Z a+h? T 1= zLg+ (—1)dz2

n>0
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Proof. We will use the Binet formula

n:a;:gn, Ln_Oén—f‘ﬁn with o = 1—|—2\/3’ ﬁ: 1_2\/3
Then
X = (1= 2Lg+ (=1)%%) Z Fratnz

n>0
= (1 —z(a®+ %) + (-1)%2?) ; Oz”‘”; : gndHLZ”
_ - z(a? Zﬁ_d)ﬁJr (—1)7%2? ;<and+h _ gn+hy
_ 1= z(a? 4 B4 + (—1)42? al Bh
= a—ﬁ |~1_2ad_1—zﬁd:|
1ot 5 4 (1)l (1 - 2B%) — FM(1L — za)
i v T—2(a?+ 3 + (-2
_ ah(1—28%) — (1 — za?)
— —
—F, - Zah(ﬁd) — A (at)

a—pf

= BB — ad=h
= Fh — Z(_l) a——ﬂ
=+ 2(-1)"Ey_y. .

The s-fold convolution of the sequence (F4.p), is (in [3] for h = 0 only) defined via the

s+1
(Z Fnd+hzn> ' :

n>0

generating function

Indeed, for h = 0, we have
Fh + (—1)h2Fd,h . ZFd
1—zLg+ (=1)922|,_, 1—zLg+ (—1)422’

and the simpler numerator makes life a bit easier. We have to deal with

s+1
< s+ 1 ol o
(Fh + (_1)hZFd—h) +1 _ § : ( ] )Fh+1 ]<—1)JthFj_h
Jj=0

and eventually with

s+1
8+1 41— T . 1
FS J _1] JFJ .
Z( j ) A R (1 — 2Lg + (—1)122)s+1

J=0

Fortunately, following the introduction, the expansion of

1 o Ly
Tt e = L0 (3):

n>0

is known, and € = (—1)47L,
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Therefore we have the fully explicit s-fold convolution of the sequence (F,4.p), via its
generating function:

Theorem 1.
Fh + (_1>hZFd*h “H S s+1 s+1—j ih 1] 7=(s) Ld n
(1—2L + (—1)d22 :Z B ](_1)th]F£—hZUn (7)2 :
d §=0 J n>0
Expanded,
Fy, + (_1>hZFd7h s n A S+ 1\ er1-j g 77 La
(1_2Ld+(_1)d22 :ZZ Z j B (=1 Fc%—hUn—j(j)'
n>0  j=0
The special case h = 0 leads to
Z ZnF5+1U(S) (ﬂ) '
n>0 2

Remark 1. The d-section of Lucas numbers can also be considered:

ZL o Ly + (=1)"1zL4
= ndth 1 —zLg+ (—1)%2%°

The details are left to the interested reader; the denominator is the same, so only the numerator
needs to be changed.
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