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Abstract: In this article, we present a study of a new member of the family of k-Fibonacci
numbers, which we call the (k,¢)-Fibonacci—Frangois sequence {w,(f’t)}nzo. This sequence is
defined by the same k-Fibonacci recurrence relation with the initial terms wék’t) =k —2and
w%k’t) = k? — k + 2 + t. We describe the structure of this family of sequences by providing
explicit formulas and establishing several related algebraic identities. In addition, we derive a
Binet-type formula, and extend several classical identities, including those of Tagiuri—Vajda and
d’Ocagne, as well as some expressions for the negative indices. Furthermore, we investigate
fundamental properties of this family, obtaining limit identities for the ratios of successive terms,

as well as summation formulas for the partial sums of the (k, t)-Fibonacci—Frangois sequence.
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1 Introduction
In [4], the Frangois sequence is defined as the sequence {F,, },,>0 given by
.Fn+1:fn+fn_1+l

with initial values Fy = 2 and F; = 1, appearing as the sequence A022318 in the OEIS [14].
In [1], the generalized Francois sequence {]—"ff)}nzo is presented by

Fli=FP+ R0+t

with initial terms F; o = 2, F;; = 1, and an arbitrary real number ¢.
The definition below generalizes the two parameters of the Frangois numbers.

Definition 1.1. For any integer n > 0 and any real numbers k, t, the (k,t)-Frangois sequence
{fék’t) }n>0 is given by the non-homogeneous linear second-order recurrence

F = k) 4 ) (1)

with initial terms ]-"ék’t) = 2 and Fl(k’t) = k.

The first seven elements of the Frangois, generalized Frangois, and (k, t)-Frangois numbers
are presented in Table 1.

Table 1. Frangois-type numbers (Source: Authors’ own work.)

BN EANES 7 |
01 2 2 2

1] 1 1 k

2 || 4 3+t K2 +2+1t

30 6 | 442t 3+ 3k+kt+t

41 11 | T+4t E* + 4k + k%t + kt 4+ 2 + 2t

51 18 | 1147t kS + 5k3 + k3t + k2t 4 5k + 3kt + 2t

6 || 30 | 18 + 12t | kS + 6k* + k*¢ + k3t + 9k? + 4kt + 3kt + 2 + 3t

Some special cases are:
e ifk =1, }'7217” is equal to the generalized Frangois numbers ]__7(;:)’ see for instance [1].

e ift =0, ]-"7&’6’0) is the same as the £-Lucas numbers Ly ,,, see [6].
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eifk=1andt =0, ]-",(11’0) is equivalent to the classical Lucas numbers L,,, see [5], among
others.

eifk=1andt =1, ]—"nl’l) is equal to the Francois numbers F,,, consult [4].

As a consequence of the Equation (1), when we subtract FED from FE: +1 , we obtain a third
order homogeneous recurrence relation.

Proposition 1.1. The (k,t)-Francois sequence satisfies the third order recurrence

Fo = (14 k)FE) 4 (1 - p)FE) - gRD) -y >3, 2)

with initial terms ]:(k 4 — =2, ]:(k ) =k, and fQ(k’t) =k2+2+t

The characteristic equation associated with (2) is
P —(14+Ek)rr—(1-kr+1=0, 3)

whose real roots are

G krVE AL k- VR T
=, g

Note that the characteristic equation can be written as
(r*—kr—1)(r—1)=0. 4)

Equation (4) allows us to connect the Francois type sequence and the Fibonacci type sequence,
then we will present the (k, t)-Fibonacci—Frangois sequence in the next section. So, the aim of
this paper is to define the (k,t)-Fibonacci—Frangois sequence as an extension of the Frangois
and Fibonacci sequences and to examine some of their properties. In the study of sequences
of numbers, we are interested in finding new sequences (whether integer or not), especially if
there is a connection to other sequences, and in providing classical results about them. These
results consist of their recurrence relations, properties, identities, and the generating function.
For this purpose, there are several classical methods in the literature. The methodology employed
here aligns with standard approaches to studying recurrence-based sequences. The Binet formula
derived for the Fibonacci—Frangois sequence is a powerful tool for discovering new identities.

The structure of the article is as follows: in the next section, we recall the formal definition
of the k-Fibonacci and (k,t)-Fibonacci—Frangois sequences, and we offer key results for the
development of this work. Section 3 is dedicated to the study of some identities satisfied by the
k-Fibonacci sequence. Section 4 is devoted to results involving the (k,t)-Fibonacci—Frangois
sequence. In particular, we provide the general term (Binet-like formula), the characteristic, and
the negative subscripts for the (k,t)-Fibonacci—Frangois sequence. Section 5 presents several
identities, namely Tagiuri—Vajda’s identity and, as consequences, Catalan’s identity, d’Ocagne’s
identity, and Cassini’s identity. In Section 6, we derive the generating function, the exponential
generating function, and the Poisson generating function associated with the (k, t)-Fibonacci—
Francois sequence. In Section 7, we investigate the properties and identities associated with the
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partial sums of the terms involving the (k, ¢)-Fibonacci—Frangois numbers; moreover, the limit
of some quotients is presented. Finally, some perspectives for future research are discussed.
Therefore, in this article, we establish a new sequence, the (k, t)-Fibonacci—Frangois sequence,
and our motivation is to provide new properties, identities, and relations with the classical Frangois
and Fibonacci sequences.

2 k-Fibonacci and (k, t)-Fibonacci-Francois sequence

The k-Fibonacci sequence { F}, ,, } >0 is defined as follows.

Definition 2.1 (According [9]). The k-Fibonacci sequence { F}, , }n>¢ is given by the recurrence
Fynt1 =kFyppn+ Frpo1, n>1, (5)

with initial terms Fj, o = 0 and Fj,; = 1.

The first five terms of this sequence are: 0, 1, k, k2 + 1, k3 + 2k.

If we consider the recurrence (5) with arbitrary initial terms a and b, we have a generalized
k-Fibonacci sequence, according [12]. A wide variety of works in the literature lead to the
k-Fibonacci-like sequence. See, for instance, [2,6,8,9, 12].

Inspired by [13], we will consider the shift operator FE; that is, for any real or complex
sequence {x,, },>0, We have

E(z,) = Tpi1. (6)

The following result is derived directly from Equations (4) and (6).

Proposition 2.1. For any non-negative integers k and t, we have
(B* - kE - I)(E - I)(FF)) =0,
where I/ and I denote the shift and identity operators, respectively.

In this work, we are interested in the following sequence:

Definition 2.2. The (k,t)-Fibonacci—Frangois sequence {wﬁk’t)}nzg is given by

w = (B = I)(FM), )

n

where E is the shift operator, I is the identity operator, and {}"ék’t)}nzo is the (k,t)-Frangois
sequence.

Note that {w,(f’t)}nzo is a Horadam-like sequence (see [10]) and satisfies the k-Fibonacci
recurrence (see [9]). As we describe in the next result.

Proposition 2.2. For n > 0, the (k,t)-Fibonacci-Frangois sequence {wgk’t)}nzo satisfies the
recurrence relation
wﬁﬁ;ﬁ) = kw®t 4 wnk_’tl) , n>1, 8)

with initial terms w(()k’t) =k —2and wgk’t) =k —k+2+t
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Proof. Using Equations (1) and (7), we obtain, for all integers n > 1,
kw4 w) = k(B - 1)(FF) 4+ (B - 1)(FM)

Since wffff =(E—-1) (fy(bitl)) and (E — I)(t) = 0, the result follows. O

As an illustrative example, we have calculated a few terms from the (k, ¢)-Fibonacci—Frangois
sequence; see Table 2.

Table 2. The six first terms of the (k, t)-Fibonacci—Frangois sequence.

n wk:t)

0 k—2

1 k2 —k+2+t

2 k3 — k? + kt + 3k — 2

3 Y — k3 + K2+ 4k? — 3k + 2+t

4 K — k* + K3t + 5k® — 4k? + 2kt + 5k — 2

5 || kS — k° + k%t + 6k* — 5k® + 3k%t + 9k* — 5k + 2+t

Consider the following auxiliary sequence. For all integers n > 0, the sequence {P,(Lk)}nzo,
with initial terms Pék) =k — 2 and Pl(k) = k? — k + 2, is a k-Fibonacci-type sequence. As we
can see, there are a few terms in Table 3.

ﬂt)

Table 3. Decomposition of the first six terms of wﬁlk into Py ,, and Fy, ,,.

n Py, Fy .

0 k—2 0

1 k2 — k42 1

2 k> — k* + 3k — 2 k

3 k* — k3 + 4k* — 3k + 2 k41

4 k> — k* + 5k3 — 4k? + 5k — 2 k3 + 2k
5| k® — K5+ 6k* — 5k3 + 9k* — 5k + 2 | k' + 3k* + 1

Definition 2.3 ([12]). The generalized k-Fibonacci sequence { gy, }n>0 satisfies the recurrence
relation
kn+1 = kgk:,n + Jkn—1, n Z 17

with arbitrary initial terms gi o = ay and g1 = by.
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Proposition 2.3. The (k,t)-Fibonacci—Frangois sequence admits the decomposition

w(k’t) = Pk,n + tFk,n

n

where { Py }n>0 is a generalized k-Fibonacci sequence, with initial terms Prg = k — 2, P,; =

k* — k + 2, and { F}. , }n>0 denotes the k-Fibonacci sequence.

Proof. The proof will be done using the principle of mathematical induction. Note that

Poo+tFo=k—2+t-0=uwl",

Py +tFg =k —k+2+t-1=uwl",

where {P}/‘?)}nzo is a k-Fibonacci-type sequence, with initial terms Pék) =k -2, Pl(k) =
k? —k+2.

Suppose that the result is true for every n < m for some m. Then,

Pk,erl + tFk,erl = kPk,m + Pk,mfl + t<ka,m + Fk,mfl)

— k(Pen + tFrm) + Pem1 + tFem_1 = w') |

hence, the result is valid for every non-negative integer. [

3 k-Fibonacci-type sequence

As we know, the k-Fibonacci-type sequence is known to be associated with the characteristic
equation:
r?=kr+1, ©)

whose two distinct roots are denoted by « and 3, and are given by o = (k + vk? +4)/2 and
p=(k—-Vvk:+4)/2

Note that
a+pB=k a—F=Vk*+4, af=-1. (10)
Lemma 3.1 ([3], Proposition 2). Let { F ,}n>0 be the k-Fibonacci sequence. Then
a — 577,
Fop= "2 11
i = "o (11)
where o and [3 are the distinct roots of the Equation (9).
Lemma 3.2 ([6], Theorem 2.2). Let { L ,, }n>0 be the k-Lucas sequence. Then
Lipn=a"+p3", (12)

where o and 3 are the distinct roots of the Equation (9).
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Equations (11) and (12), respectively, present Binet’s formula for the k-Fibonacci and k-Lucas
sequences.

For the purpose of establishing identities involving the (k, t)-Fibonacci—Francois sequence,
in this work we will consider the following identities for k-Fibonacci and k-Lucas numbers as a
support.

Lemma 3.3 ([6], Theorem 2.4). For n > 1 and any positive real number k, we have
Lk,n = Fk,n—l + Fk,n-{—l 5 (13)

where {Fy.n}n>0 and { Ly, }n>0 are the, respectively, k-Fibonacci sequence and the k-Lucas

sequence.

Lemma 3.4 ([2], Equation (26)). For n > 1 and any positive real number k, we have
(K> +4)Frn = Lyt + L1 (14)

where {Fy,}tn>0 and {Lyn,}n>o are the k-Fibonacci sequence and the k-Lucas sequence,

respectively.
Lemma 3.5 ([9], Equation (6)). For n > 1 and any integer number k, we have

Fyn1Finyr = (Fen)® = (=1)", (15)
where { F,, }n>0 is the k-Fibonacci sequence.

Proposition 3.1. For all non-negative integers n, we have

Fiomn = (=1)" ' Fy (16)
Lk,—n - (_1)nLk,n7 (17)

where {F}, ,, }n>0 is the k-Fibonacci sequence and { Ly, , }»>¢ is the k-Lucas sequence.
Proof. 1t follows directly from Equations (11) and (12). O

Proposition 3.2. For non-negative integers n and m, and for any generalized k-Fibonacci sequence
{9k, n tn>0, we have
9k, n+m = Fk,mfl *Gk,n + Fk,m *Gk,n+1 (18)

where { F}, ,, } >0 denotes the k-Fibonacci sequence.
Proof. See [15, Equation (8)]. O
By combining Equations (16) and (18), we directly get the following result.

Corollary 3.1. Let n and m be integers, and let {gi » }n>0 be a generalized k-Fibonacci sequence
with initial terms g0 = aj, and g1 = by. Then

Genm = (=D Frmi1 - Gron + (=" Frn - Ghonit
gk, —m = (—1)ka,m+1 - ay + (-UmHFk,m “ by,

where { F}, ,, } >0 denotes the k-Fibonacci sequence.
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To finalize this section, we present the following auxiliary results involving two k-Fibonacci-
type sequences and also can be seen as a version of k-Fibonacci sequence of Equation (18)
presented in [15].

Proposition 3.3. For any generalized k-Fibonacci-type sequences { gy n }n>0 and {hy, }n>0 the
following identity holds :

gk,n+mhk,n+l - gk,nhk,n+m+l = <_1)n(gk,mhk,l - gk,ohk,m+l) ) (19)
where n, m and | are non-negative integers.

Proof. We define
[k:,n = Gk, n+mhk, n+l — gk,nhk,n+m+l .

We can use Equation (18) to show that
Tin+1 = —Igp.
Indeed,
T = GrnemBe, nt — G, n ok, ngomt

= (Frm—19k.n + Frm9k n+1) e, nt — G, n(Elom—1Pk nvt + FromPe, nti41)

= Fk,m(gk,n+1hk,n+l - gk,nhk,n+l+1)
and
Lins1 = (Frem9kn + Femi19en+1) Pk nvivr — Gknt1 (FemPenst + Feme1hens141)
= Frm(Genlkns141 — Gknt1Penti),

as desired. Hence,
Iy = (=D, ..y Ipp = (—1)" 10,
and we get
G, ntmPe,nst = Gl nmat = (= 1) (G m s — G0k, me1)-
This completes the proof. O]

In the next section, we will explore some known and new properties of the (k, t)-Fibonacci—
Frangois sequence {wr(f’t)}nzg in order to obtain several properties for (k, ¢)-Frangois numbers.

4 Some properties of the (k, t)-Fibonacci-Francois sequence

In this section, we present the Binet formula for {wﬁf’t)}nzo and examine some applications.
Furthermore, we will exhibit the relationship between the k-Fibonacci type numbers and the
(k, t)-Fibonacci—Francois numbers.
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4.1 Relationship between (k, t)-Fibonacci-Francois
and k-Fibonacci type numbers

In this subsection, we will explore the relationship between the k-Fibonacci type sequences and
any (k, t)-Fibonacci-Frangois sequence for some integer k& > 1.

Proposition 4.1 (Binet-like Formula). Let {wn }n>0 be the (k, t)-Fibonacci—Frangois sequence.
Then

k,t k,t n k7t kut n
wo (W —wip)ar — (Wi — wia)p
n = 3 ; (20)
a_

where o and [3 are the distinct roots of the Equation (9).

It follows from Proposition 4.1 that

Corollary 4.1. Let {wﬁf’t)}nzo be the (k,t)-Fibonacci—Frangois sequence. Then
wg’o) = Lnfla

where o and [3 are the distinct roots of the characteristic equation 7* —r — 1 =0, and { L, }n>0

is the Lucas sequence.

Proof. Take k = 1and ¢ = 0in (20). Note that w"” = 1-2 = —Tand w!"” = 1-142+0 = 2.
Then,

w0 — (2+B)a" —(2+a)B"
n o — 6
1
:_2 n __ on\ __ n—1 __ on—1
Tl = ) (@ )
:2Fn_Fn—1 :Fn+Fn_Fn—1 :Fn+Fn—2:Ln—17
where we use the classical identity, see [15, Equation (6)],
Ln:Fn—1+Fn+1- OJ

It follows from Binet’s formula that the following results hold:

Proposition 4.2. Let {wn }n>0 be the (k,t)-Fibonacci—Frangois sequence. Then

wlt = w B+ wf™ B 1)
foralln > 1, where { F}; , }n> is the k-Fibonacci sequence.

Proof. It is a consequence of Equations (20) and (11). L]

Proposition 4.3. Let {wn }n>0 be the (k,t)-Fibonacci—Frangois sequence. Then
2wl = (k* + 44 2t) Fp + (k — 2) Ly (22)
foralln > 0, where Fy, ,, and Ly, ,, are the n-th k-Fibonacci and k-Lucas numbers, respectively.
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Proof. We will use mathematical induction. Note that

25 = (K2 + 4+ 2t) Fyo + (k — 2) Ly = 2(k — 2);

2w = (K + 4+ 2t) Foy + (k — 2) Ly = + 44 2t + (k — 2)k
=2k —2k+4+2t =2(k* —k+2+1).
Now suppose that the result is valid for any positive integer less than or equal to n, for some n.
Then

i8] = 2l + 208

=k ((K*+4+2t) Frp+ (k—2)Lip) + (K*+442t) Fypno1 + (k — 2) Ly
= (/{32 + 4+ Qt) ka_;,_l + (]C — Q)Lk:,n—H .

So, the result is valid for any non-negative integer n. ]

Proposition 4.4. Let {wf@k’t)}nzo be the (k,t)-Fibonacci—Frangois sequence. Then
2w+ wh) = (2 + 4)(k — 2)Fn + (K + 44 2t) Ly, (23)
where F, , and Ly, ,, are the n-th k-Fibonacci and k-Lucas numbers, respectively.

Proof. Tt follows from Equations (13), (14), and (22). [l

4.2 The characteristic of (k, t)-Fibonacci—Francois sequence

Let {wy(f’t)}nzo be the (k,t)-Fibonacci—Frangois sequence with initial values w(()k’t) = wy and

wgk’t) = w;. Consider the constants ¢ = ¢(k,t) = w; — w3 and d = d(k,t) = w; — woa, where
« and [ represent the distinct roots of Equation (9).

According to [10, 11], the constant cd occurs in many of the formulas for Fibonacci-type
numbers. It is called the characteristic of the Horadam sequence. In the following, we will
calculate the characteristic of the (k, ¢)-Fibonacci—Frangois sequence {wff’t)}nzo.

Note that

cd = wi—wowi(a+ B)+wiap

= wi —wow k —wy,

as o+ 3 = k and o8 = —1, see Equation (10). Let y;¢ = —cd. Recall w(()k’t) =k — 2 and

w = k2 — k 4+ 2 + t. So we have the following result.

Proposition 4.5. For all non-negative integers k and t, the characteristic ., of the (k,t)-
Fibonacci—Francgois sequence is given by

s = —k> — k*t — % — 4k — 4t (24)

For example, for k& = 1 and ¢ = 0, the characteristic of the (1, 0)-Fibonacci sequence {wS’O)}
18 110 = —5. Note that {wS’O) }n>o is the shifted Lucas sequence, as we can see in Corollary 4.1.
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4.3 Negative index for the (k, t)-Fibonacci-Francois sequence {w (!}

Using standard techniques for Fibonacci-type sequences, we establish a recurrence relation for
negative indices and derive explicit formulas consistent with the properties of the sequence
{w(kt tn>0. To extend the (k,t)-Fibonacci—Francois sequence {wn }n>0 to negative indices,
we use the modified recurrence relation

w(kg) = ) — kwnk_’tl).

This relation follows
w = D — gl = 1 (—w™) 4 kw ’”)) = —1(=Fp1w™ + Fowl™), (25)
wh = D — gw®D = D — kR0 + kR wl = 1= F, + wPV FLs). (26)

(k,t)

Proposition 4.6. Let {wy "}, be the (k,t)-Fibonacci—Frangois sequence. For all integers

n > 1, the n-th negative indices satisfy
wh? = (=" < o Al — wi™ F, n> ;
where {F}, ,, }n>0 is the k-Fibonacci sequence.

Proof. Let ng{t) =(=1)" (wék’t)Fk,nH — wgk’t)ka) for all integers n > (0. We want to show

that Wﬁk’t) verifies the recurrence relation Wfli{t) = W( ~(n o) + kW(kill Indeed,
(k,t (kst)
W (n+2 + k:W (n+1)

= (—1)"*? <w0 ’t)Fk,n+3 - w§k’t)Fk,n+2) + (-1)"k (w(()k’t)Fk,nH - wgk’t)Fk,n—&-l)
= (=" (" Py = 0B ) = W

Moreover, by Equations (25) and (26), W(kt = —(w, (k, t)Fk 9 — wgk )F,Q ) = w(kl’t) and W(kt =
w(()k t)Fk’g — wgk DE k2 = = w 5 ) So, since W satlsﬁes the recurrence that defines w(k with
the same initial conditions, we conclude that W_ = (_n) foralln > 1. [

Another way of expressing {wn }n>0 is given by:

Proposition 4.7. Let {wn }n>0 be the (k,t)-Fibonacci—Frangois sequence. For each integer
n > 0, the following identity holds:

w® = (1) (w® — (K% 4+ 4+ 2t) Fy,) 27)
where {F}, , } >0 denotes the k-Fibonacci sequence.
Proof. Combining Equations (22), (16) and (17) we have
20 = (K + 44 2t) Fy_p + (k — 2) Ly
= (—=1)"" (K* +4+2t) Fyon + (=1)"(k — 2) Ly
(=)™ [-2(K* +4+2t) B+ (K +4+2t) By + (k—2) L)
(=)™ [=2 (K + 4 + 2t) Fyy + 20(7]
=2(=1)" [wh) — (k* + 4+ 2t) Fy.,] ,

which verifies the result. L]
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5 Some classical identities

In this section, the classical Tagiuri—Vajda identity of the (k, t)-Fibonacci—Frangois sequence is
presented. From Tagiuri—Vajda’s identity, we obtain the results establishing d’Ocagne’s identity,
Catalan’s identity, and Cassini’s identity for the sequence.

Lemma 5.1. For non-negative integers n, m, and for the (k,t)-Fibonacci—Frangois sequence
w(k’t)}nzg, the following identity holds:

4w = 2L D iy (2 +4)(k = 2) Fr + (K + 4+ 20) L) (28)
where { Ly, , }n>0 is the k-Lucas sequence and { Fy, , } >0 is the k-Fibonacci sequence.

Proof. Changing m by —m in Equation (18), and by using Equations (16) and (13), we have

Wi = (1" P -0l = Fe w1,
Then
wr(fﬁ@ + (—1)mw,(f,’t) = Iy, m_lw(k’t) + F} mwgfl) + Fk,m+1w7(f’t) — F}, mw,(fé)
(ka 1 + ka—l—l) (k.t)
= Lim T
and
(k.t) 1ym kot (k,t) (k,b) (k.t) (k.t)
Wy m — (_ ) Wp—m = Fk m—1Wy, + F mwn+1) Fk,erlwn + Fk,mwn+1

= (Frm-1 — Foms1)wy, ) 2Fy mw7(1+t1)
= —kFj ™ 4 25, wl)
= Fim (w0, - t) + wiﬁ?)

Now, by summing the last two equations multiplied by 2, we obtain

4wq(1+731 = 2L, mw(k t) 4 Fy. 2(wnk’t1) + wﬁbﬂ))

Using Equation (23), we obtain the result. []

In the following, we prove the Tagiuri—Vajda identity for the generalized k-Fibonacci sequence
using Proposition 3.3.

Proposition 5.1 (Tagiuri—Vajda). Let {wn }n>0 be the (k,t)-Fibonacci—Frangois sequence and
k¢ be its characteristic. Then, for all non-negative integers n,m, q, k, and t,
wgi?nw(k’t) - w;ht)wgzﬁ?rqu = (_1)n+1 Mt - Fk’,ka,q ) (29)

n-+q

where {F}, ;, }n>0 is the k-Fibonacci sequence, and py., is given in (24).
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Proof. Taking g ; = hy; = my.,; in Equation (19), we have

(kt) (k) k), (kst)
4(wn+mwn+q o wSL t)wn-‘rm-i-Q)

m m-+q

(=" [4w(k’t)wf1k’t) — w(()k’t)élw(k’t)] .

m m-q

(—1)" [4w(k,t)wék,t) B w(()k,t)4w(k,t)]

Using the Equations (22) and (28), we have

4w,(7’f’t)w((1k’t) — w(()k’t)élw,(jfﬁ]

= 4w®Dw®D — (2L, w®D 4 By (K +4) (k = 2) Fyom + (K2 + 4+ 2¢) Ly, 1))

m q m
= zwgﬁﬂ(zwg’f»t) — (k= 2)Liy) — (k= 2)Fpo(K* +4)(k — 2)Fpopn + (K> + 4+ 2t) Ly,

= 20 (K2 + 4+ 20)Fpy — (k — 2)Frog(K* + 4)(k — 2)Fyp + (K> + 4 + 2t) Ly, )
= Frq [(K* + 442620 — (K + 4)(k — 2)*Fom — (k — 2)(K* + 4 + 2t) Ly )|
= FygFrm[(K* + 4+ 2t)* — (K* + 4)(k — 2)?]
= 4F) From[k® + Kt + ¢ + 4k + 41] .
Since — . = k* + k*t + t* + 4k + 4t, we conclude the proof. O

As a consequence of the Tagiuri—Vajda identity, we have the following identities.

Proposition 5.2 (d’Ocagne’s identity). Let h,n be non-negative integers with h > n, then

w,(lk,t)wT(llitl) _ wT(Lk,t)w}(jitl) = (1) i P » (30)

where {wgk’t)}nzg is the (k,t)-Fibonacci—Frangois sequence, {Fj,}n>0 is the k-Fibonacci
sequence, and |i,, 1s given in (24).

Proof. Consider m + n = h and ¢ = 1 in Equation (29), then

) — w1y PP

= (—1)n+1ﬂk,tFk,h—n~
Since F}; = 1, we have the result. L]

Proposition 5.3 (Catalan’s identity). Let n, m be non-negative integers n > m. Then

(W) —w, ) = (=)™ e (Fim)? (31)

n+m

where {wﬁlk’t)}nzo is the (k,t)-Fibonacci—Frangois sequence, {Fj,}n>0 is the k-Fibonacci

sequence, and [+ is given in Equation (24).

Proof. Taking ¢ = —m in Equation (29), we have

wimwm = (@) = (=1 g P Fi

The result follows using Equation (16). [
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As a consequence of Catalan’s identity, since ) ; = 1 and by doing m = 1 in Equation (31),
we have the following result.

Corollary 5.1 (Cassini-Simson’s identity). For all non-negative integers n, we have
(W) = w ) = (1) (32)
where {wn }n>0 is the (k,t)-Fibonacci—Frangois sequence and (i is given in (24).
A direct consequence is the Cassini-Simson identity for even subscripts is given above.

Corollary 5.2. For all non-negative integers n, we have

k k k
(wént)) - wént)lwén—?l Kkt s

where {wn }n>0 is the (k,t)-Fibonacci—Frangois sequence and jiy; is given in (24).
This next result also follows directly from Catalan’s identity.

Proposition 5.4 (Gelin-Cesaro’s identity). The (k,t)-Fibonacci—Frangois sequence {wn }n>0
satisfies the following identity

wiiwiwE w ) — (w0t = (=) (K = 1) pra(w)? = K,
where L., is the characteristic of the (k,t)-Fibonacci—Frangois sequence given in (24).
Proof. Using Catalan’s identity (31) with m = 2 we obtain
(wi)? = wiBwn = (=1 P
and multiplying by Equation (32), we get

k.t kit k.t kit kit k.t kit k.t
whwn o el = ) = w e e lw = (w)*

= (@) 4 (=) 2F2,] [(00) 4+ g (—1)" 2] — (w0
= ()" = i (=) (w0 B (= 1) (w0)? = B (- )" = (wlf)!
= (= 1) (wED (R = 1) = 2,
Since Fj,; = 1 and F}, o = k, we verify the results. 0

Proposition 5.5 (Convolution’s identity) Let m, n be non-negative integer numbers. Then the
(k, t)-Fibonacci—Frangois sequence {wn }n>0 satisfies the following identity:

w w4 wlp? wfff) = wi" i, + wg Wi
Proof. By Equation (21), we have wgk t) = Fk nt+ wo Fk n—1 - Then

w® )w(k RN w(k t) gfé) = (w gkvt)ka_l + w(()k’t)Fk,m_g)( (K, t)Fk L+ w(()k’t)Fk,n—l)

Wy, -1
+ (’wgk’t)Fk m T+ w(()k’t)Fk: m— 1)(Iw§k7t)Fk n+1 + w(()ki)Fk,n)

= (wgm)) F, mtn T w(k o ( )Fk mAn—1 T w(k t)w§k’t)Fk mtn—1 1 ( % t)) Fk,m+n—2
= wyc’t)(w( ’ )F kymA4n T+ wo VB, min—1) + w(()k " (wgk’t)Fk,mm—l + w(() ’ )Fk,m+n—2)
WOl ),
as required. [
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6 Generating functions

In this section, we determine the generating functions for the (k, t)-Fibonacci—Francois sequence.
More specifically, we present three types of generating functions: the ordinary generating function,
the exponential generating function, and the Poisson generating function. We point out that [7]
introduced the ordinary generator.

The following result provides the explicit form of the generating function for the (k,t)-
Fibonacci—Frangois sequence {wq(f’t) Fn>0-

Proposition 6.1. The ordinary generating function for the (k,t)-Fibonacci—Frangois sequence
{wﬁlk’t)}nzg is denoted by G _x. () and is given by

k—2+(k+2+t)x
1 —kx — a2 '

ngc,t) ($) =

Proof. Take F) = k — 2and F}y = k* — k + 2 + ¢ in [7, Equation (12)]. O

The exponential generating function Ewg@,t) (x) for a sequence {wﬁk”&) }n>0 1s represented as a
power series given by:

(k,t) (k,t) wgk’t)xQ wg’fvt)xn oo w%k,t) o
E g (@) = wg ™ 4w TR — o= - n!

n=0

The proof of the next result follows directly from Binet’s formula.

Proposition 6.2. The exponential generating function for the (k, t)-Fibonacci—Frangois sequence

{w,(lk’t) tn>o s

(B2 —k+2+t—(k—2)8)e™ — (k2 —k+2+t— (k- 2)a)e’
a—p

where o and 3 are the distinct roots of the Equation (9).

Ew%k,t) (r) =

The Poisson generating function P . () for the sequence {w,(lk’t)}nzo is defined as:

o] k,t
w(7) n

ngc,t) (ac) = Z nn—!xe_m = e_meSLk,z)(I).

n=0
This relationship establishes a direct connection between the two generating functions, allowing

the Poisson generating function to be derived from its exponential function.

Corollary 6.1. The Poisson generating function of the (k,t)-Fibonacci—Frangois sequence
{wflk’t)}nzg is as follows:

(K2 —k+2+t—(k—2)B)e@ V" — (k2 —k+2+1t— (k—2)a)ef~2
a—f ’

where o and (3 are the distinct roots of Equation (9).

nglk,t) (:L’) =
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7 Asymptotic behavior and partial sum
(kit) 7, (5

n+q
positive integer ¢ and some partial sums involving w**). The first result shows that the sequence

{ (k,t)

n+q

In this section, we will investigate the asymptotic behavior of the quotient w for a fixed

/ w }n>0 converges to « as n goes to infinity, and ¢ is a fixed positive integer.

Proposition 7.1. Let W be the n-th term of (k,t)-Fibonacci—Fragois sequence. Then we have

(k,t)

. wn
Jim G = ot (33)
and
w
Jim — G = ()", (4

-n

for any positive integer q, where o is a root of Equation (9).

Proof. According to Binet’s formula (20), we have

kit k,t) kt k,t n
Wity _ g (@1 = wf8) — (i —wi™a) (@)

k k, (k k, n
wy) <“ “”@) (W™ —wia)(2)

Since |5 /a| < 1, it follows that (5/a)™ — 0 as n — oc. Thus,

(k,t) e w(k,t)ﬁ

(
w
lim — = o7 -1 9 =a?,
=00 4y (k1) wgk’ ) _ w(()k t)ﬁ
and thus (33) follows.
Using the Equation (27), we can write
kot
w(—(n)Jrq) . w£L+q) (k2 + 4+ 2t) F}, n-+q

(kt) <_ )

w wih (k2 +4+2t)Fy.,

Also follows from Binet’s formula that

W) = (K2 + 44 20) Fonsg

wi — (k2 + 44 20)F,,

k, k, k, n n
o ) —w8) — (™ — g™ a) () — (B + 44 20))(1 = (5))
(i = wg™B) — (w™ —wg™a) (D) — (k2 + 4 +20) (1 = (5)")
Therefore,
[ P A P | ) - (a2
oo | (k2 4 44 2) R, (Wi — By — (k2 + 4 + 2t) ’
then, multiplying both sides by (—1), it concludes the proof. O

In what follows, we can immediately establish the next result using fundamental tools from
the calculus of limits, along with (33) and (34).
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Corollary 7.1. Let WY be the n-th term of the (k,t)-Fibonacci—Frangois sequence. Then we

have
y wgc,t) ( 1 ) q
m ——- =1 -
n—oo (kzt) ’
— w7 o
and
’ w®? 1 ) 1
m — = ——
n o0 (k7t) !
7 W_(ntq) @

for any integer q, where « is a root of Equation (9).

Now, we investigate the properties and identities associated with the partial sums of the
n + 1 terms of the (k, t)-Fibonacci—Frangois sequence, providing insights into their pattern and
applications.

We begin by presenting three key results concerning the partial sums of the (k, t)-Fibonacci—
Francois sequence. First, we present the sum of the first n + 1 terms.

Proposition 7.2. For all non-negative integers n, then
Zw U= Sl +ull) 2k — 1],

where {wn }n>0 is the k-Fibonacci—Frangois sequence.

Proof. According to Equation (8) we have the following equations:

w(()k,t) _ wék,t) B kwgk,t)’
T

By adding both sides of these equations, we have

n—1 n+1 n
BUCES SO D
i=0 =2 i=1
that is,
i Z ” (ki) _ o wgitl) B w((]k,t) B w§k,t)’
B . . . (k,t) (k t) (kt) _
y adding both sides of these equations by kw; '~ and using that w, =k—2and wy"’ =

k* — k + 2 + t, we conclude the result, since (k — 1)(k — 2) — (k* — k +2+4+1t)=-2k—t. O

The sum of the terms at even indices of the (k,t)-Fibonacci—Frangois sequence can be
expressed as:
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Proposition 7.3. For all non-negative integers n, we have

Zw2kt) [ ;’1?_143_75_2}, if n iseven,

Z kt) (kt) k;_t_z},ifnisodd,

i=0
where {wn }n>0 is the (k,t)-Fibonacci—Frangois sequence.

Next, the sum of the terms with odd indices of the k-Fibonacci difference sequence is given
by:

Proposition 7.4. For all non-negative integers n, then

ng:t1 = Wt — k4 2], ifnis even, and

1
ngf’t) = [ w®!) k+2} ifnis odd.

=0

A direct consequence of the previous results is the result presented below.

Proposition 7.5. Let {w }n>0 be the k-Fibonacci—Francois sequence. For all non-negative

integers m, we have the following formulas:

(a) Z(—l)lwgk’t) = E[wf?f’t) = w,(fj)l — 2k —t], if m is odd, and

) S0 = Lfulkty — ufs) — 1~ ) i i even,

To finalize, we derive an expression for the sum of the squares of the first n + 1 terms of the
k-Fibonacci difference sequence, relating it to the classical Fibonacci sequence.

Proposition 7.6. The sum of the squares of the first n + 1 terms of the (k, t)-Fibonacci—Frangois

sequence is given by

- kot 1 kot) kt) (ki
D (w0 = Ll wlf bl -l i)
i—0

for all non-negative integers n.
Proof. To begin, observe that for n > 2, the following identity holds:
)~ u ) = Ol — i) = KufE

n n+1 n
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Thus, we find:

k(wék’t))Q _ wék,t)w:()’k,t) . w%k,t)wék,t)’
k(wék,t))z _ wgk,t)wik,t) . wgk,t)w:(gk,t)’
BB = wlF0u Dy,

Adding both sides of these equations yields:

k(wék’t))2 + /<:(u)gl€’t))2 +- /’{:(w(k’t))2 + k(w,)? = w(k’t)wgfﬁ) - wgk’t)wék’t) .

n—1 n

(k,t)

Since wy ' = w((]k’t) + /{:wgk’t), it follows
k() = k(wg™)? + k(w™)? + ol uwl) - wf i
7=0
= KOO O sy,
which completes the proof. []

8 Conclusion

In the present work, we have studied the (k,t)-Fibonacci—Francois sequence associated with
the generalized two-parameter Francois sequence, and original results, including the classical
Tagiuri—Vajda identity and other related results, have thus been established. We have seen that
the sequence belongs to the family of k-Fibonacci sequences defined by specific initial terms.
Then, we explore several classical identities from different perspectives. Following the standard
framework, we also derive certain consequences from Binet’s formula including some expressions
for the negative indices. Still in this context, we can write the (&, ¢)-Fibonacci—Frangois sequence
as a linear combination of the terms of the k-Fibonacci and k-Lucas sequences, enabling us to
extract a wide variety of properties and identities for the (k, t)-Fibonacci—Frangois numbers, as
well as some expressions for the negative subscripts of the sequences. This allowed us to establish
expressions for the limit of the quotient of successive terms and to evaluate some partial sums.
In future work, we intend to apply these results to understand the generalized two-parameter
Frangois sequences.
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