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Abstract: As a continuation of [5], we offer new inequalities for Jackson’s g-gamma function
I',(z). For example, we obtain a ¢g-analogue of the famous Jordan inequality for (sinx)/z for
x € (0,7/2). Related inequalities, and other relations, such as the limit relations for the g-gamma
constant vy,, are also pointed out.
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1 Introduction

In what follows, we assume that ¢ is a real number such that 0 < ¢ < 1. The ¢-shifted factorials
of a real number a are defined by

n—1
(a:q)o =1, (a:q)n = 11(1 —a-q),(a:q)e = lim (a3q)n-
For any real number z, we let
1—4q"
= 1
(%], 1—¢ (1)
for which we have lim [z], = x. The Jackson ¢-gamma function is defined by (see [13, 14]):
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Mya) = EDx (e @)

(4" @)oo
It is immediate that
[(1) =1, Ty(x +1) = [z], - Ty(x) (3)
and
qlirlni Ly(z) =T(2), 4)

where I'(z) is the classical Euler-gamma function (see [2]). The Euler digamma function is
Y(x) = (log'(x)) = T"(x)/I'(z) and its g-analogue is the g-digamma function given by

th(x) = (logI'y(x)) = Iy () /Ty (). (5)

One has the following series representations

o ntx
Uylw) = —log(1 —q) + (loga) - >_ 5
o (6)
— —log(1 —¢) + (logg) - Y | 1q_qn
n=1

(see [1,2]).
It follows from (6) that the derivative of the function 1), () is strictly completely monotonic
on (0, 00), that is
(=" (W (x)™ >0, n=0,1,2,... (z>0). (7)

q
In particular , ¢, () is strictly increasing and concave function on (0, c0).
As (logI'y(7))" = 1 () > 0, we get that I'y(z) is strictly log-convex function on (0, c0).
In 2005, D. M. Bradley [8] introduced an extension of the Euler gamma constant y as follows:

logg <~ ¢
Vg = log(1l —q) — : . (®)
B 0P
and proved that
ql_1>rln_ Vg =7- ©)

M. Mahmoud and R. P. Agarwal [15] proved that v, = —1,(1), and in [5] we have shown that
0 <~, <1lforanyqe (0,1).

2 g-Jordan and Kober inequalities

The famous Jordan inequality states that for any = € (0, 7/2) one has

i 2
sinz 2 (10)
T s
We note that (10) has applications in number theory, too (see, e.g., [20]). Kober’s inequality states

that

2
cosz>1— 2L (11)
T

For new proofs, extensions and generalizations of (10) and (11), see, e.g., [23-26].
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In 2001, R. W. Gosper [11] defined his g-trigonometric functions as follows:

2. 2 2—2x. 2
: w2 () ()
sing(mz) = q . (12)
o) (4:4*)%
1-2z. 2 20+1. 2
2 (q 7Q)00(q aQ)oo
cos,(mz) = q° - (13)
o(77) (4:4%)%
for 0 < ¢ < 1. It can be seen that
. s
cos,(x) = sin, (5 — x) (14)
Moreover, one has (@.p) (@.7)
. Uy (z, p Va(z, p
sin,(x) = , COSy(x) = (15)
q( ) 192(29) q( ) 192(]?)
where p is implicitly defined by the equation
logp - logq = m*
and v}, ¥, are the classical Jacobi theta functions
Ii(w,q) =23 (—1)"q" 2 sin[(2n + 1)al,
n=0 (16)

Va(z,q) =2 Z ¢t L cos[(2n + 1)a].

n=0

For certain other sums of ¢-trivgonometric and related functions, see [7]. The following important
connection between the ¢g-gamma function and g¢-sine function holds true (see [16, 17]).

Lemma 1. We have that

- _ oD+l 2 (1) 1 17
sing(me) =g Fe\2) Ta@e(—a) a7

q
which is a generalization of Euler’s reflection formula

™

M1 =) (18)

sin(mx) =
Lemma 2. The function
f(@) = [z]g - Tg(x)ly(1 — ), z € (0,1) (19)
is strictly increasing.

Proof. By (3)one has f(z) =T, (z+1)I',(1—z), thus log f(z) = logly(z+1)+log['y(1—z).
A simple derivative gives

['(z)

=Y,(1+z)—Y, (1 —x (20)
g = il +2) ~ (1= )
by (5). Since 1 +2 > 1 —x from = > 0, and using the fact the function 1), (¢) is strictly increasing
for t > 0, by (20) we get that f’(x) > 0, so f(x) is strictly increasing. O
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Now, the g-Jordan inequality may be stated as follows:

Theorem 1. For z € (0, ] one has
Sinq(ﬂ'l‘) qx(x71)+1/4

[x]qQ N [%]qz

21)

Proof. By Lemma 2 one has [2];2 - T2 (2)Tg2 (1 — 2) < [3] o (T2 (%))2 for z € (0,1] and from

identity (17) we immediately get relation (21).
Remark 1. By letting y = 7z, we get
) | 2

Fle = Bla

fory € (0,%].
Now, letting z = 7 — z in (22), we get the g-Kober inequality:

Theorem 2.

for z € (0,7/2].

3 Limit relations for the g-gamma constant

]

(22)

(23)

In 1976, K. Demys [9], by using the Riemann zeta function theory, has proved the following limit

relation:

1
v = lim (x—F(—)),
T—00 €T

where 7 is the classical Euler constant,
(Y h
7= | Qg —loen ).

and I'(x) is the classical Euler gamma function.
It is immediate that, relation (24) can be rewritten as

) 1 ) 1-T(z+1)
=ty (5 re) =i ()

by using the fact that zI'(x) = I'(x + 1).
Now, by rewriting the right side of (25) as %@H), as I';(1) = 1, by L’Hospital’s rule

1 =Ty(z+1) . -Ti(z+1) - : .
by, T = M) =) =

and remarking that I';(z + 1) = [z],[';(x), we get the following:
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Theorem 3.

T T

1
lim (— oy Fq(:p)) =, (26)
which is an extension of (25) for the q-theory.

Clearly, (26) can be rewritten as

1 1
(2 (2)

which is an extension of the original form (24).
Lo(z) _
On the other hand, remark that (¢"«("))" =T (z) - e"«®), 50 the limit of %, as x — 1;

again by L'Hospital’s rule, is I', (1)e = —e~,, so we get:

Theorem 4. One has
eFQ(x)fl _ 1
lim ——— = —9,. (28)

rx—1 {L‘—l

We note, that, a proof of (24), based on Euler’s original definition of the Gamma function and
some combinatorial identities, can be found in a paper by H. Gould [12].

Remark 2. In [5, Lemma 9], it is proved that wq(%) < 20y(1), thus as ¥y(1) = —,, we get:
1 1
Vg > _57/161 (5) (29)

4 Inequalities for g-gamma and g-digamma functions

Lemma 3. 1) Let f : [0,00) — (0, 00) be a differentiable, log-convex function, and let a > 1.
The the function g defined by g(x) = (f(x))*/f(ax) decreases in its domain. In particular, if
0 <z <y, one has the inequalities

()" _ (f@)"
flay) = flax)
If0 < a < 1, then g is an increasing function, and the inequalities in (30) are reversed.

2) Let f be differentiable, log-concave, and a > 1. Then the function g defined in 1) is

increasing, and the inequalities (30) are reversed. For 0 < a < 1, then g is decreasing.

< (f(0)" . (30)

Proof. Result 1) is stated and proved in [19]. For the proof of 2), define 5(x) = f'(x)/f(x) =
(log f(x))’, which is decreasing, so that 5(z) > B(az) for a > 1. Now, as % = (logg(z)) =
a-[B(x) — Blax)] > 0, we get ¢'(x) > 0, so g(z) is increasing.

From 0 < x < y we get g(0) < g(x) < g(y), so the inequalities are valid in reversed

order. OJ

Theorem 5. For x € [0, 1] and a > 1 one has

1 (L1t

T,(0ta) = T,(l+ar) G

346



For 0 < x < yonehas fora>1

(Le(1 +y))°
L,(1+ay)

(Cy(1 +2))*
Ly(1+ax)

< (32)

For 0 < a < 1, then inequalities (31) and (32) are reversed.

Proof. The function f(z) = I',(z + 1)is log-convex, so applying Lemma 3, 1), the inequalities
(31) and (32) are valid. For y = 1, relation (32) implies (31). O

Remark 3. For the Euler gamma function, inequality (31) appeared in the author’s paper [23].
Theorem 6. For x € [0,1] and a > 1 one has

1 L (D24 a)es
Fq<2+a)1/(a+1) — (Fq(2+ax>)1/(am+1)'

(33)

For 0 < a < 1, then inequalities is reversed.

Proof. In [5, Theorem 4] it is proved that the function f(z) = (I'y(z + 2))¥/@*+Y is log-concave.
Then applying Lemma 3, 2), and letting y = 1, we get inequality (33). [

Theorem 7. For x € [0, 1] and a > 1 one has

(Ty(z+2)7 az+1 _a+1 1
(T, (ax + 2))Y/(@a+l) (x4 1)e = 20 (Ty(a+ 2))/ (et

(34)

Proof. In [5, Theorem 5], it is proved that the function

(0o + 2))/+)
(x+1)

fz) =

is log-convex on (0, 00).
Applying Lemma 3, 1) withy = 1 and 0 < x < 1, we get relation (34) by remarking that
r,(2)=1 ]

Theorem 8. For x € [0,1] and a > 1 one has
a lo
(e +2)" (== %)
Yolax +2) = Pyla+2)

Proof. The function f(x) = 1,(x + 2) is concave on base of (7). It is well-known that concave

(35)

functions are also log-concave. Then, using Lemma 3, 2) and remarking that

qlogq qlogq
2 e 1 — = — —
Uq(2) = y(1) 1—¢ “a 1—gq

(see (9)), as for 0 < y < x, one has

(¢q($ + 2))a > (wq(y + 2))a
Ylay +2) — thylay +2)

from which for y = 0 we get inequality (35). [l
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Theorem 9. For x € [0, 1] and a > 1 one has

1 _ (Tyfe+ 1))y
(Cyla+1)"" 7 (Cylaz + 1)

(36)

Proof. By an immediate computation we get that for a(z) = (I',(z))” one has (loga(z))” =
204(z) + 29} (z) > 0, for x > 1, by [1, Lemma 3.4]. Put now f(z) = (I'(x + 1))**'. Clearly,
x4+ 1 > 1for z > 0, and using the log-convexity of this function, by Lemma 3, 1) and putting
y = 1, after an easy computation we get (36). U

The following Lemma gives the g-Raabe formula:

Lemma 4. For anyt > 0 one has

t+1 1 1 )
/t log [y(7)dx = (5 - t) log(1 —¢q) — v Liz(¢") 4 10g(4; ¢) oo, (37)

where
oo

LiQ(Z) = ﬁ

n=1

Zn

Proof. Formula (37) was first proved independently by M. E. Bachraoui [3], and M. Mahmoud
and R. P. Agarwal [15].

In 2020, M. E. Bachraoui and the author [6] have provided a new elegant proof for (37). [

Theorem 10. 1) For any x > 0 one has

1 1 1
log I'g(z) > <§ - JJ) log(1 —q) — o8 q Lis(¢") +10g(4; @)oo — 5 log[zly-  (38)

2) For x > 1/2 one has

1 e
logTy(z) < (1 —z)log(1 —q) — ogq Lis(¢"/?) + log(q; @) o (39)

Proof. The function logI';(z) is strictly convex for x > 0. Now, apply the classical Hadamad
inequalities (see, e.g., [18,21]) for logI',(z) :

b 1 b log’ log ', (b
loqu(a; )< ; /loqu(t)dt< 0gly(a) +logTy(b). (40)

2

Leta =t,b =t + 1; and apply relation (37). Since I',(t + 1) = [t], - [,(¢) = 11%‘1; -T'y(t); after

simple computations, from (37) and the right-hand side of (40), for ¢ = x we get inequality (38).
By applying the left-hand side of (40), combined with (37), and by putting z = ¢ + %, we get
immediately (39). O]

Theorem 11. One has forany 0 < a < b

co-ava(52) o Lal0)
Fq(a)

b—a) [wq<a)-2wq(b>] .

> el (41)



Proof. Let f(x) = (logT'y(x))" = ¢,(z) in reverse inequalities of (40). As

b
(b
/ (log'y () dx = log T'y(b) —logT'y(a) = log 10 :
a Fq(a)
after simple computations, we get inequalities (41). We have used that ¢,(x) is concave, from
(7). [

Remark 4. By putting a = x,b = z + 1, since U'y(z + 1) = [z], - [y(2), and Y (x + 1) =
Pg(x) — 284 logq , from (41) we can write:

q% logg

e1(73) > (3], > M@ (42)
which written equivalently give the following relations:
1—¢"  q"logg
Vq(z) < log + , x>0, (43)
o) 1—q  2(¢—1)
1 — qx71/2 1

Remark 5. The following refinement of the right-hand side Hadamard inequality is proved in [22]
and [25, p. 271].
Let f : [a,b] — R convex(concave) and differentiable. Then one has

/ f= §>;[af( )i?f( ”%iif)] éw- (45)

b—a
By using (37) and (45) for f(x) =T, (), one can obtain a refinement of (38).

Remark 6. Remarking that * H’ = hGat a—er b= Aa + pb, where A = 25, 1 = aLer’ and
by \,u >0, A+ pu=1;and usmg the fact that log I, (x) is convex, we can write
logT, a® + b* < alogT,(a) + blog Fq(b)7
a+b a+b
so we get the inequality:
a+b
a® + b? a b
[n( 3 ) < (Dy(a))” - (Ty(n))’s a,b> 0. (46)

There is equality only for a = b.
Remark 7. By using (45) for the concave function f(x) = ,(x) = (logl'y(z))’, we get

1 L () 1] ay,(b) + byy(a) a’ +v? Py(a) + 1,(b)
Remark 8. In paper [10] it is proved that if f : [a,b] — (0, 00) is log-convex, then
b
[ s < LG (@), s 0), @8)

349



where

u—v

L =
(u,v) logu — log v

is the logarithmic mean (L(u,u) = u). If f is strictly log-convex, then the inequality is strict.

By letting f(t) = I'y(t); a = x; b = x + 1, and using the left-hand side in Hadamard inequality,

we get

Tyfa+ 5) < (Ty(e))([al, — 1)/ loglz), (@9)

In what follows, we will use discrete inequalities for convex functions, with applications to
g-gamma and digamma functions. Let / be a real interval.

Lemmas. 1)If f : [ C R — Ris a convex function, then

f(l’1)++f(fﬂn) [ —

< " (r; € 1,i=1,n). (50)

f<x1—|—x2+...—|—xn>
n

If f is strictly convex, then the inequality is strict.

2) If f is differentiable, and has an increasingly, strictly positive derivative, then

flay) + -+ f(z,) < (2)’f<$1f{(l‘1) +'.-+$nf/($n>)’ (51

n filw) + -+ fi(en)
forx; €I (i=1,n).

Proof. (50) is the classical Jensen inequality for convex functions, while (50) is a particular case
of Slater’s inequality (see [8]). We will give here the simple proof of (51).
Since fi'(x;) > 0,7 =1,2,...,n; then it is immediate that

min{xzy,...,z.} - (fi(z1) + -+ f(2n) <@ fi(zr) + zof'(z0)
<max{zi, ..., (fi(x1) + -+ f(z0)),

thus
_ wfi(@) o 2 f ()

1. 52
Ao+t o) 2

Since f’ is increasing and f’ > 0, one has
f) > flai) + (y —zi) - (%) (53)

forany z; € I,y € I. If y = x;, there is equality in (51), while for y # x;; let, e.g., y > ;.
Then by the Lagrange mean-value theorem f(y) — f(z;) = (v — ) f'(&), vy > & > ;.
By f'(&) > f'(x;), inequality (53) follows. For y < z; the proof is similar. Now, letting in
(53) the y given by (52), after summation for: = 1,2, ..., n, inequality (51) follows.

If f’ is strictly increasing, the inequality is strict. [

Remark 9. In Slater’s general result f is supposed to be convex with f' (x) > 0 and in place of
f'(x;) there are f' (x;), i.e., the derivative at the right side (see [28]).
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Theorem 12. Let x be the unique root of ,(x) =0 on (0, 00). If z; € ( 1 1} (i=1,2,...,n),

xo+1’ 5
then
(H L, (;)) < (Xng)", (54)
i=1 v
where
"1 ;
(3
=1 Li Li
Xng = ( (55)

and i, =1 — x;.

Proof. In [5] it is proved that the function f(z) = logI';(1=%) is convex on (0, 1]. Remark that
11—z

f(x) = —z% _%(1—735) > 0 as 1—7:1; < 1 can be rewritten as x > ﬁ; and wq(T) < 0. Clearly
1 1
zog1 < 3y a8 T > 1.

Now, using the notation z; = 1 — x;, after elementary computations we get (54). ]

Remark 10. In [5], by using (50) it is proved that

n 1/n
z Al
(HF(—D 2r(5:) 50

where A, is the arithmetic mean of x;, and A], = 1 — A,,. This is a Ky Fan type inequality for T',.
Now, by (56) and (54) we get also the inequality

Al 1 1
i . —1.
FQ(An) < X, 4 for z; € <x0+1’ 2} (57)

Remark 11. If f is strictly increasing, but f'(x) < 0, then (51) holds true also with the “ <"
sign, as in the right-hand side of (51) one can replace x; f!(z;) with —x/ f!(x;) in the numerator,
and f}(x;) with — f](x;) in the denominator. Let f(x) = logI',(x) in this inequality. Then we get

(Hrq(ﬂ%)> < (Zwiw(%) / Zzﬁ(xi)) : (58)

Let x; = X, with (i,n) = 1and i = 1,...,¢(n); where p(n) is the Euler totient function. A

closed formula for H F(i) was proved by Sdndor and Toth (see [27)), while the q-gamma
n

i=1

(i,n)=1
generalization analogue was given in [4]. Applying (51) in this case, we get

n . =1
1 in)=1
[] rq(5>s‘ n — (59)

which is inverse to an inequality stated in [5]. We note that, as

351



n—1 .
> (%) = (0= 1)w(1) = nlog f:qﬁn (60)
=1

(see (56)), with the methods of [27], we can obtain a formula for Z Yy(i/n), but we omit the

=1
(i,n)=1

details here.
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