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Abstract: Let i and & be positive integers, and let A = {ao, a1, . .., ai_1 } be a finite of k integers.
The h-fold signed sumset, denoted by h A, is defined as

k—1 k—1
hiA:= {Zmi t A €{0,£1, 42, £h} fori=0,1,....k—Land Y |\ :h}.
i=0 i=0
Bhanja and Pandey [J. Number Theory, 196 (2019), 340-352] gave an optimal lower bound for
the cardinality of h. A. They also characterized the set A when the cardinality of 4. A attains the
optimal lower bound. In this note, we revisit their results by providing new proofs. We observe
that the study of obtaining the optimal lower bound for the cardinality of h. A, and the structure
of the set A when h_ A attains the optimal lower bound, rather than for an arbitrary set of integers,

suffices when A is an arithmetic progression.
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1 Introduction

Let N be the set of all positive integers and Z be the set of all integers. Let A be a nonempty finite
set of integers. The cardinality of the set A is denoted by |A|. By max(A) and min(A), we mean
the largest and smallest elements of the set A, respectively. For integers v and f3, let

axA:={aa:ac A},
A+p:={a+p:a€ A}
For a < 3, we let [, 5] = {o,a + 1,...,5}. The greatest common divisor of the integers

x1,Za, ...,z is denoted by d (x1, s, ..., x1). Let A = {ag,aq,...,a;_1} be a nonempty finite
set of integers with ap < a; < -+ < aj_1. Define

d(A — ap) := (a1 — ap, a2 — ag, ..., ax_1 — agp)
and
AN = B0 e Aforie [0,k — 1] V.
{d(A—ao) a ori € [0, ]
The set AW is called the normal form of A. Here d(A®™)) =1 and min(A™) = 0.
Let h and k be positive integers. Let A = {ag,a1,...,ax_1} be a nonempty finite set of k

integers. The h-fold sumset and h-fold signed sumset, denoted by hA and h A, respectively, are
defined as follows:

k—1 k—1
hA = {Z/\iai:)\iE [0,R] fori=0,1,...,k—1and ZAi:h}
i=0

=0

and

k-1 k-1
hiA:= {ZAM:Aie [—h,h] fori=0,1,....,k—1and Zw:h}.
1=0

=0
It is easy to check that |hA| is translation and dilation invariant of the set A, whereas |hyA| is
only dilation invariant.

Recently, Bhanja and Pandey [1] gave an optimal lower bound of |h.. A| where A is a nonempty
finite set of integers (called direct problem). They also characterized the set A, a finite set of
integers, when |h A| attains the optimal lower bound (called inverse problem).

In this article, we give a new proofs of both direct and inverse results using the fundamental
results proved by Nathanson (Theorem 1.1), and Tang and Xing (Theorem 1.2).

The following direct and inverse theorem proved by Nathanson.

Theorem 1.1. [2, Theorem 1.4, Theorem 1.6] Let h > 1 and A be a nonempty finite set of

integers. Then
|hA| > h|A| — h+ 1.

This lower bound is the best possible. Furthermore, if |hA| attains this lower bound with h > 2,

then A is an arithmetic progression.
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In 2021, Tang and Xing [3] proved the following inverse theorem.

Theorem 1.2. [3, Theorem 1.1] Let h > 2 and k > 5 be integers. Let A be a set of integers with
|A| = k. If hk — h+ 1 < |hA| < hk + h — 2, then

AN = [0,k]\ {2} for1 <a <k —1.

Moreover; hA(N)‘ = hk forx =1ork — 1, and {hA(N)‘ =hk+1for2<xz<k-—2.
A simple corollary we obtain from the above theorem.

Corollary 1.1. Let h > 2 and k > 5 be integers. Let A be a set of integers with |A| = k. If
hk —h+1 < |hA| < hk + h — 2, then |hA| > ht.

2 Direct and inverse theorems for h A in integers

First, we prove the direct and inverse theorem for h. A when the set A is a finite arithmetic
progression of positive integers.

Lemma 2.1. Let k, a, and d be positive integers. Let A = {a,a+ d, ..., a+ (k— 1)d}. Then

Ak —2, d=2a;
2. A] >
4k, d # 2a.
Furthermore, |2+ A| = 4k — 2 if and only if d = 2a.
Proof. Note that 2A and 2(— A) are disjoint subsets of 2 A. Using Theorem 1.1, we have
2L A] > [2A] + |2(=A)| > 4k — 2.

It is easy to see that |2, A| = 4k — 2if d = 2a. Assume d # 2a. Then {—d,d} C 2, A\ (2AU
2(—A)). Therefore
124 A| > [2A] + |2(—A)| + 2 > 4k.

This completes the proof of the lemma. [

Lemma 2.2. Let h > 3 and k > 3 be integers. Let A = {a,a+d,...,a + (k — 1)d}, where

a,d € N. Then
2hk — h+1, d=2a;
hed] > )
2hk — h+3, d# 2a.
Furthermore, |hL A| = 2hk — h + 1 if and only if d = 2a.

Proof. If d = 2a,then A = ax{1,3,5,...,2k—1}. Therefore hy A C [—h(2k—1)a, h(2k—1)a]
and h A contains only odd(even) multiples of a if i is odd(even). Thus,

\ho Al = 2hk — h + 1.
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Let d # 2a. We use induction on h to obtain the required lower bound. Let i = 3. Then
3A={3a+id:i€0,3k—3]} C3.LA (1)

and
3(—A) ={-3a—id:i€[0,3k—3]} C3.LA, 2)

where 3A N 3(—A) = @. Itis easy to verify that |3.A| > 6k if one of the following holds:
1. d=a,

2. d = 4a,
3. a = 2d,
4. 2a = 3d.

Now, assume d # a, d # 2a, d # 4a, a # 2d, and 3d # 2a. The set
S ={—-2a—(a+d), —3a, —2a+(a+d), 2a—(a+d), —2a+(a+2d), 2a— (a+2d), 3a, 2a+ (a+d) }
contains 8 non-zero elements of 31 A. Also
|ISN3A|=|SN3(—A4)| =2. 3)
Therefore, (1), (2), and (3) imply that
3LA| > [3A] +[3(—=A)| + S| —4 =3k — 2+ 3k — 2+ 8 — 4 = 6k.

Thus, we have
|34 A| > 6F.

This proves that the result holds for A = 3. Assume the result holds for 4 —1 > 3. Now, we show
that the result also holds for A > 4.
Let A= A\ {a + (k — 1)d}. Note that

(h—1)1 A"+ (a+ (k —1)d)
and
{(h—i—D(a+(k—=2)d)+(i+1)(a+ (k—1)d):i€[l,h—1]}
are disjoint subsets of h. A. Also, by induction hypothesis, we have

(h— 1) A + (a+ (k— 1)d)| = |(h — )2 4| > 2(k—1)(h—1)—(h—1)+3 = 2kh—2k—3h+6.

Now, we costruct extra 2k + h — 2 elements of h. A to complete the proof. It is easy to see that

min((h — 1)L A"+ (a + (k — 1)d))
—(h—=1)(a+ (k—2)d)+a+ (k—1)d
—(h—=2)(a+ (k—2)d) — (a+ (k—4)d) + a + (k — 3)d
—(a+(k—=1)d)—(h—=3)(a+ (k—2)d) — (a+ (k—4)d) +a+ (k—3)d

—2(a+ (k—1)d) — (h—4)(a+ (k —2)d) — (a+ (k — 4)d) + a + (k- 3)d
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>—(h—2)(a+(k—1)d) — (a+ (k—4)d) +a+ (k—3)d
=—(h—=2)(a+ (k—=1)d) — (a+ (k= 3)d) + a+ (k — 2)d
>—(h=3)(a+ (k—1)d)— (a+ (k—2)d) — (a+ (k—3)d) + a+ (k — 4)d
>—(h—=3)(a+ (k—1)d)— (a+ (k—2)d) — (a+ (k—3)d) +a+ (k—5)d

—(h=3)(a+ (k=1)d) — (a+ (k —2)d) — (a + (k — 3)d) — (a + d)

>—(h—=3)a+ (k—1)d) — (a+ (k—2)d) — (a + (k= 3)d) — (a+ (k — 3)d)
> —(h=3)(a+(k=1)d) = 2(a+ (k= 2)d) — (a+ (k= 3)d)
> —(h=3)(a+ (k- 1)d) - 3(a + (k - 2)d)
>—(h—=2)(a+ (k—1)d) —2(a+ (k — 2)d)
> —(h—1(a+ (k—1)d) — (a+ (k—2)d)
> —h(a+ (k—1)d).
This completes the proof of the lemma. ]

Theorem 2.1. Let h > 3 and k > 3 be positive integers. Let A be a set of k integers with
AN (—A) = 2. Then
|heA| > 2hk — h + 1.

This lower bound is the best possible. Moreover, if |hy Al = 2hk — h + 1, then AU (—A) =
ax{—2k—-1),...,-3,-1,1,3,...,2k — 1} for some positive integer a.

Proof. Let B = (—AU A) N N. Since AN (—A) = @, we have hy A = hyB. Note that
hBNh(—B) = @ and hB U h(—B) C hy A. Therefore

|hi Al > 2 |hB]. 4)

Also, by Theorem 1.1, we have
|\hB| > hk — h + 1.

Now, consider the following cases:
1. If |hB| > hk + h — 1, then

\haA| > 2|hB| > 2hk 4+ 2h — 2> 2hk — h+ 1. (5)

2. If hk — h+ 1 < |hB| < hk + h — 2, then by Corollary 1.1, we have
\hB| > hk.

In this case also
|he Al > 2|hB| > 2hk > 2hk — h + 1.
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3. If |hB| = hk — h + 1, then by Theorem 1.1, we have
B={a,a+d,...,a+ (k—1)d}.
Using Lemma 2.2, we get that |ho A| > |hyeB| > 2hk — h + 1.

Therefore, in each case, we have |hoA| > 2hk — h + 1. Now, if |hoA| = 2hk — h + 1, then it
follows from above that |hB| = hk — h + 1 and |h B| = 2hk — h + 1. Using Theorem 1.1 and
Lemma 2.2, we get that AU (—A) = ax{—(2k —1),...,—1,1,...,2k — 1}. This completes
the proof of the theorem. ]

As a special case of the above theorem we obtain the following theorem proved by Bhanja
and Pandey.

Theorem 2.2. [1, Theorem 2.3, Theorem 2.4] Let h > 3 and k > 3 be integers. Let A be a set
of k positive integers. Then
|he Al > 2hk — h + 1.

Moreover, if |ho A| = 2hk —h+1, then A = ax{1,3,5,...,2k — 1} for some positive integer a.

Theorem 2.3. Let h and k be positive integers. Let A be a set of k integers such that AN (—A) =
&. Then
|heA| > 2hk — 2h + 2.

This lower bound is the best possible for h < 2. Moreover, if h > 2 and |hy A| = 2hk — 2h + 2,
then h =2and AU(—A)=ax{—2k—1),...,—1,1,...,2k — 1} for some positive integer a.

Proof. Let B = (~AU A) N N. Then hy B = hiA. Note that hB N h(—B) = & and
hB U h(—B) C hy A. Therefore, by Theorem 1.1, we have

\he Al > 2|hB| > 2hk — 2h + 2. (6)

Further, if h > 2 and |h. A| = 2hk — 2h + 2, then by Theorem 2.1, we get that b = 2. Also, from
(6), we get that |2B| = 2k — 1. Again, using Theorem 1.1, we get that

B={a,a+d,a+2d,...,a+ (k—1)d}, where a,d € N.

This implies that 2, A = 2, B = {2a+id : i € [0,2k — 2]} U{—2a —id : i € [0,2k — 2]}. Since
d € 24 A, we have d = 2a. Hence, AU (—A) =ax{—(2k—1),...,—1,1,...,2k — 1} for some
positive integer a. [

Using the above theorem, we can obtain the following theorem proved by Bhanja and Pandey.

Theorem 2.4. [1, Theorem 2.1, Theorem 2.2] Let h and k be positive integers. Let A be a set of

k positive integers. Then
|he Al > 2hk — 2h + 2.

This lower bound is the best possible for h < 2. Moreover, if h > 2 and |hy A| = 2hk — 2h + 2,
then h =2and A =ax{1,3,5,...,2k — 1} for some positive integer a.
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Theorem 2.5. Let h and k > 3 be positive integers. Let A be a set of k integers such that
—ANA={0}. Then
|haeA| > 2hk — 2h + 1.

Moreover, if h > 2 and |h+ A| = 2hk — 2h + 1, then AU (—A) = a * [k + 1,k — 1] for some

positive integer a.

Proof. Let B = (—AU A) N Ny. Then hy B = hyA. Note that hB N h(—B) = {0} and
hB U h(—B) C hy A. Therefore, by Theorem 1.1, we get that

\heA| > 2|hB| — 1 > 2hk — 2h + 1. )

Further, if |h. A| = 2hk —2h+ 1, then (7) implies that |hB| = hk — h+ 1. Again, using Theorem
1.1, we get that B = a * [0, k — 1] for some positive integer a. Hence,

AU(=A)=ax[—(k—1),k—1]. U
As a special case, we can obtain the following theorem.

Theorem 2.6. [1, Theorem 2.5, Theorem 2.6] Let h and k > 3 be positive integers. Let A be a
set of k nonnegative integers with 0 € A. Then

\he Al > 2hk — 2h + 1.

Moreover, if h > 2 and |h+ A| = 2hk — 2h + 1, then A = a x [0, k — 1] for some positive integer
a.
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