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Abstract: In this study, we define the g-Leonardo Pisano polynomials and ¢-Leonardo Lucas
polynomials of the first and the second kinds, collectively termed ¢-Leonardo polynomials. We
investigate some interesting properties of the new polynomials.
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1 Introduction

The Fibonacci numbers are a sequence of numbers that have become fundamental in a number of
different fields, including mathematics, nature, art and even technology. This sequence is defined
by the recurrence relation in which each term is the sum of the two previous ones, starting with
0 and 1. It was introduced by the Italian mathematician Leonardo Fibonacci in his work Liber
Abaci in 1202.
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The Fibonacci numbers are defined by the following recurrence relation for n > 2
Fo=F, 1+ F,

with initial conditions Fy = 0, F; = 1.

In the realm of mathematics, Fibonacci numbers hold considerable importance, exhibiting a
close relationship with the golden ratio due to the convergence of the ratio between consecutive
Fibonacci numbers as the sequence advances. This characteristic establishes a connection between
the Fibonacci sequence and various natural phenomena, encompassing growth patterns, symmetry,
and biological structural efficiency. Moreover, the Fibonacci sequence assumes a pivotal role
in number theory, particularly in investigations concerning divisibility, modular arithmetic, and
Diophantine equations.

Lucas numbers, named after French mathematician Frangois Edouard Anatole Lucas, represent
integer sequences bearing a strong resemblance to the Fibonacci sequence. While both sequences
follow recurrence relations, Lucas numbers employ distinct initial conditions. The Lucas sequence
initiates with the values 2 and 1, with each subsequent term derived from the sum of its two
predecessors.

The Lucas numbers are defined by the following recurrence relation for n > 2

Ln = Ln—l + Ln—2a

with initial conditions Lo = 2, L; = 1.

The mathematical relevance of Lucas numbers extends beyond their association with Fibonacci
numbers, as they contribute to the resolution of specific Diophantine equations and find applications
in the theory of generating functions. Furthermore, Lucas numbers feature prominently in the
examination of Pell’s equation and other recursive relationships, underscoring their significance
in mathematical research. Accordingly, the Fibonacci and Lucas numbers are determined by

A1)

n n—7j
L, = : A
>i5()
These numbers have been of interest to many researchers from past to present. There are many
generalizations of these numbers in the literature. One of them is the polynomials containing
these numbers. The Fibonacci polynomials were the subject of a study in 1883 by the Belgian

mathematician Eugene Charles Catalan and the German mathematician E. Jacobsthal. Forn > 2,
the Fibonacci polynomials are defined by

F.(x) =xF, 1(x) + F,,_2(x)

with the initial values Fy(x) = 0 and F(z) = 1.
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For n > 2, the Lucas polynomials originally studied in 1970 by Bicknell, are defined by
Ln(l') = an,1($) + Ln,2<1}>

with the initial values Lo(xz) = 2 and L (z) = =.

The Leonardo numbers are defined by following recurrence relation for n > 2
Len = Len,l + Len,g + 1,

with initial conditions Ley = Le; = 1 [8]. The relationship between the Leonardo numbers and
Fibonacci numbers is
Len — 2Fn+1 — 1

Alp and Kocger obtained new identities and matrix representation of the Leonardo numbers [2].
Prasad and Kumari defined the Leonardo polynomials as follows:

Un+2(x) = xUn+1($) + Un(x) + Z,

for n > 0, where Uy(xz) = 1, Uj(xz) = 2z — 1. Then the authors investigated their numerous
algebraic properties, such as summation formulas, generating functions, Pascal 2-triangle,
interrelations with Fibonacci, Lucas, and Chebyshev polynomials, etc., in closed form in [21].
Alp and Kocer defined bivariate Leonardo polynomials and studied relationships between well
known polynomials [3]. The Leonardo numbers have been generalized in various ways by
different researchers [5,9, 10, 12, 19, 20, 22-25]. In the literature, various generalizations have
been applied to various fields [1, 14, 15,26]. In [16-18], Kim et al., studied on sums of finite
products of balancing polynomials, Lucas-balancing polynomials, and Spivey-type recurrence
relations for degenerate Bell and Dowling polynomials. Providing a Spivey-type formula for
g-Leonardo polynomials would be very useful.

The field of g-calculus, alternatively referred to as quantum calculus or the calculus of finite
differences, holds a pivotal role in contemporary mathematical research owing to its intricate
connections with both discrete and continuous mathematical frameworks. This mathematical
discipline extends conventional notions from classical calculus by incorporating the g-parameter,
thereby offering a novel approach to investigate the characteristics of functions, operators, numbers,
and polynomials.

with [0], = 0. The g-factorial is defined by

T Y =11 ifn=1,2,...

for n € N. The ¢-binomial coefficients are defined by for £ > O and k < n

Nt

where m = land m =0forn < k [13].
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The g-analogues of Fibonacci and Lucas polynomials have been studied by many
mathematicians. The g-Fibonacci polynomials are defined by the following recurrence relation
forn > 2

Fn ('TJ Q> = anfl (37, Q) + qn72Fn72 (SL’, Q) )

with initial conditions Fy (z,q) = 0,F; (z,q) = 1. The explicit formula of the ¢-Fibonacci
polynomials is

forn > 0[7].
The g-Lucas polynomials of the first kind are defined by the following recurrence relation for
n>2
L, (z,q) = 2L,_1 (z,q) + ¢" *Ln_2 (z,q),

with initial conditions Lg (z, ¢) =2, L; (z, ¢) = z. The explicit formula of the ¢-Lucas polynomials
of the first kind is

forn > 0 [6].
The g-Lucas polynomials of the second kinds are defined by the following recurrence relation

n— € n— xz
]Ln (33, q) = 33\/5 1IL’n—l (ﬁa Q> + q 1Ln—2 (57 C]) )

with initial conditions Ly (z, ¢) =2, 1L, (x, ¢) = 2. The explicit formula of the g-Lucas polynomials
of the second kind is

Lo =3 " (1 ¥ q%)

forn > 0.

2 Main results

In this section, we introduced the g-analogues of Leonardo polynomials called the g-Leonardo
Pisano polynomials. Also, we define g-Leonardo Lucas polynomials of the first kind and
g-Leonardo Lucas polynomials of the second kind.

Definition 2.1. The q-Leonardo Pisano polynomials are defined by

Lon(2,q) = 2Lon—1(2,q) + ¢" Lens(x,q) +q(z+¢" ' 1), n>2 (1)

with initial conditions Leo(x,q) = 2 — q and Ley(,q) = 2x — q.
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Table 1. Special cases of the g-Leonardo Pisano polynomials

’ T ‘ q ‘ Ley(x,q) ‘ g-Leonardo Pisano polynomials

17 | Ley(x) Leonardo Pisano polynomials
1 | q | Len(q) g-Leonardo Pisano numbers
1 |17 | Le, Leonardo numbers

2x | q¢ | Lpp(z,q) | g-Leonardo Pell polynomials

2¢ | 17 | Lp,(z) Leonardo Pell Polynomials

2 | q | L g-Leonardo Pell numbers

2 17 | Lp, Leonardo Pell numbers

Definition 2.2. The q-Leonardo Lucas polynomials of the first kind are defined by
£un (2,q) = 2bup_1 (T,q) + ¢" *Hun— (v,q) —q(x+¢" > =1), n>2 2)

with initial conditions £uy(z,q) = 4 + q and £ (z,q) = 2x + q.

Table 2. Special cases of the g-Leonardo Lucas polynomials of the first kind

’ x ‘ q ‘ fun(x,q) ‘ g-Leonardo Lucas polynomials of the first kind

17 | £u,(z) Leonardo Lucas polynomials
1 | q | £u(q) g-Leonardo Lucas numbers of the first kind
1 17 | Lu, Leonardo Lucas numbers

2¢ | ¢ | £p,(22,q) | g-Leonardo Pell-Lucas polynomials

2¢ | 17 | £p,(22) Leonardo Pell-Lucas polynomials

q | £.(2,9) | g-Leonardo Pell-Lucas numbers

17 | Lpn Leonardo Pell-Lucas numbers

Definition 2.3. The q-Leonardo Lucas polynomials of the second kind are defined by

Lun (2,) = 2/q" £ (\/%,q) + 4" Ly (ﬁ,q> —q (;;;\/F+ ¢ - 1) , 3

for n > 2 with initial conditions £uy(z,q) =4+ qand £u1(x,q) = 2z + q.

It is clear that for ¢ — 17 £u, (2, q) = £u, (z,q).

Table 3. Special cases of the g-Leonardo Lucas polynomials of the second kind

’ T ‘ q ‘ Lun(x,q) ‘ g-Leonardo Lucas polynomials of the second kind

q | Lun(q) g-Leonardo Lucas numbers of the second kind
1 | Lu, Leonardo Lucas numbers
2 |17 | Lp, Leonardo Pell-Lucas numbers
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3 Some properties of g-Leonardo polynomials

In this section, we give several properties for g-Leonardo Pisano polynomials, the g-Leonardo
Lucas polynomials of the first kind and the g-Leonardo Lucas polynomials of the second kind.
And we give the relations between these polynomials and the special cases of these relations.

3.1 Relationship between the g-Leonardo polynomials and g-polynomials

Theorem 3.1. The relationship between the q-Fibonacci polynomials and the q-Leonardo Pisano

polynomials is as follows.
[en(l’, Q) = 2Fn+l(‘ra q) —dq. (4)

Proof. Let us use the induction method on n for the proof. For n = 0 and n = 1, we have,
respectively

Leg(z,q) =2—q=2-1—q=2F(x,q) —q,
Ley(x,q) =20 —q=2 -1 —q=2F3(x,q) —q.
Thus, Equation (4) is true. Suppose that Equation (4) holds true for n = k£ — 1 and n = k. Then,
by using Equation (1), we get
Lepi1(z,q) = xLe(z,q) + ¢" Lop—1(2,q) + ¢ (z + ¢" — 1)
=2 (2F1(2,q) — q) + ¢" 2Fu(z,9) —q) + gz + ¢ — ¢
=2 (aFp1(2,q) + ¢"Fi(z,9)) — ¢
= 2Fj42(2,9) — ¢
which completes the proof of the assertion (4) by the principle of the mathematical induction

on n. L]

If we choose x = 1,¢ — 1~ and bothx = 1 and ¢ — 1™ in (Eq. 4) , then we obtain

Len(q) = 2F,11(q) — g,
Len(7) = 2fnia(x) — 1,
Len == 2Fn+1 - 1

Corollary 3.1. The explicit formula of the q-Leonardo Pisano polynomials is

L3

Lon(z,9) =2 ¢~ {n ; k} " — ¢
k=0

0[3

forn > 0.
Proof. Using Equation (4) and explicit formula for the g-Fibonacci polynomials, we may write

Ley(2,q) = 2F11(2,q) — ¢
12

2n—k _
ZQqu [ i }x" 2k _g. O]

k=0
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Theorem 3.2. The relationship between the q-Lucas polynomials of the first kind and q-Leonardo
Lucas polynomials is

Proof. Let us use the induction method on n for the proof. For n = 0 and n = 1, we have
fug(r,q) =4+q=2-2+q=2Lo(x,q) +q,
£fur(z,q) =2x+q=2 -2+ q=2Li(x,q) +q.

Thus Equation (5) is true. Suppose that Equation in (5) holds true for n = k and n = k+ 1. Then,
by using Equation (2), we get

fupo (7,9) = vfurr (2, q) + " fup (2,9) — q (x + ¢" — 1)
=2 (2Lgpa(2,9) +q) +¢" (2Li(2, ) + ) — gz —¢" + ¢
= 2 (xLyy1(z, q) + ¢"Li(z,9)) + ¢
=2Lps2(7,q) + ¢ -

Theorem 3.3. The relationship between the q-Lucas polynomials of the second kind and
q-Leonardo Lucas polynomials is

Proof. It is proved similarly to Theorem 3.2 using the principle of the mathematical induction
on n. [

If we choose * =1,g — 1~ and bothx = 1 and ¢ — 1~ in (5) and (6), we obtain

£u,(q) = 2Ln(q) + ¢,

Lun(q) = 2Ly (q) + ¢,

£un () = 20, (2) + 1,
Lu, =2L,+1

Corollary 3.2. Explicit formulas of the q-Leonardo Lucas polynomials of the first kind are

and
Luy (2,q) =2 A i {” ; k] (1 + q“’“%) " g (8)
forn > 0. -
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3.2 Negative indexed g-Leonardo polynomials

g-Leonardo Pisano polynomials can be extended backward to negative indices by rearranging the
defining recurrence

Leps(2,q) = q' " Lop(2,q) — 2" " Lonr(2,9) — " " (x+¢" 7" = 1) ©)
Theorem 3.4. Negative indexed q-Leonardo Pisano polynomials are Le_1(x,q) = —q and
Lo (@,0) = (1" (" Lonz 2/, 0) + ") — g (10)

forn > 2.

Proof. Using the recurrence relation (9) for n = 1, we obtain

Lei(z,q) = Ley(x,q) — xLeg(z,q) — q (z+¢° — 1)
=2r—q—2(2—q) —q(x+1-1)
= —q.

We use the induction method on n. For n = 0, using (9) we obtain
Lo o(x,q) = Leo(2,q) —xLey(2,q) —q(z+q ' —1) =q.
and the right-hand side of (10) becomes
(—1)° (q2_1&2_2 (m ¢, q) + q2) —q=q(2—q) +¢" —q=q=Les(z,q).
Forn = —11in Eq. (9),

Les(x,q) = Lo (2,q) — 2¢*Los(z,q) — ¢ (x+ ¢ — 1)
= (—q) —2¢ (@) — ¢ (x+q 7 —1)
= —2¢°z —q

and using (10) we obtain

(—1)° (qgflfezfz (x ¢, Q) + q3) —q= (-1’ (@ 2(xq) —a) + ¢*) — q

= —2q2x —q
= [efg(l’, q)
Suppose that (10) holds for n = ¢ and n = t 4 1 then
Loy (2,q) = (=1)' (qt‘lﬁen_z <rv\/ g1, q) + qt) —q, (11)
Lo (2,0) = (1) (¢ Loy (2v/0) +0*1) = a. (12)
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If we use (9), we get

[e—(t+2)(177 q) = q1+t£f—t($7 q) — + Lo (t+1) (z,q) — 92+t (ZB + q_(tﬂ) - 1)
=g [(—Ut <qt_lﬁet_2 (m qH,q) +qt> - q}
2"t [(_ )t+1 < Loy (x\/E’ q> +qzt+1> _ q]

ey (x pgtlo 1)

= (=1)'g"" | ¢ Lo (:L“ qt‘l,q>+xqtfet_1 (m\/?,q>

where
t 1+t & k2 gook |t — 1 — K| t—akin2 n
A= (-1)¢q 2;qx [k—l ]q 2 —q
L5
k=0
— (_1)t q1+t (qt + $qt+1)
- ) gt quk2 t—2k % {t ; k} B (_1)tq1+t (qt _'_xthrl)
— (—1) gt (&t (x qt+17q> fg—g — :thH) '
Hence

Lo (pya)(t,9) = ¢ (=1)' [Eet (rc gt q) +q—q" - :cqt“}
+ (=)' ¢ 4 (1) 2 — g
= (-1 (qt+1£‘?n (96 qt“mz) +qt+2) —q O
If we choose ¢ — 1~ and both x = 1 and ¢ — 1~ in (10), then

Lo (z) = (=1)" (Lep-o(z) +1) = 1,
Le_y = (—1)" (Len_s + 1) — 1.

The g-Leonardo Lucas polynomials of the first kind can be extended backward to negative
indices by rearranging the defining recurrence

fun—a (2,q) = ¢ "L (2,9) =2 "Ly (2,9) + ¢ (2 + 4"~ 1) (13)
Theorem 3.5. Negative indexed q-Leonardo Lucas polynomials of the first kind are
g (2,0) = (=1)" V@ Lun (23/77, q) + (1) Vg2 +q. (14)
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Proof. We use the induction methods on n. For n = 1 using (13), we obtain

fuy (2,q) = ¢'fu (v,q) —2q fuo (x,9) + ¢ (x+ ¢ = 1)
=q2r+q) —2qd+ )+ (z+q¢ ' —1)
=q— 2z

and the right-hand side of (14) for n = 1, then

' Vg £ (‘U\/QI,Q) F(=D)" 2 g = =20+ g = £uy (2,q).

For n = 0, we have

fu_s (7,q) = fuy (2, q) — 2q°£uy (z,q) + ¢* (x+ ¢ = 1)
=¢(4+q) —2¢*(q—2q2) + ¢ (x+¢%—1)
=2¢°2* +4¢° + q.

For n = 2 and using RHS (14), we obtain
1) Vg? £ (x\/ﬁ Q> + (=1’ Vg +q =207 +4¢° + q = £uz (2, 9).
Suppose that Equation (16) holds forn =t and n = ¢ + 1, then
fu_y (x,q) ' £ (x\/?, q) + (=)™ g2 4 g,
£u_(41) (7, q) t+1 \/ﬁagutﬂ <96‘ gttt Q> + (—1)t+2 \/F‘f‘ q-
If we use (13), we obtain

fu_gr2) (2,0) = ¢ Huy (2,9) — 24" Eu_iry (2,0) + ¢ (2 + 977 = 1)
= ¢ {\/_ifut (ac gttt q) — \/E-Fq} P
+ @t (- { \/_\/_fut+1 (x gttt q> _I\/F\/—} — gt
+ ¢t 4 q— B3
= ¢ (- {\/_£ut (g: qitl, q> +93\/—\/_£ut+1 (x gttt q)}
(=1 {—va—zq} +q
- (_1)t+2 \/F£“t+2 (:r q+?, q) + (=) Vg + g O

The g-Leonardo Lucas polynomials of the second kind can be extended backward to negative
indices by rearranging the defining recurrence

Lun—o(2,9) = ¢" " Luy (qx,9) — 26> (VO™ " Lun_1 (v/37,9) (15)
+ q2—n <$\/aﬂ+1 + qn—l . 1)

Theorem 3.6. Negative indexed q-Leonardo Lucas polynomials of the second kind are

Lu_p (2,9) = (=1)" V@ %un (277, q) + (=1)" /g2 + q. (16)
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Proof. We use the induction method on n. For n = 1 using (15), we obtain
L1 (2,q) = ¢"£ur (qz,q) — 2q (v7)" £uo (/32,q) + q (xq +¢° — 1)
= q—2qz

and the right-hand side (16) for n = 1, then becomes

(=)' Vatu (23, 0) + (-1’ V@ +q= (-1) V7223 +q) + V@ +q
= q— 2qx
:fufl(ﬂf,q)

For n = 2, we get
Luy(2,9) = qLu (qz,q) — 2¢*/q  £ury (Vaz,q) + ¢ (zy/g+ ¢~ — 1) = 2¢°2° + 5g
and using the right-hand side of (16), we obtain
—1)* /@ fu (x\/?, q) + (1@ +q=22F +5qg= Lu_s(z,q).
Suppose that Equation (16), holds forn = ¢t and n = ¢ + 1, then

Lu_y (qx,q) 1"/ £y <xq\/_ q) (=) Vg2 +q.

If we use (15), we obtain
Lu_p2) (2,0) = ¢ luy (qz,q)—2¢* /g TV Lu_ iy (2, @) +¢t (a:\/é‘t“ +q - 1)
= (*1)t \/qt? <$Q\/q7£ut+1 <SC qHQJI) + C]tfut ($Q\/q77 Q> - 93(12\/6?* qt+1)+q
= (1) /g 2wy (UCQ\/?, Q) + (1) gt 4 g O
If we choose ¢ — 1~ and both x = 1 and ¢ — 1~ in (14) and (16), then we obtain

fu_p ()= (=1)" (Lup (x) — 1)+ 1,
Lu_, = (-1)" (Lu, — 1)+ 1.
Interestingly, the negative index terms of g-Leonardo Lucas polynomials of the first and

second kinds are expressed in terms of each other.

3.3 Some identities for g-Leonardo Pisano polynomials

Theorem 3.7. (Cassini’s Identity) For n > 2, the following identity holds.-
Leni1 (7,q)Len (% Q> = qLen (2, q) Len (\/% q) (17)
0 (Lt (2,0) = VaLon (2,0) = ViLen (55:4) + Lonms (5.9))
A1) (- VD).

Proof. In [11], the author obtained Cassini formula for the ¢-Fibonacci polynomials as follows.

Fria(e, @)Fn (£:0) = VaFun (0,0 Fu (Z.0) = (D)™ (V@™ ()
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Using the relation between ¢-Fibonacci polynomials and ¢-Leonardo Pisano polynomials in
(18), we have

(i) (S) - () (2 o
Then we obtain

Ley1(x,q) Loy (\/%, Q> — @ Ley (2, q) Loy, (\/ia’ q> + qLeni1(x,q) + qLen 1 (\/ia, q)

— ViLen(w,) ~ 0v/2Len (5. 0)

= 41" (V)" P (Va— 1) m

If we choose ¢ — 1~ and both z = 1 and ¢ — 1~ in the sequence in (17) , then we obtain
Lonir (@) Lony () = Lo () + Lonsr (2) = 2Len () + Lo (2) = 4 (=1)""
Le? | — LenLpyo = Le, — Le, 1 4+ 4 (—1)""".

Theorem 3.8. (Honsberger’s Identity) For n > 1, the following identity holds:-

2g " Leni(,0) = Len(,0) o (oo 0) + VA Lena (@0 i (Serna) (19)
+q<[e (, Q)+£€k< n,q>)+\/_"“+”“(/3en (2, q)+ Loy (Wnﬂ,q))
e (1 i \/616+n73 B 2\/(—[1@%2) .

Proof. In [11], the author obtained Honsberger’s identity for the g-Fibonacci polynomials as
follows

VT " Fririn (2,9) = Fupr (2,9) Fi (\fn,q) + V@ E, (,9) Fk( n+1,q> (20)

Using the relation between g-Fibonacci polynomials and g-Leonardo Pisano polynomials in (20),
we have

va " (&"”(‘Z’Q) +‘1) _ (&n(xéQ)Jrq) Lo (2 2q) +q

i Lon (@, q) + \ [ L1 ) 4
LU 1< 1(w2q) C]> <f2 )

Then we obtain
207 " Lonia(,0) = Lo, @) (F00) + VT Lona (2, @) Lo (.0
o q(Len,9) + Lo (0 0)) V8T (Lena (0, @)+ Loy (37, 9)

e (1 X \/ak+n—3 _ 2\/§—kn—2) . =

If we choose ¢ — 1~ and both £ = n and ¢ — 1~ in Equation (19), then we obtain:

2Lep i () = Lep () Leg () + Lep—1 (x) Leg—1 () + Loy (2) + Leg, (z) + Lep_1 () + Leg—1 (),
2Le, y = Le,Ley + Le,_1Lex_1 + Le, 1 + Leg 1 — 2.
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3.4 Relations between g-Leonardo polynomials

Theorem 3.9. For n > 2, the following equality gives the relationships between the q-Leonardo

Pisano polynomials and q-Leonardo Lucas polynomials of the first kind:

V@ b (2,q) = Len(2/3,0) + ¢ Len2(F5.0) +a (140" + V7" - (21)

Proof. Using the explicit formula for g-Leonardo Lucas polynomials of the first kind, we may

write
fun (2,0) = g + 2 5 20 [n h k] (1 . [n[ﬁ]qk ]q>
N U e

= G+ VG Lo (/3. 0) + VT VG (Lens (% ) +q)
Then we have
VT (2,q9) = Lon(21/q,q) + q”_lfen_g(\%, Q) +q(l+¢"+V"). O
If we choose ¢ — 1~ and both z = 1 and ¢ — 1~ in the sequence in (21), we obtain:
£up () = Len(x) + Ley_o(z) + 3,
Lu, = Le, + Le,,_5 + 3.
Theorem 3.10. For n > 0, the following identity holds:
(2 4+ 4) Loy (,0) = 2bunsr (2,0) + 2T 6w (Z,0) = q (2 + 042V +4)  (22)
If we choose ¢ — 1™ and both z = 1 and ¢ — 1~ in the sequence in (22), we have
(27 +4) Loy (x) = 2fupsr (@) + 26w, (2) — (2° + 2+ 6)

and
5Le, = Lu, 1 + 2Lu, — 8.

Theorem 3.11. Forn > 2, the following equality gives the relationships between the q-Leonardo
Pisano polynomials and q-Leonardo Lucas polynomials of the second kind

Lup (2,q) = Lo (2,q) + " Len—a (x,9) +q (¢" " +2) . (23)
Proof. Using the explicit formula for g-Leonardo Lucas polynomials of the second kind, we may
write
5]
—k (K]
Luy, _ 9 k2| T 1 4 g2k q n—2k
(x,9) =q+2) q [ ) }( A
k=0 q
2]
= 2n—k—2 2%k_9
= Lon(2,q) +2¢ + 2¢" ¢ k[ ]x"‘ -
(,4) +2¢ +2g ; q )
- [en(l’, Q) + qn_lffn—Q(x7 Q) +4q (qn—l + 2) . O
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If we choose ¢ — 1~ and both z = 1 and ¢ — 1™ in (23), we have
Lun () = Loy (x) + Lon—2 (z) + 3,
Lu,, = Le,, + Le,,_5 + 3.
Theorem 3.12. For n > 0, the following identity holds:

(2% + 20" 4+ 2¢") Lo (2, q) = Lunso (2, Q) +q" L (2,9) —¢" (34+2¢) —q (1 +2%) . (24)
Proof. If we use the relationships between the ¢g-Leonardo Pisano polynomials and ¢-Leonardo
Lucas polynomials of the second kind in Equation (23), then we have

Lunta (£,9) = Lenia(x,q) + ¢" Lon (2, 9) + ¢" 7% + 29
= 2Len1(2,q) + 24" Lo (2, q) + ¢ (z +2¢" + 1)

and
q" L (2,q) = ¢" (Len(2,q) + ¢" Len—a(,q) + ¢" + 2q)
= 20" Lon (2, q) — 2q" Lon_1(2,q) + ¢ (3 — 2)
then
Lungo (2,q) + ¢"Luy (2,q) = (24" 4 2¢") Len(,q) + 2 (Lensa1(2,q) — ¢"Len_1(2,q))
+q(r+2¢"" + 1)+ ¢ (3-2)

= (24" +24") Lon(,q) + & (2Lon(2,4) + 4 (@ + ¢" — 1)
+q(z+2¢"" +1) + ¢ (3 - 2)
= (20" +2¢" +2°) Len(w,9) + ¢ (27 +1) +¢" (2 + 3)

Finally we obtain
(2® +2¢" +2¢") Lo (2, 9) = Lungo (2,q) + ¢" Luy (2,9) — "7 (34 2¢) —q (1 +2%). O
If we choose x =1, ¢ — 1~ and both x = 1 and ¢ — 1~ in the sequence in (24), we obtain:
(2% + 2" +24") Lon (@) = Lunta (@) + ¢" Lun (@) — q (3¢" + 24" +2)

(2% +4) Loy, (#) = Luso () + Luyp (2) — (27 +6),
oLe, = Luy 1o+ Lu, — 7.

3.5 Generating functions of g-Leonardo polynomials

We give the generating functions of g-Leonardo Pisano polynomials and g-Leonardo Lucas
polynomials of the first and second kind with an operator 7)., where 7, is an operator on functions

of z defined by 7, (f(2)) = f(qz).
Corollary 3.3. The generating function of q-Leonardo Pisano polynomials is
q 2
1
z—1+ 1—xz—22n,""

where n,(f(z)) = f(qz) for any function f.

G(z) =
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Proof. Using Equation (4) and the generating functions of the g-Fibonacci polynomials in [4],
we have

n=0

=Y (Fu(r,9) —q) ="

— %ZFn(m,q)z” — qu”
n=1 n=0

= 1. O
z—1+1—xz—22nz

Corollary 3.4. The generating function of the q-Leonardo Lucas polynomials of the first kind is

q 4 —2xz
H = 1
(2) 1—z+1—:1:z—2277z ’

where n,(f(z)) = f(qz) for any function f.

Proof. Using Equation (5) and the generating functions of the ¢-Lucas polynomials of the first
kind in [11] then the desired is obtained. O

Corollary 3.5. The generating function of the q-Leonardo Lucas polynomials of the second kind
is
2(2 — x2)

q
K(z):4—2q+1_2—{—1_&:2_22%1,

where n,(f(z)) = f(qz) for any function f.

Proof. Using Equation (23) and the generating functions of the ¢g-Leonardo Pisano polynomials,
we have

z) = Z£uk (x,q) z

= Lug (z,q) + Z Lug (z,q) 2

k=1

= 4+q+i(2fek(x,q)—m£ekl(az,q)—l—q(?)—a:))zk

=4—-2¢+qr+ (2—zz Zfeka:qz—i—q — sz
k=0 k=0

=4-2¢+qr+ (2—22)G(2)+q(3—1x)

2(2 —
R P B Chat OBy O
1—2z 1—xzz—2%n,

1—=2
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3.6 Summation formulas for g-Leonardo polynomials

In this section, we give several sum properties for g-Leonardo Pisano polynomials, g-Leonardo
Lucas polynomials of the first kind, g-Leonardo Lucas polynomials of the second kind. Also we
achieve sum properties of the relationships between g-Leonardo polynomials.

Theorem 3.13. The following identity holds:

n

S (w4 " = 1) Lo (2,q) = Lensr (2,9) + ¢" Lo (2, q) (25)

k=0
—q(n+1]+n+1)(z—1)—2)—2
where [n| the q-integer of n.
Proof. Using the recurrence relation of g-Leonardo Pisano polynomials in (1), we have
wLen1(x,q) + q" " Len—o(x,q) — Len(x,9) = —q (x+¢"" = 1)

and

wLe(x,q) + ¢ Leo(x,q) — Lea(z,q) = q(1 — 2) — ¢°
aLer(x,q) + > Loy (w,q) — Les(z,q) = q(1 —x) — ¢°

2 Loy(7,q) + ¢"Lon1(2,q) — Lepia(m,q) = q(1 —x) — ¢"*.

Then we obtain

n

Z<x+qk+1—1>[2k (2,q) = Lent1(z,q) + ¢" Lo (z,q) — Leo(w,q) + wLeo(2, q)
k=0

n—1

— La(z,q)+qn(1—z)—¢* > "
k=0

= Leni1(z,q) + " Lep(2,9) —q(n+1]+(n+1)(z—1) —2) — 2.0

* If we choose ¢ — 17 in (25), then we obtain

" —(n+1).

S Lo (1) = Leeet(@) + L)

e If we choose x = 1 in (25), then we obtain

D T Lo (@) = Lengr () + ¢ Len () + g — ¢ [n] — 2.
k=0

e If we choose x = 1 and ¢ — 1~ in (25), then we obtain

ZLek = Lepy1 + Ley, — (n+1) = Leyo — (n+2).
k=0
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Theorem 3.14. The following identity holds.

n

S (@ 4 ¢ = 1) £ (2,9) = £nss (2,q) + ¢ Eun (2, 9)
k=0

+qn]+(x—1)(¢gn+1)+2)—2—q.

where |n| the q-integer of the number n.

(26)

Proof. Using the recurrence relation for g-Leonardo Lucas polynomials of the first kind, the

identity is proved similarly to Theorem 3.13.
Theorem 3.15. The following identity holds:
an . qn

xT—q

2" L, q) = Lenva(w, q) — (2277 + 2q2" — q) — ¢
k=1

Proof. Using the recurrence relation of g-Leonardo Pisano polynomials, we obtain

qn 1 1 1 1 qn+l
L Lon(2,4) = —Lonyo(w,q) — —— Lonii(w,q) + | — — —— —
“wken(@,0) p 12(7,q) o 11z, q) + (xn —

for n > 0. Then we obtain

n q k 1 1 1 q2 n—1 q k
Z <_> [ek(l'7Q) = _nzen+2<x7Q) - _QZ(xvq) -1+ - Z <_)
x qx q x x x
k=1 k=0
1 1 q > 1 (g)n
= _'Cfn ; -~ (2 2 2 _> - x
whens2(,q) q R xn v 1-1
Finally,
N @ G Lo (,q) = Lonsa(, q) — (2072 + 2q2" — q) — ¢,
r—q
k=1
Theorem 3.16. The following identity holds:-
- n— n n a" — qn
D" (2,) = £z (2,) = (2077 + 42" + ) + ¢ —— T
k=1

where £u, (x,q) is the n-th q-Leonardo Lucas polynomials of the first kind.

Proof. Using the recurrence relation of the g-Leonardo Lucas polynomials, we obtain

7" 1 1 1 1
=iy (2,q) = —Funy2 (T,4) — —— a1 (2, —— 4"
o (z,q) o fun (z,q) L (z,9) +q (xnl ot

for n > 0. Then,

n

q\* 1 q
Z <_> Eup (33,(]) = ﬁ£un+2 (x7Q> — £uy (l’,(]) Tq- E +q

n k

4
T k
k=1 k=1

X

1

21— (2"
:;#%H@@y—@ﬁ+4+q>+g"—lﬁf

" r 1-4
X

Hence we obtain

n n

- - mn n z
> 2" g by (2, q) = funga (1,q) — (22" + 42" + q) + ¢° p—
k=1
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4

Conclusion

In this paper, g-Leonardo Pisano and g¢-Leonardo Lucas polynomials of the first and second

kind are introduced and their various properties are mentioned. In particular, the relation of

polynomials g-Fibonacci polynomials and ¢-Lucas polynomials are shown.
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