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Abstract: In this study, we define the q-Leonardo Pisano polynomials and q-Leonardo Lucas
polynomials of the first and the second kinds, collectively termed q-Leonardo polynomials. We
investigate some interesting properties of the new polynomials.
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1 Introduction

The Fibonacci numbers are a sequence of numbers that have become fundamental in a number of
different fields, including mathematics, nature, art and even technology. This sequence is defined
by the recurrence relation in which each term is the sum of the two previous ones, starting with
0 and 1. It was introduced by the Italian mathematician Leonardo Fibonacci in his work Liber
Abaci in 1202.
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The Fibonacci numbers are defined by the following recurrence relation for n ≥ 2

Fn = Fn−1 + Fn−2

with initial conditions F0 = 0, F1 = 1.
In the realm of mathematics, Fibonacci numbers hold considerable importance, exhibiting a

close relationship with the golden ratio due to the convergence of the ratio between consecutive
Fibonacci numbers as the sequence advances. This characteristic establishes a connection between
the Fibonacci sequence and various natural phenomena, encompassing growth patterns, symmetry,
and biological structural efficiency. Moreover, the Fibonacci sequence assumes a pivotal role
in number theory, particularly in investigations concerning divisibility, modular arithmetic, and
Diophantine equations.

Lucas numbers, named after French mathematician François Édouard Anatole Lucas, represent
integer sequences bearing a strong resemblance to the Fibonacci sequence. While both sequences
follow recurrence relations, Lucas numbers employ distinct initial conditions. The Lucas sequence
initiates with the values 2 and 1, with each subsequent term derived from the sum of its two
predecessors.

The Lucas numbers are defined by the following recurrence relation for n ≥ 2

Ln = Ln−1 + Ln−2,

with initial conditions L0 = 2, L1 = 1.
The mathematical relevance of Lucas numbers extends beyond their association with Fibonacci

numbers, as they contribute to the resolution of specific Diophantine equations and find applications
in the theory of generating functions. Furthermore, Lucas numbers feature prominently in the
examination of Pell’s equation and other recursive relationships, underscoring their significance
in mathematical research. Accordingly, the Fibonacci and Lucas numbers are determined by

Fn =

⌊n−1
2 ⌋∑

j=0

(
n− 1− j

j

)
,

Ln =

⌊n
2 ⌋∑

j=0

n

n− j

(
n− j

j

)
.

These numbers have been of interest to many researchers from past to present. There are many
generalizations of these numbers in the literature. One of them is the polynomials containing
these numbers. The Fibonacci polynomials were the subject of a study in 1883 by the Belgian
mathematician Eugene Charles Catalan and the German mathematician E. Jacobsthal. For n ≥ 2,

the Fibonacci polynomials are defined by

Fn(x) = xFn−1(x) + Fn−2(x)

with the initial values F0(x) = 0 and F1(x) = 1.
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For n ≥ 2, the Lucas polynomials originally studied in 1970 by Bicknell, are defined by

Ln(x) = xLn−1(x) + Ln−2(x)

with the initial values L0(x) = 2 and L1(x) = x.
The Leonardo numbers are defined by following recurrence relation for n ≥ 2

Len = Len−1 + Len−2 + 1,

with initial conditions Le0 = Le1 = 1 [8]. The relationship between the Leonardo numbers and
Fibonacci numbers is

Len = 2Fn+1 − 1.

Alp and Koçer obtained new identities and matrix representation of the Leonardo numbers [2].
Prasad and Kumari defined the Leonardo polynomials as follows:

Un+2(x) = xUn+1(x) + Un(x) + x,

for n ≥ 0, where U0(x) = 1, U1(x) = 2x − 1. Then the authors investigated their numerous
algebraic properties, such as summation formulas, generating functions, Pascal 2-triangle,
interrelations with Fibonacci, Lucas, and Chebyshev polynomials, etc., in closed form in [21].
Alp and Kocer defined bivariate Leonardo polynomials and studied relationships between well
known polynomials [3]. The Leonardo numbers have been generalized in various ways by
different researchers [5, 9, 10, 12, 19, 20, 22–25]. In the literature, various generalizations have
been applied to various fields [1, 14, 15, 26]. In [16–18], Kim et al., studied on sums of finite
products of balancing polynomials, Lucas-balancing polynomials, and Spivey-type recurrence
relations for degenerate Bell and Dowling polynomials. Providing a Spivey-type formula for
q-Leonardo polynomials would be very useful.

The field of q-calculus, alternatively referred to as quantum calculus or the calculus of finite
differences, holds a pivotal role in contemporary mathematical research owing to its intricate
connections with both discrete and continuous mathematical frameworks. This mathematical
discipline extends conventional notions from classical calculus by incorporating the q-parameter,
thereby offering a novel approach to investigate the characteristics of functions, operators, numbers,
and polynomials.

[n]q =
1− qn

1− q
,

with [0]q = 0. The q-factorial is defined by

[n]! :=

{
1 if n = 0

[n] · [n− 1] · · · [1] if n = 1, 2, . . .

for n ∈ N. The q-binomial coefficients are defined by for k ≥ 0 and k ≤ n[
n

k

]
=

[n]!

[n− k]! [k]!
,

where
[
n
0

]
= 1 and

[
n
k

]
= 0 for n < k [13].
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The q-analogues of Fibonacci and Lucas polynomials have been studied by many
mathematicians. The q-Fibonacci polynomials are defined by the following recurrence relation
for n ≥ 2

Fn (x, q) = xFn−1 (x, q) + qn−2Fn−2 (x, q) ,

with initial conditions F0 (x, q) = 0,F1 (x, q) = 1. The explicit formula of the q-Fibonacci
polynomials is

Fn (x, q) =

⌊n−1
2 ⌋∑

k=0

qk
2

[
n− k − 1

k

]
xn−2k−1

for n > 0 [7].
The q-Lucas polynomials of the first kind are defined by the following recurrence relation for

n ≥ 2

Ln (x, q) = xLn−1 (x, q) + qn−2Ln−2 (x, q) ,

with initial conditions L0 (x, q)=2,L1 (x, q)=x. The explicit formula of the q-Lucas polynomials
of the first kind is

Ln (x, q) =

⌊n
2 ⌋∑

k=0

q2(
k
2)
[
n− k

k

](
1 +

[k]q
[n− k]q

)
xn−2k

for n > 0 [6].
The q-Lucas polynomials of the second kinds are defined by the following recurrence relation

Ln (x, q) = x
√
qn−1Ln−1

(
x
√
q
, q

)
+ qn−1Ln−2

(
x

q
, q

)
,

with initial conditions L0 (x, q)=2,L1 (x, q)=x. The explicit formula of the q-Lucas polynomials
of the second kind is

Ln (x, q) =

⌊n
2 ⌋∑

k=0

qk
2

[
n− k

k

](
1 + qn−2k

[k]q
[n− k]q

)
xn−2k

for n > 0.

2 Main results

In this section, we introduced the q-analogues of Leonardo polynomials called the q-Leonardo
Pisano polynomials. Also, we define q-Leonardo Lucas polynomials of the first kind and
q-Leonardo Lucas polynomials of the second kind.

Definition 2.1. The q-Leonardo Pisano polynomials are defined by

Len(x, q) = xLen−1(x, q) + qn−1Len−2(x, q) + q
(
x+ qn−1 − 1

)
, n ≥ 2 (1)

with initial conditions Le0(x, q) = 2− q and Le1(x, q) = 2x− q.
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Table 1. Special cases of the q-Leonardo Pisano polynomials

x q Len(x, q) q-Leonardo Pisano polynomials
x 1− Len(x) Leonardo Pisano polynomials
1 q Len(q) q-Leonardo Pisano numbers
1 1− Len Leonardo numbers
2x q Lpn(x, q) q-Leonardo Pell polynomials
2x 1− Lpn(x) Leonardo Pell Polynomials
2 q Lpn(q) q-Leonardo Pell numbers
2 1− Lpn Leonardo Pell numbers

Definition 2.2. The q-Leonardo Lucas polynomials of the first kind are defined by

£un (x, q) = x£un−1 (x, q) + qn−2£un−2 (x, q)− q
(
x+ qn−2 − 1

)
, n ≥ 2 (2)

with initial conditions £u0(x, q) = 4 + q and £u1(x, q) = 2x+ q.

Table 2. Special cases of the q-Leonardo Lucas polynomials of the first kind

x q £un(x, q) q-Leonardo Lucas polynomials of the first kind
x 1− £un(x) Leonardo Lucas polynomials
1 q £un(q) q-Leonardo Lucas numbers of the first kind
1 1− Lun Leonardo Lucas numbers
2x q £pn(2x, q) q-Leonardo Pell-Lucas polynomials
2x 1− £pn(2x) Leonardo Pell-Lucas polynomials
2 q £pn(2, q) q-Leonardo Pell-Lucas numbers
2 1− Lpn Leonardo Pell-Lucas numbers

Definition 2.3. The q-Leonardo Lucas polynomials of the second kind are defined by

₤un (x, q) = x
√

qn−1₤un−1

(
x√
q
, q
)
+ qn−1₤un−2

(
x
q
, q
)
− q

(
x
√
qn−1 + qn−1 − 1

)
, (3)

for n ≥ 2 with initial conditions ₤u0(x, q) = 4 + q and ₤u1(x, q) = 2x+ q.

It is clear that for q → 1− £un (x, q) = ₤un (x, q).

Table 3. Special cases of the q-Leonardo Lucas polynomials of the second kind

x q ₤un(x, q) q-Leonardo Lucas polynomials of the second kind
1 q ₤un(q) q-Leonardo Lucas numbers of the second kind
1 1− Lun Leonardo Lucas numbers
2 1− Lpn Leonardo Pell-Lucas numbers
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3 Some properties of q-Leonardo polynomials

In this section, we give several properties for q-Leonardo Pisano polynomials, the q-Leonardo
Lucas polynomials of the first kind and the q-Leonardo Lucas polynomials of the second kind.
And we give the relations between these polynomials and the special cases of these relations.

3.1 Relationship between the q-Leonardo polynomials and q-polynomials

Theorem 3.1. The relationship between the q-Fibonacci polynomials and the q-Leonardo Pisano
polynomials is as follows.

Len(x, q) = 2Fn+1(x, q)− q. (4)

Proof. Let us use the induction method on n for the proof. For n = 0 and n = 1, we have,
respectively

Le0(x, q) = 2− q = 2 · 1− q = 2F1(x, q)− q,

Le1(x, q) = 2x− q = 2 · x− q = 2F2(x, q)− q.

Thus, Equation (4) is true. Suppose that Equation (4) holds true for n = k− 1 and n = k. Then,
by using Equation (1), we get

Lek+1(x, q) = xLek(x, q) + qkLek−1(x, q) + q
(
x+ qk − 1

)
= x (2Fk+1(x, q)− q) + qk (2Fk(x, q)− q) + qx+ qk+1 − q

= 2
(
xFk+1(x, q) + qkFk(x, q)

)
− q

= 2Fk+2(x, q)− q

which completes the proof of the assertion (4) by the principle of the mathematical induction
on n.

If we choose x = 1, q → 1− and both x = 1 and q → 1− in (Eq. 4) , then we obtain

Len(q) = 2Fn+1(q)− q,

Len(x) = 2fn+1(x)− 1,

Len = 2Fn+1 − 1.

Corollary 3.1. The explicit formula of the q-Leonardo Pisano polynomials is

Len(x, q) = 2

⌊n
2
⌋∑

k=0

qk
2

[
n− k

k

]
xn−2k − q

for n > 0.

Proof. Using Equation (4) and explicit formula for the q-Fibonacci polynomials, we may write

Len(x, q) = 2Fn+1(x, q)− q

= 2

⌊n
2
⌋∑

k=0

qk
2

[
n− k

k

]
xn−2k − q.
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Theorem 3.2. The relationship between the q-Lucas polynomials of the first kind and q-Leonardo
Lucas polynomials is

£u(x, q) = 2Ln(x, q) + q. (5)

Proof. Let us use the induction method on n for the proof. For n = 0 and n = 1, we have

£u0(x, q) = 4 + q = 2 · 2 + q = 2L0(x, q) + q,

£u1(x, q) = 2x+ q = 2 · x+ q = 2L1(x, q) + q.

Thus Equation (5) is true. Suppose that Equation in (5) holds true for n = k and n = k+1. Then,
by using Equation (2), we get

£uk+2 (x, q) = x£uk+1 (x, q) + qk£uk (x, q)− q
(
x+ qk − 1

)
= x (2Lk+1(x, q) + q ) + qk (2Lk(x, q) + q)− qx− qk+1 + q

= 2
(
xLk+1(x, q) + qkLk(x, q)

)
+ q

= 2Lk+2(x, q) + q.

Theorem 3.3. The relationship between the q-Lucas polynomials of the second kind and
q-Leonardo Lucas polynomials is

₤un(x, q) = 2Ln(x, q) + q. (6)

Proof. It is proved similarly to Theorem 3.2 using the principle of the mathematical induction
on n.

If we choose x = 1, q → 1− and both x = 1 and q → 1− in (5) and (6), we obtain

£un(q) = 2Ln(q) + q,

₤un(q) = 2Ln(q) + q,

£un(x) = 2ℓn(x) + 1,

Lun = 2Ln + 1.

Corollary 3.2. Explicit formulas of the q-Leonardo Lucas polynomials of the first kind are

£un(x, q) = 2

⌊n
2 ⌋∑

k=0

q2(
k
2)
[
n− k

k

](
1 +

[k]

[n− k]

)
xn−2k + q (7)

and

₤un (x, q) = 2

⌊n
2 ⌋∑

k=0

qk
2

[
n− k

k

](
1 + qn−2k [k]

[n− k]

)
xn−2k + q (8)

for n > 0.
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3.2 Negative indexed q-Leonardo polynomials

q-Leonardo Pisano polynomials can be extended backward to negative indices by rearranging the
defining recurrence

Len−2(x, q) = q1−nLen(x, q)− xq1−nLen−1(x, q)− q2−n
(
x+ qn−1 − 1

)
. (9)

Theorem 3.4. Negative indexed q-Leonardo Pisano polynomials are Le−1(x, q) = −q and

Le−n (x, q) = (−1)n
(
qn−1Len−2

(
x
√
qn−1, q

)
+ qn

)
− q (10)

for n ≥ 2.

Proof. Using the recurrence relation (9) for n = 1, we obtain

Le−1(x, q) = Le1(x, q)− xLe0(x, q)− q
(
x+ q0 − 1

)
= 2x− q − x (2− q)− q (x+ 1− 1)

= −q.

We use the induction method on n. For n = 0, using (9) we obtain

Le−2(x, q) = Le0(x, q)− xLe−1(x, q)− q
(
x+ q−1 − 1

)
= q.

and the right-hand side of (10) becomes

(−1)2
(
q2−1Le2−2

(
x
√

q2−1, q
)
+ q2

)
− q = q (2− q) + q2 − q = q = Le−2(x, q).

For n = −1 in Eq. (9),

Le−3(x, q) = q2Le−1(x, q)− xq2Le−2(x, q)− q3
(
x+ q−2 − 1

)
= q2 (−q)− xq2 (q)− q3

(
x+ q−2 − 1

)
= −2q2x− q

and using (10) we obtain

(−1)3
(
q3−1Le3−2

(
x
√
q3−1, q

)
+ q3

)
− q = (−1)3

(
q2 (2 (xq)− q) + q3

)
− q

= −2q2x− q

= Le−3(x, q).

Suppose that (10) holds for n = t and n = t+ 1 then

Le−t (x, q) = (−1)t
(
qt−1Len−2

(
x
√

qt−1, q
)
+ qt

)
− q, (11)

Le−(t+1) (x, q) = (−1)t+1
(
qtLet−1

(
x
√

qt, q
)
+ qt+1

)
− q. (12)
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If we use (9), we get

Le−(t+2)(x, q) = q1+tLe−t(x, q)− xq1+tLe−(t+1)(x, q)− q2+t
(
x+ q−(t+1) − 1

)
= q1+t

[
(−1)t

(
qt−1Let−2

(
x
√
qt−1, q

)
+ qt

)
− q
]

− xq1+t
[
(−1)t+1

(
qtLet−1

(
x
√
qt, q

)
+ qt+1

)
− q
]

− q2+t
(
x+ q−t−1 − 1

)
= (−1)t q1+t

qt−1Let−2

(
x
√

qt−1, q
)
+ xqtLet−1

(
x
√

qt, q
)

︸ ︷︷ ︸
A


+ (−1)t q1+2t + (−1)t xq2+2t − q

where

A = (−1)t q1+t

2

⌊ t−1
2

⌋∑
k=1

qk
2

xt−2k

[
t− 1− k

k − 1

]
q

t(t−2k+1)−2k
2 − qn


+ (−1)t q1+t

2

⌊ t−1
2

⌋∑
k=0

qk
2

xt−2k

[
t− 1− k

k

]
q

t(t−2k+1)−2k
2 qk − xqt+1


− (−1)t q1+t

(
qt + xqt+1

)
= (−1)t q1+t

2

⌊ t
2
⌋∑

k=1

qk
2

xt−2kq
t(t−2k+1)−2k

2

[
t− k

k

]− (−1)t q1+t
(
qt + xqt+1

)
= (−1)t q1+t

(
Let

(
x
√

qt+1, q
)
+ q − qt − xqt+1

)
.

Hence

Le−(t+2)(x, q) = q1+t (−1)t
[
Let

(
x
√
qt+1, q

)
+ q − qn − xqt+1

]
+ (−1)t q1+2t + (−1)t xq2+2t − q

= (−1)t+2
(
qt+1Len

(
x
√
qt+1, q

)
+ qt+2

)
− q.

If we choose q → 1− and both x = 1 and q → 1− in (10), then

Le−n (x) = (−1)n (Len−2 (x) + 1)− 1,

Le−n = (−1)n (Len−2 + 1)− 1.

The q-Leonardo Lucas polynomials of the first kind can be extended backward to negative
indices by rearranging the defining recurrence

£un−2 (x, q) = q2−n£n (x, q)− xq2−n£n−1 (x, q) + q3−n
(
x+ qn−2 − 1

)
. (13)

Theorem 3.5. Negative indexed q-Leonardo Lucas polynomials of the first kind are

£u−n (x, q) = (−1)n
√
qn₤un

(
x
√
qn, q

)
+ (−1)n+1

√
qn+2 + q. (14)
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Proof. We use the induction methods on n. For n = 1 using (13), we obtain

£u−1 (x, q) = q1£u1 (x, q)− xq1£u0 (x, q) + q2
(
x+ q−1 − 1

)
= q (2x+ q)− xq (4 + q) + q2

(
x+ q−1 − 1

)
= q − 2qx

and the right-hand side of (14) for n = 1, then

(−1)1
√
q1₤u1

(
x
√

q1, q
)
+ (−1)1+1

√
q1+2 + q = −2xq + q = £u−1 (x, q) .

For n = 0, we have

£u−2 (x, q) = q2£u0 (x, q)− xq2£u−1 (x, q) + q3
(
x+ q−2 − 1

)
= q2 (4 + q)− xq2 (q − 2qx) + q3

(
x+ q−2 − 1

)
= 2q3x2 + 4q2 + q.

For n = 2 and using RHS (14), we obtain

(−1)2
√
q2₤u2

(
x
√

q2, q
)
+ (−1)3

√
q4 + q = 2x2q3 + 4q2 + q = £u−2 (x, q) .

Suppose that Equation (16) holds for n = t and n = t+ 1, then

£u−t (x, q) = (−1)t
√

qt₤ut

(
x
√
qt, q

)
+ (−1)t+1

√
qt+2 + q,

£u−(t+1) (x, q) = (−1)t+1
√

qt+1₤ut+1

(
x
√
qt+1, q

)
+ (−1)t+2

√
qt+3 + q.

If we use (13), we obtain

£u−(t+2) (x, q) = q2+t£u−t (x, q)− xq2+t£u−(t+1) (x, q) + q3+t
(
x+ q−t−2 − 1

)
= q2+t (−1)t

{√
qt₤ut

(
x
√
qt+1, q

)
−
√

qt + q
}
+ q3+t

+ q2+t (−1)t
{
x
√
qt
√
q₤ut+1

(
x
√
qt+1, q

)
− x
√

qt+1
√
q
}
− xqt+3

+ xqt+3 + q − q3−t

= q2+t (−1)t
{√

qt₤ut

(
x
√
qt+1, q

)
+ x
√
qt
√
q₤ut+1

(
x
√
qt+1, q

)}
− q2+t (−1)t

√
qt {−√

q − xq}+ q

= (−1)t+2
√

qt+2₤ut+2

(
x
√
qt+2, q

)
+ (−1)t+3

√
qt+4 + q.

The q-Leonardo Lucas polynomials of the second kind can be extended backward to negative
indices by rearranging the defining recurrence

₤un−2 (x, q) = q1−n₤un (qx, q)− xq2−n (
√
q)n−1 ₤un−1 (

√
qx, q) (15)

+ q2−n
(
x
√
qn+1 + qn−1 − 1

)
Theorem 3.6. Negative indexed q-Leonardo Lucas polynomials of the second kind are

₤u−n (x, q) = (−1)n
√
qn£un

(
x
√
qn, q

)
+ (−1)n+1

√
qn+2 + q. (16)
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Proof. We use the induction method on n. For n = 1 using (15), we obtain

₤u−1 (x, q) = q0₤u1 (qx, q)− xq (
√
q)0 ₤u0 (

√
qx, q) + q

(
xq + q0 − 1

)
= q − 2qx

and the right-hand side (16) for n = 1, then becomes

(−1)1
√
q£u1 (x

√
q, q) + (−1)2

√
q3 + q = (−1)

√
q (2x

√
q + q) +

√
q3 + q

= q − 2qx

= ₤u−1 (x, q)

For n = 2, we get

₤u−2 (x, q) = q₤u0 (qx, q)− xq2
√
q−1₤u−1 (

√
qx, q) + q2

(
x
√
q + q−1 − 1

)
= 2q3x2 + 5q

and using the right-hand side of (16), we obtain

(−1)2
√
q2£u2

(
x
√

q2, q
)
+ (−1)3

√
q4 + q = 2x2q3 + 5q = ₤u−2 (x, q) .

Suppose that Equation (16), holds for n = t and n = t+ 1, then

₤u−t (qx, q) = (−1)t
√

qt£ut

(
xq
√
qt, q

)
+ (−1)t+1

√
qt+2 + q.

If we use (15), we obtain

₤u−(t+2) (x, q) = q1+t₤u−t (qx, q)−xq2+t√q−(t+1)₤u−(t+1) (x
√
q, q)+qt+2

(
x
√
q−t+1 + q−t−1 − 1

)
= (−1)t

√
qt+2

(
xq
√

qt£ut+1

(
x
√
qt+2, q

)
+ qt£ut

(
xq
√

qt, q
)
− xq2

√
qt − qt+1

)
+q

= (−1)t+2
√

qt+2£ut+2

(
xq
√

qt, q
)
+ (−1)t+3

√
qt+4 + q.

If we choose q → 1− and both x = 1 and q → 1− in (14) and (16), then we obtain

£u−n (x) = (−1)n (₤un (x)− 1) + 1,

Lu−n = (−1)n (Lun − 1) + 1.

Interestingly, the negative index terms of q-Leonardo Lucas polynomials of the first and
second kinds are expressed in terms of each other.

3.3 Some identities for q-Leonardo Pisano polynomials

Theorem 3.7. (Cassini’s Identity) For n ≥ 2, the following identity holds:.

Len+1 (x, q)Len−1

(
x√
q
, q
)
−√

qLen (x, q)Len

(
x√
q
, q
)

(17)

+ q
(
Len+1 (x, q)−

√
qLen (x, q)−

√
qLen

(
x√
q
, q
)
+ Len−1

(
x√
q
, q
))

= 4 (−1)n q
n2+1
2 − q2 (1−√

q) .

Proof. In [11], the author obtained Cassini formula for the q-Fibonacci polynomials as follows.

Fn+2(x, q)Fn

(
x√
q
, q
)
−√

qFn+1(x, q)Fn+1

(
x√
q
, q
)
= (−1)n+1 (

√
q)n

2+1 . (18)
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Using the relation between q-Fibonacci polynomials and q-Leonardo Pisano polynomials in
(18), we have(

Len+1(x,q)+q
2

)(Len−1(
x√
q
,q)+q

2

)
−√

q
(

Len(x,q)+q
2

)(Len( x√
q
,q)+q

2

)
= (−1)n+1 (

√
q)n

2+1 .

Then we obtain

Len+1(x, q)Len−1

(
x√
q
, q
)
−√

qLen(x, q)Len

(
x√
q
, q
)
+ qLen+1(x, q) + qLen−1

(
x√
q
, q
)

− q
√
qLen(x, q)− q

√
qLen

(
x√
q
, q
)

= 4(−1)n+1 (
√
q)n

2+1 + q2 (
√
q − 1) .

If we choose q → 1− and both x = 1 and q → 1− in the sequence in (17) , then we obtain

Len+1 (x)Len−1 (x)− Le
2
n (x) + Len+1 (x)− 2Len (x) + Len−1 (x) = 4 (−1)n+1 ,

Le2n+1 − LenLn+2 = Len − Len−1 + 4 (−1)n+1 .

Theorem 3.8. (Honsberger’s Identity) For n ≥ 1, the following identity holds:.

2
√
q−knLen+k(x, q) = Len(x, q)Lek

(
x√
qn
, q
)
+
√
qk+n−1Len−1(x, q)Lek−1

(
x√
qn+1 , q

)
(19)

+ q
(
Len(x, q)+Lek

(
x√
qn
, q
))

+
√
qk+n+1

(
Len−1(x, q)+Lek−1

(
x√
qn+1 , q

))
+ q2

(
1 +

√
qk+n−3 − 2

√
q−kn−2

)
.

Proof. In [11], the author obtained Honsberger’s identity for the q-Fibonacci polynomials as
follows

√
q−knFn+k+1 (x, q) = Fn+1 (x, q)Fk+1

(
x√
qn
, q
)
+
√
qk+n−1Fn (x, q)Fk

(
x√
qn+1 , q

)
. (20)

Using the relation between q-Fibonacci polynomials and q-Leonardo Pisano polynomials in (20),
we have

√
q−kn

(
Len+k(x, q) + q

2

)
=

(
Len(x, q) + q

2

)Lek

(
x√
qn
, q
)
+ q

2


+
√
qk+n−1

(
Len−1(x, q) + q

2

)Lek−1

(
x√
qn+1 , q

)
+ q

2

 .

Then we obtain

2
√
q−knLen+k(x, q) = Len(x, q)Lek

(
x√
qn
, q
)
+
√
qk+n−1Len−1(x, q)Lek−1

(
x√
qn+1 , q

)
+ q
(
Len(x, q) + Lek

(
x√
qn
, q
))

+
√
qk+n+1

(
Len−1(x, q)+Lek−1

(
x√
qn+1 , q

))
+ q2

(
1 +

√
qk+n−3 − 2

√
q−kn−2

)
.

If we choose q → 1− and both k = n and q → 1− in Equation (19), then we obtain:

2Len+k (x) = Len (x)Lek (x) + Len−1 (x)Lek−1 (x) + Len (x) + Lek (x) + Len−1 (x) + Lek−1 (x) ,

2Len+k = LenLek + Len−1Lek−1 + Len+1 + Lek+1 − 2.
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3.4 Relations between q-Leonardo polynomials

Theorem 3.9. For n ≥ 2, the following equality gives the relationships between the q-Leonardo
Pisano polynomials and q-Leonardo Lucas polynomials of the first kind:

√
qn£un (x, q) = Len(x

√
q, q) + qn−1Len−2(

x√
q
, q) + q

(
1 + qn−1 +

√
qn
)
. (21)

Proof. Using the explicit formula for q-Leonardo Lucas polynomials of the first kind, we may
write

£un (x, q) = q + 2

⌊n
2 ⌋∑

k=0

q2(
k
2)
[
n− k

k

](
1 +

[k]q
[n− k]q

)
xn−2k

= q +
√
q−n2

⌊n
2 ⌋∑

k=0

qk
2

[
n− k

k

]
(x
√
q)n−2k + 2

⌊n
2 ⌋∑

k=1

qk
2

[
n− k − 1

k − 1

]
xn−2kq−k

= q +
√

q−nLen (x
√
q, q) +

√
q1−n +

√
qn−2

(
Len−2

(
x√
q
, q
)
+ q
)
.

Then we have
√
qn£un (x, q) = Len(x

√
q, q) + qn−1Len−2(

x√
q
, q) + q

(
1 + qn−1 +

√
qn
)
.

If we choose q → 1− and both x = 1 and q → 1− in the sequence in (21), we obtain:

£un (x) = Len(x) + Len−2(x) + 3,

Lun = Len + Len−2 + 3.

Theorem 3.10. For n ≥ 0, the following identity holds:(
x2 + 4

)
Len (x, q) = x£un+1 (x, q) + 2

√
qn£un

(
x√
q
, q
)
− q

(
x2 + x+ 2

√
qn + 4

)
(22)

If we choose q → 1− and both x = 1 and q → 1− in the sequence in (22), we have(
x2 + 4

)
Len (x) = x£un+1 (x) + 2£un (x)−

(
x2 + x+ 6

)
and

5Len = Lun+1 + 2Lun − 8.

Theorem 3.11. For n ≥ 2, the following equality gives the relationships between the q-Leonardo
Pisano polynomials and q-Leonardo Lucas polynomials of the second kind

₤un (x, q) = Len (x, q) + qn−1Len−2 (x, q) + q
(
qn−1 + 2

)
. (23)

Proof. Using the explicit formula for q-Leonardo Lucas polynomials of the second kind, we may
write

₤un (x, q) = q + 2

⌊n
2 ⌋∑

k=0

qk
2

[
n− k

k

](
1 + qn−2k

[k]q
[n− k]q

)
xn−2k

= Len(x, q) + 2q + 2qn−1

⌊n−2
2 ⌋∑

k=0

qk
2

[
n− k − 2

t

]
xn−2k−2

= Len(x, q) + qn−1Len−2(x, q) + q
(
qn−1 + 2

)
.
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If we choose q → 1− and both x = 1 and q → 1− in (23), we have

₤un (x) = Len (x) + Len−2 (x) + 3,

Lun = Len + Len−2 + 3.

Theorem 3.12. For n ≥ 0, the following identity holds:(
x2 + 2qn+1 + 2qn

)
Len (x, q) = ₤un+2 (x, q)+qn₤un (x, q)−qn+1 (3 + 2q)−q

(
1 + x2

)
. (24)

Proof. If we use the relationships between the q-Leonardo Pisano polynomials and q-Leonardo
Lucas polynomials of the second kind in Equation (23), then we have

₤un+2 (x, q) = Len+2(x, q) + qn+1Len(x, q) + qn+2 + 2q

= xLen+1(x, q) + 2qn+1Len(x, q) + q
(
x+ 2qn+1 + 1

)
and

qn₤un (x, q) = qn
(
Len(x, q) + qn−1Len−2(x, q) + qn + 2q

)
= 2qnLen(x, q)− xqnLen−1(x, q) + qn+1 (3− x)

then

₤un+2 (x, q) + qn₤un (x, q) =
(
2qn+1 + 2qn

)
Len(x, q) + x (Len+1(x, q)− qnLen−1(x, q))

+ q
(
x+ 2qn+1 + 1

)
+ qn+1 (3− x)

=
(
2qn+1 + 2qn

)
Len(x, q) + x (xLen(x, q) + q (x+ qn − 1))

+ q
(
x+ 2qn+1 + 1

)
+ qn+1 (3− x)

=
(
2qn+1 + 2qn + x2

)
Len(x, q) + q

(
x2 + 1

)
+ qn+1 (2q + 3)

Finally we obtain(
x2 + 2qn+1 + 2qn

)
Len (x, q) = ₤un+2 (x, q) + qn₤un (x, q)− qn+1 (3 + 2q)− q

(
1 + x2

)
.

If we choose x = 1, q → 1− and both x = 1 and q → 1− in the sequence in (24), we obtain:(
x2 + 2qn+1 + 2qn

)
Len (q) = ₤un+2 (q) + qn₤un (q)− q

(
3qn + 2qn+1 + 2

)
,(

x2 + 4
)
Len (x) = ₤un+2 (x) + ₤un (x)−

(
x2 + 6

)
,

5Len = Lun+2 + Lun − 7.

3.5 Generating functions of q-Leonardo polynomials

We give the generating functions of q-Leonardo Pisano polynomials and q-Leonardo Lucas
polynomials of the first and second kind with an operator ηz, where ηz is an operator on functions
of z defined by ηz(f(z)) = f(qz).

Corollary 3.3. The generating function of q-Leonardo Pisano polynomials is

G(z) =
q

z − 1
+

2

1− xz − z2ηz
1,

where ηz(f(z)) = f(qz) for any function f .
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Proof. Using Equation (4) and the generating functions of the q-Fibonacci polynomials in [4],
we have

G(z) =
∞∑
n=0

Len(x, q)z
n

=
∞∑
n=0

(2Fn+1(x, q)− q) zn

=
2

z

∞∑
n=1

Fn(x, q)z
n − q

∞∑
n=0

zn

=
2

z

z

1− xz − z2ηz
1− q

1− z

=
q

z − 1
+

2

1− xz − z2ηz
1.

Corollary 3.4. The generating function of the q-Leonardo Lucas polynomials of the first kind is

H (z) =
q

1− z
+

4− 2xz

1− xz − z2ηz
1,

where ηz(f(z)) = f(qz) for any function f .

Proof. Using Equation (5) and the generating functions of the q-Lucas polynomials of the first
kind in [11] then the desired is obtained.

Corollary 3.5. The generating function of the q-Leonardo Lucas polynomials of the second kind
is

K(z) = 4− 2q +
q

1− z
+

2(2− xz)

1− xz − z2ηz
1,

where ηz(f(z)) = f(qz) for any function f .

Proof. Using Equation (23) and the generating functions of the q-Leonardo Pisano polynomials,
we have

K (z) =
∞∑
k=0

₤uk (x, q) z
k

= ₤u0 (x, q) +
∞∑
k=1

₤uk (x, q) z
k

= 4 + q +
∞∑
k=1

(2Lek (x, q)− xLek−1 (x, q) + q (3− x)) zk

= 4− 2q + qx+ (2− xz)
∞∑
k=0

Lek (x, q) z
k + q (3− x)

∞∑
k=0

zk

= 4− 2q + qx+ (2− xz)G(z) + q (3− x)
1

1− z

= 4− 2q +
q

1− z
+

2(2− xz)

1− xz − z2ηz
1.
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3.6 Summation formulas for q-Leonardo polynomials

In this section, we give several sum properties for q-Leonardo Pisano polynomials, q-Leonardo
Lucas polynomials of the first kind, q-Leonardo Lucas polynomials of the second kind. Also we
achieve sum properties of the relationships between q-Leonardo polynomials.

Theorem 3.13. The following identity holds:

n∑
k=0

(
x+ qk+1 − 1

)
Lek (x, q) = Len+1 (x, q) + qn+1Len (x, q) (25)

− q ([n+ 1] + (n+ 1) (x− 1)− 2)− 2

where [n] the q-integer of n.

Proof. Using the recurrence relation of q-Leonardo Pisano polynomials in (1), we have

xLen−1(x, q) + qn−1Len−2(x, q)− Len(x, q) = −q
(
x+ qn−1 − 1

)
and

xLe1(x, q) + q1Le0(x, q)− Le2(x, q) = q (1− x)− q2

xLe2(x, q) + q2Le1(x, q)− Le3(x, q) = q (1− x)− q3

...

xLen(x, q) + qnLen−1(x, q)− Len+1(x, q) = q (1− x)− qn+1.

Then we obtain
n∑

k=0

(
x+qk+1−1

)
Lek (x, q) = Len+1(x, q) + qn+1Len(x, q)− Le0(x, q) + xLe0(x, q)

− Le1(x, q) + qn (1− x)− q2
n−1∑
k=0

qk

= Len+1(x, q) + qn+1Len(x, q)− q ([n+ 1] + (n+ 1) (x− 1)− 2)− 2.

• If we choose q → 1− in (25), then we obtain

n∑
k=0

Lek (x) =
Len+1(x) + Len(x)

x
− (n+ 1) .

• If we choose x = 1 in (25), then we obtain

n∑
k=0

qk+1Lek (q) = Len+1 (q) + qn+1Len (q) + q − q2 [n]− 2.

• If we choose x = 1 and q → 1− in (25), then we obtain

n∑
k=0

Lek = Len+1 + Len − (n+ 1) = Len+2 − (n+ 2) .
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Theorem 3.14. The following identity holds.
n∑

k=0

(
x+ qk+1 − 1

)
£uk (x, q) = £un+1 (x, q) + qn£un (x, q) (26)

+ q [n] + (x− 1) (q (n+ 1) + 2)− 2− q.

where [n] the q-integer of the number n.

Proof. Using the recurrence relation for q-Leonardo Lucas polynomials of the first kind, the
identity is proved similarly to Theorem 3.13.

Theorem 3.15. The following identity holds:
n∑

k=1

xn−kqk+1Lek(x, q) = Len+2(x, q)−
(
2xn+2 + 2qxn − q

)
− q3

xn − qn

x− q
.

Proof. Using the recurrence relation of q-Leonardo Pisano polynomials, we obtain

qn

xn
Len(x, q) =

1

qxn
Len+2(x, q)−

1

qxn−1
Len+1(x, q) +

(
1

xn
− 1

xn−1
− qn+1

xn

)
for n ≥ 0. Then we obtain

n∑
k=1

( q
x

)k
Lek(x, q) =

1

qxn
Len+2(x, q)−

1

q
Le2(x, q)− 1 +

1

xn
− q2

x

n−1∑
k=0

( q
x

)k
=

1

qxn
Len+2(x, q)−

1

q

(
2x2 + 2q − q

xn

)
− q2

x

1−
(
q
x

)n
1− q

x

.

Finally,
n∑

k=1

xn−kqk+1Lek(x, q) = Len+2(x, q)−
(
2xn+2 + 2qxn − q

)
− q3

xn − qn

x− q
.

Theorem 3.16. The following identity holds:.
n∑

k=1

xn−kqk£un (x, q) = £un+2 (x, q)−
(
2xn+2 + 4xn + q

)
+ q2

xn − qn

x− q
, (27)

where £un (x, q) is the n-th q-Leonardo Lucas polynomials of the first kind.

Proof. Using the recurrence relation of the q-Leonardo Lucas polynomials, we obtain

qn

xn
£un (x, q) =

1

xn
£un+2 (x, q)−

1

xn−1
£un+1 (x, q) + q

(
1

xn−1
− 1

xn
+ qn

)
for n ≥ 0. Then,

n∑
k=1

( q
x

)k
£un (x, q) =

1

xn
£un+2 (x, q)− £u2 (x, q) + q − q

xn
+ q

n∑
k=1

qk

xk

=
1

xn
£un+2 (x, q)−

(
2x2 + 4 +

q

xn

)
+

q2

x

1−
(
q
x

)n
1− q

x

.

Hence we obtain
n∑

k=1

xn−kqk£un (x, q) = £un+2 (x, q)−
(
2xn+2 + 4xn + q

)
+ q2

xn − qn

x− q
.
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4 Conclusion

In this paper, q-Leonardo Pisano and q-Leonardo Lucas polynomials of the first and second
kind are introduced and their various properties are mentioned. In particular, the relation of
polynomials q-Fibonacci polynomials and q-Lucas polynomials are shown.
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