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1 Introduction

For a positive integer e > 2, the Jacobi sums of order e are algebraic integers in the cyclotomic
field Q(¢.), where (. = exp(27i/e). These are defined in the set up of a finite field F, with ¢ = p”
where ¢ = 1 (mod e), p prime. Jacobi sums are important in the theory of cyclotomy and their
congruences have been studied by many authors. Earlier authors [2] obtained congruences in the
setup of F,,, p = 1 (mod e) and later authors [5] considered ¢ = p” = 1 (mod e).

1. Tt is well known that ([2] and [13]) the Jacobi sums of odd prime order [/, J(1,7), = —1
(mod (1 — ¢;)?). This congruence also holds (mod (1 — ¢;)?) ([7] and [14]).

2. Congruence of Jacobi sums of order 2/ (I odd prime) were obtained by V. V. Acharya,
S. A. Katre [1]. They showed that
J(1,n)y = —¢™"*) (mod (1 — ¢)?), where n is an odd integer such that 1 < n < 2] —3
and m = ind, 2 where -y is generator of [F;.

3. A congruence of Jacobi sum J(1,1)g of order 9 was obtained by S. A. Katre and Rajwade
[8]. They showed that J(1,1)g = —1 — (ind,3)(1 — w) (mod (1 — {o)*) where w = (y°
and  is generator of F;.

4. Congruences of order /2 (I odd prime) were obtained by D. Shirolkar and S. A. Katre. Refer
to Theorem and Remarks following [15]. They showed that

l
14> ein(¢ = 1) (mod (1—¢)"), ifged(l,n) =1,
=3

—1 (mod (1 — ¢)H1), if ged(l,n) = 1,

J(l,n)lz =

where 1 <n <[?—1.

5. If k is an odd power > 3, then J(7,7)r = —1 (mod (1 — ()?) (see [6]).
R. J. Evans [5] generalised this result to all £ > 2 by elementary methods getting sharper
congruences in some cases, especially when k£ > 8 is a power of 2.

The purpose of this paper is to apply the general result of D. Shirolkar and S. A. Katre [15] to the
case [ = 7 and to show that, for septic artiad and septic hyperartiad primes p, the corresponding
determining congruence for the Jacobi sum J(1, 1)49 simplifies considerably.

2 Preliminaries

Let e be a positive integer > 2 and ¢ = p” = 1 (mod e), p prime. Let F, be a finite field with
q elements. Write p” = ¢ = ef + 1. Let ( be a complex primitive eth root of unity. If v is a
generator of IF}, then define the multiplicative character x : F, — Q(¢) by x(v) = ¢, x(0) = 0.
Given a generator «y of I define the Jacobi sum J (3, j). by

J(i,§) = T, e =D X' (1+v), 0<i,j<e—1

vEFR,

Here x°(0) = 0. Also, i and j can be considered modulo e, with the understanding that x*(0) = 0
for any integer i. Note that .J(¢, 7). € Z[(], the ring of integers of Q(().
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A variation of the Jacobi sum is defined as

TO¢X)e =Y X (1—v), 0<ij<e—1.
veElFy
Observe that J (4, j).= x*(—1)J(x*, X’ )e- When g = 27, x*(—1) = x*(1) = 1 and both the Jacobi
sums coincide. Otherwise, x'(—1) = (—1)¥/ and hence the two Jacobi sums differ at most in
sign. For multiplicative characters x and ¢ on F,, J(x, %) can be analogously defined.
In the following theorem, we state some standard results about Jacobi sums.

Theorem 2.1 (Elementary properties of Jacobi sums).

1) Ifi and j are congruent to 0 modulo e, then J(x*, x?). = q — 2.
2) If exactly one of i and j is congruent to 0 modulo e, then J(x', x?)e = —1.
3) Ifi is nonzero modulo e and i + j is congruent to 0 modulo e, then J(x*, x?). = —x*(—1).

4) J(Xx)e = T, xDe = X (=1 (X T, ).
5) If e does not divide i, j and i + j, then | J(X', xX?)e |= /4.

Proof. See [2] for the case ¢ = p, and [16] for ¢ = p". O

Remark: If f is even or ¢ = 27, then J(4,7)e = J(X*, X7 )e» 50 (4) gives J(i,5)e = J(J,1)e =
T(—i—j,§)e = TG, —i—)e = J(—i—j,i)e = J (i, —i—7)e. In particular J(i, 1), = J(—2i, i), =
J (1, —2i).

3 Cyclotomy

Let v, ¢ and x be as in Section 2. For 0 < i,j < e — 1 (4, j (mod ¢)), define the e* cyclotomic
numbers (i, j). by (i, j). = Cardinality(X;;) where

Xi; = {veF|xw) = xv+1) =}

= {velF,—{0,-1} | indyv =i (mod e), ind,(v+1) =5 (mod e)}.
We state below some basic properties of the cyclotomic numbers. (See [3] for ¢ = p, [16]). For
q=7r",
(i',7)e ifi=4 and j=j" (mod e).
(i,j)e = (6 - Z?] - i)e
(4,1)e, if fiseven or ¢ =2",

(j 4 3@+ 3€)e,  otherwise.
Thus if f iseven or ¢ = 2", r > 2, then

(&, 7)e = (i)e=(i—J,—J)e=( =i —i)e
- (_iaj - Z.)e = (_jai _j)e~ (1)
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The e? Jacobi sums and the e? cyclotomic numbers are related by
DD I, ) = €(a,b)e, )
i
and

Z Z<i7j>ecai+bj = J(av b)e' 3)

Jacobi sums and cyclotomic numbers are related to Dickson—Hurwitz sums. These are defined
fori,j (mod e) by (for ¢ = p, see [2])

e—1

B(i,j) = B(i,j)e = > _(h,i— jh).. e

h=0

They satisfy the relation B(i, j). = B(i,e — j — i).. Also,

f—1, ifi=0,

B(i,0). = (%)
fs ifl<i<e-—1.
and
e—1
Y B(i,j)e=q—2. 6)
=0

Dickson-Hurwitz sums and Jacobi sums J(x, x’). are related by (for ¢ = p, see [2])

e—1

X (DI XD)e = X (=D)x(=1)J (1, 4)e = > B(i, §)eC" (7)

1=0

[y

Hence if f is even or ¢ = 27, then J(1, j). = B(i,7)eC".

%

Il
=)

4 Congruences of Jacobi sums J (1, n),;2 of order 12

The determining congruences of Jacobi sums J (1, n);z of order [? have been studied by Devendra
Shirolkar and S. A. Katre [15]. This congruence is in the terms of linear combination of cyclotomic
numbers of order /. Their work generalises the work of R. J. Evans [5]. We state their important
result for ready reference.

Lemmad4.1. Let| > 3 beaprimeand1 <n <1?—1. Writen = dl +n' where1 <n' <[ —1.
For1 <h<l[-—1,let

A =An(n) = {#} 4 {w} ’

and1 < h,k <I1l—1, h#k, let
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h+n'k k+n'h n'k —h(n +1
i - [ [ it

N [n’h—kl(n'—l— 1)} N |:/€—h(ln/+ 1)] N [h—k(;l/-i-l)] '

For a given n, \ . depends only on the class of six elements (cf. (1)) to which (h, k), belongs.
Define

S(n) = tB(lt + j,n)p.
Then

S(n) =Y M(h,0) + > Nk(h. k) (mod 1)

h=1
where Z is taken over a set of representatives of classes of six elements of cyclotomic numbers
ofordercl, obtained with respect to (1). Furthermore S(n) = 0 (mod 1) if ged (I,n) = 1.
Proof. See [15]. O

Theorem 4.1. Let | > 3 be a prime and p" = q¢ = 1 (mod I?). If1 < n <[> — 1, then a
(determining) congruence for J(1,n)q for a finite field F, is given by

l
143 (¢ = 1) (mod (1— )", ifged(l,n) =1,
1=3

J(l, n)l2 =
—1 (mod (1 —¢)"*), if ged(l,n) =1,
S
where for3 <i<1l—1, ¢, = Z (2) B(u,n’); and ¢, = S(n) is given by Lemma 4.1.
Proof. See [15]. O]

5 Cyclotomic numbers of order 7

There are 49 cyclotomic numbers of order 7. Of these, only twelve distinct cyclotomic numbers
of order 7 are sufficient to determine the remaining (see Equation (1)). If p = 1 (mod 7), the
Diophantine system of Leonard and Williams is given by (see [10]):

72p = 217 + 42(wo% + 23* + 247) + 343(w5% + 3x6°),
12122 — 12[[’42 + 147$52 — 4411’62 + 561’1{23'6 + 241‘21’3 — 24£L‘2I4 + 48[[)31’4 + 98I5CL’6 = O,
12252 — 12242 + 4925% — 147262 + 282125 + 282126 + 482025 + 24324 + 4902526 = 0.
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1 = 1 (mod 7) has six non-trivial solutions satisfying z; = 1 (mod 7) in addition to the two

trivial solutions (—6t, +£2u, +2u, F2u, 0, 0) where ¢ is given uniquely and u is given ambiguously

byp=t*+7u®t =1 (mod 7). If X; =

(21, T2, T3, T4, T5, x6) is one of the non-trivial solutions,

then the other five non-trivial solutions are (see [10]):

Xy = (w1, 23, — 4, Ta, —§($5 + 3xg), %(% — x4)),

X3 = (21, T4, — T2, T3, —§(x5 — 3x4), —%(% + x6)),
Xy = (1, —x4, T2, — 3, —5(955 — 3xg), —%(iﬂg) + x¢)),
X5 = (21, —x3, T4, To, —%(% + 3xg), %(a:5 — ),

Xo = (21, — 22,

—T3, — %4, T, Tg)-

For a suitable choice of solution of the above Diophantine system, the cyclotomic numbers of

order 7 are given by (see [11]):

49(
588(
588(
588(
88(
88(

(
(
(
(
(
(

Y
Y
I

Y

ot

?

0
0
0
0
0
0,
0
1
1
1
1
2

(@4

588
288
38
588
288
288

?

ot

I
Y
Y

?

6 6

Also,if J(1,1)7 = ) (' =

12¢1 =
12¢9 =
12¢5 =
12¢4 =
12¢c5 =
12¢6 =

0) =
1) =
2) =
3) =
4) =
5) = 12p — 72 + 24t — 168u — 6x1 — 84x3 —
,6) = 12p — 72 + 24t — 168u — 621 — 84xe + 4223 + 14Tx5 + 14726
2) =

3) =

4) =

5) =

5 =

— 20 — 12t 4 32,4
= 12p 72 4 24t 4+ 168u — 671 + 842y — 4223 4 14724 + 14724
= 12p — 72 + 24t + 168u — 621 + 84x3 + 42x4 — 294 x4
= 12p — 72 + 24t — 168u — 621 + 4229 + 84wy — 14725 + 14724
= 12p — 72 + 24t + 168u — 621 —

42332 — 84(134 — 14733’5 + 147.(5(,

42ZL‘4 - 2941’6
®)

= 12p + 12 + 24t + 8z1 — 1965
=12p+ 12 — 60t — 84u — 621 + 4229 + 4223 — 4224
= 12p + 12 + 24t + 8x1 + 98ws5 — 294w
12p 4+ 12 — 60t + 84u — 6z —
12p 4+ 12 4 24¢ + 81 + 98x5 + 294z

42x9 — 4215 + 4214

Z B(i,1)¢" is a Jacobi sum of order 7, then for a suitable choice
=0 =0
of solution of the above Diophantine system, the integers cy, ca, . . .

, Cg are given by (see [11]):

—2$1 + 6[172 + 71’5 + 21%6
—2ZL‘1 + 6[L‘3 + 71‘5 - 21ZL‘6
—2.731 + 61’4 — 141‘5
€))
—2x1 — 6xy — 145
—2!131 - 61’3 + 71’5 - 211’6

—2.731 — 61’2 + 71’5 + 211’6
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6 Congruences of Jacobi sum J (1, 1)49 of order 49

Let p = 1 (mod 49) be a prime and ¢ be primitive 49-th root of unity in Q(().
Theorem 4.1 the determining congruences for Jacobi sum J(1, 1)49 of order 49 are given as:

J(1, 1) = -1+ ZC“(C —1)" (mod (1 —¢)%)

Then from

where ¢; ; are defined in Theorem 4.1. Let ¢ = 7f 4 1 (f even) be a prime. Then the Jacobi
sum J(1, 1); in terms of the Dickson—Hurwitz sums B(i, 1)7, (0 < i < 6) is given in (7). These
Dickson—Hurwitz sums of order 7 in terms of solutions of the Diophantine system are given by

P. A. Leonard and K. S. Williams (see [11]):
84B(0,1)7; = 12z + 12p — 24

(1,1)
84B(2,1)7 = —2x1 + 4223 + 4925 — 147x6 + 12p — 24
84B(3,1); = —2x; + 4224 — 98x5 + 12p — 24
84B(5,1); = —2x1 — 42x3 + 4925 — 147x6 + 12p — 24
84B(6,1); = —2x1 — 4223 + 4925 + 147z + 12p — 24
Therefore,
6p — a1 — 12 T4 + 3x3 + 519
Ci1 = (#) - ( 9 )
5,,6p—x —12 T4+ 323 + dxo 28x5 + 42z
Co,1 = (5)(#) — 3( 5 )+ ( 5 )
5.,6p—x1—12 3x4 + 1023 + 2024 10526 4+ 70x5
1= () (——F——) = 3( )+ (—————)
3 2 2 6
6p —x1 — 12 T4 — DTz — 1929 3516 + 21z5
04,12(#)—( 5 )+ ( 5 )
2, ,6p—x —12 T3 + 629 105z + 49x5
= ()(E ) — (B2 4 (e
2 ,6p—x —12 x5 + 14x9 21z + Txs
op = () () - (R L) 4 (2
Using equation (8) and Lemma 4.1.
- 2 6p — X1 — 12 2 35&'3 + 51’2 7513'5 — 51’4
6]7 — X1 — 12
We observe that as 1 = 1 (mod 7) and p = 1 (mod 7) therefore, —

(10)

(11)

=0 (mod 7).

6.1 Congruence of Jacobi sum J (1, 1)49 for artiad and hyperartiad primes

Lloyd Tanner (see [17]) came across some special primes while studying Jacobi sums in the field

of 5™ root of unity in the field F, where p = 10f + 1. He observed that, when Jacobi sums

corresponding to these primes were expanded so that the sum of their coefficients is —1, the

coefficients of Jacobi sums are congruent modulo 5. He called these primes artiad primes.
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Later in 1985, Emma Lehmer gave a characterization of such primes (see [9]). She showed
that in case of p = 10f + 1 artiads are those primes for which the Fibonacci root § = (lzﬂ
is a solution to the congruence z> — z — 1 = 0O(mod p) is a quintic residue. She also defined
hyperartiads as primes for which 5 and the Fibonacci roots are quintic residues modulo p.

Emma Lehmer (see [9]) further extended the notion of artiad and hyperartiad primes to
p = 14s + 1, defining the septic artiad and septic hyperartiad primes. She showed that when
6 is replaced by 2 cos(%“) = ( + (! the septic artiad and septic hyperartiad is defined as follows:
The prime p = 14s + 1 for which all solutions of congruence z° + 22 — 22 — 1 = 0 (mod p) are
seventh power residues is an artiad prime.

Septic hyperartiad primes are septic artiad primes for which 7 is a seventh power residue.

Here, we state the characterization of septic artiad primes and septic hyperartiad primes
obtained by Emma Lehmer for reference.

We reformulate these definitions for the prime p, p = 14s+ 1, in terms of 1, x5, . .., z¢. This
enables us to determine simpler congruences that hold for Jacobi sum J(1,1),9 of order 49 for
the artiad and hyperartiad case.

Lemma 6.1. Let p = 1 (mod 7), and let J(1,1); = 3.°_ ¢iC? be the Jacobi sum of order 7,
normalized by Z?:Oci = —1 and 0), = C* + (% be the roots of the congruence x> + x> — 2x — 1
= 0 (mod p). Fix a generator y of F. Then, for k = 1,2, 3, ind, (0),) = k:(c3k — c7_3k)(mod 7),
where the subscripts are taken modulo 7.

Proof. (see [9]) O

Theorem 6.1 (Septic artiads). Let p = 14s + 1. The three roots of the congruence
23+ 2% —2x—1 = 0(mod p) are seventh power residues modulo p if and only if ¢, = c7_y,
(mod 7), k = 1,2, 3, where the coefficients c; are defined by the Jacobi sum of order 7. Primes
satisfying this condition will be called septic artiads.

Proof. (see [9]) O

The notion of septic hyperartiad primes is given by the following theorem.

Theorem 6.2 (Septic hyperartiads). Let p be a septic artiad prime, has 7 as a seventh power
residue modulo p if and only if (0, k) = (0, 7 — k) (mod 7) for k = 1,2, 3.

Proof. See [9]. [l
Lemma 6.2. p = 14s + 1 is an artiad prime if and only if v5 = x3 = x4 = 0 (mod 7).

Proof. Let p = 14s + 1 be an artiad prime. Then from the work of Emma Lehmer (see [9],
Section 5, Theorem 5), ¢, = ¢7_x (mod 7), k = 1,2,3. Using (9) we get, 2 = 23 = x4 = 0
(mod 7).

Conversely, suppose p = 14s + 1 with 29 = 23 = 24 = 0 (mod 7) and z; = 1(mod 7).
From (9) we obtain ¢, = ¢;_j (mod 7), k = 1,2, 3. Therefore, p is an artiad prime. O
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Lemma 6.3. p = 14s + 1 is a hyperartiad prime if and only if p is an artiad prime and for a
generator vy of F,," ind,7 = 0 (mod 7).

Proof. J.B. Muskat has given the expression for ind,, 7 in terms of cyclotomic numbers of order
7 as (see [12], Section 1, Theorem 1),

6
ind,7 = Z (h,0)7h (mod 7). (12)
h=0

Let p be a hyperartiad prime (hence, an artiad, as well). Then (0,h); = (0,7 — h)7 (mod 7)
(see the work of Emma Lehmer [9], Section 5, Theorem 6). Hence by (13) we get, ind,7 = 0
(mod 7).

Conversely, suppose p = 14s + 1 is an artiad prime and ind,7 = 0 (mod 7). Then using
e—1

(12) we get, Z(h, 0)7h =0 (mod 7). Hence (0,h); = (0,7 — h)7 (mod 7) for h = 1,2, 3.
h=0

Therefore, from the work of Emma Lehmer (see ( [15], Theorem 6), p is a hyperartiad prime. [

Lemma 6.4. p = 14s + 1 is an artiad prime if and only if ci1 = co1 =31 =1 =¢51 =0

(mod 7), 12¢6; = (2)2=2=2 (mod 7), 4c;; — 4ind,7 = —12¢61 + 5 (mod 7).

Proof. Let p = 14s + 1 be an artiad prime. Then by Lemma 6.2 and Equation (11), we get
11 =cCy1 =c31 =c41 =51 =0 (mod 7) (being z; = 1 (mod 7)).

From Equation (11)
12p — 221 — 24
12C6’1 = P :1 + (-21136 + 71’5 - Ig)
Hence, L6 19
12c61 = 7(%) (mod 7).

Now we have 28ind,7 = x93 — 1923 — 1824 (mod 49) (see [16] Corollary 2, Equation 8).

Hence
T — 19?[73 - ]_8.174

4ind, 7 = ( -

) (mod 7).

Using Equation (11),
28¢c71 = —(12p — Tws + bxy — 623 — 1029 — 221 — 24).
Therefore,
28¢71 — 28ind, 7 = —12p + 221 + 24 + 9x9 + 2523 + 1324 + T25 (mod 49)

and we get
40771 — 4111d77 = _1266,1 + x5 (IIlOd 7)

6p—x1—12)

Conversely, suppose ¢11 = ¢21 = 31 = 41 = ¢51 = 0 (mod 7), 12¢61 = ‘—;( 2

(mod 7), 4¢71 — 4ind, 7 = —12¢61 + x5 (mod 7).

277



Using equation (11) we get

dry+ 23+ 322 =0 (mod 7)
bxy + bxg —4zy =0 (mod 7) (13)
dxy + 5x3 — 29 =0 (mod 7)
3 = 629 (mod 7)

Hence, 25 = 23 = 24 = 0 (mod 7). Therefore, using Lemma 6.2 p is an artiad prime. [l
0

Lemma 6.5. p = 14s + 1 is a hyperartiad prime if and only if c;; = 0 (mod 7), co1 =
(mod 7), e31 = 0 (mod 7), e41 = 0 (mod 7), ¢ = 0 (mod 7), 12¢6,; = (2)2=2=12 (mod 7),
dery = —12¢61 + x5 (mod 7).

7 2

Proof. Apply Lemma 6.2 and Lemma 6.3. ]

Theorem 6.3. (1) p is an artiad prime if and only if

J(1, )40 = =1+ ¢61(¢C — 1) + (=3ce1 +ind,7 + 225)(¢C — 1)"  (mod (1 —¢)®).

(2) p is a hyperartiad prime if and only if

J(1, )49 = —1+¢61(¢ — 1)+ (=3ce1 + 275)(¢C — 1) (mod (1 —¢)¥).

7
Proof. (1) Wehave J(1,1)59 = —14 Y ¢;1(¢ —1)" (mod (1 - ¢)®).

2)

=3
Let p be an artiad prime then by Lemma 6.4 ¢;1 = o1 =¢31 = 41 = ¢51 = 0 (mod 7).

Therefore,
J1L, ) =-14¢1(¢C—1)°+c71(¢—1)7 (mod (1 —¢)%).
From Lemma 6.4 ¢7; = —3¢g1 + ind, 7 + 225 (mod 7). Hence,
J(1, )49 = =1+ c61(¢C — 1)° + (=3cs1 + ind, 7 + 225)(¢C — 1) (mod (1 —¢)®).

Suppose J(l, ].)49 = -1 —+ CGJ(C — 1)6 + (_306,1 + 1nd77+ 2[[)5)(g — ].)7 (mod (]_ — C)8>
Therefore, ¢;1 = ¢21 = 31 = 41 = ¢51 = 0 (mod 7). Repeating the arguments as in
Lemma 6.4 we get, xo = x3 = x4 = 0 (mod 7) and hence p is an artiad prime.

If p is a hyperartiad prime, then it is an artiad prime. By part(1)
J(1,1)49 = =14 c61(¢ = 1)° + (=3¢ + ind, 7 + 225)(¢ — 1)"  (mod (1 —¢)®).
As p is a hyperartiad prime from Lemma 6.3 ind,7 = 0 (mod 7). Therefore
J(1, )49 = =1+ ¢61(¢C— 1) + (=3ce1 + 225)(C — 1)" (mod (1 —¢)®).

Suppose J(1,1)49 = —1+¢61(¢—1)°+(—3ce1+225)(¢—1)7 (mod (1—)?). Therefore,
€11 = €1 = €31 = €41 = 31 = 0 (mod 7). Repeating the argument as in Lemma (6.4)
we get, to = x3 = x4 = 0 (mod 7) and hence p is an artiad prime. Again by Lemma
6.4 12¢5, = (%)w (mod 7) and 4¢7; — 4ind,7 = —12¢61 + 25 (mod 7). But
as czp = —3¢61 + 225 (mod 7), hence ind,7 = 0 (mod 7). Apply Lemma 6.5 p is a

hyperartiad prime. [
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Example 1 (Septic artiad prime). Take artiad prime p = 15570437 = 1(mod 49), v = 5 we
get, ind;7 = 6454989 = 3(mod 7) and c11 = 21 = 31 = 41 = 51 = 0 (mod 7), c61 =
448558 = 0 (mod 7) and c7; = —6891133. ¢7; = 3 (mod 7), also using Lemma 6.4 we get
x5 = 0 (mod 7). Thus, Theorem 6.3 holds.

Example 2 (Septic hyperartiad prime). Take hyperartiad prime p = 876611 = 1(mod 49), v = 2
we get, indy7 = 694323 = 0 (mod 7) and ¢11 = ¢c21 = 31 = 41 = ¢51 = 0 (mod 7),
cs1 = 1,537,589,240,299 = 0 (mod 7) and ¢;; = 8,071,253,483,167 = 0 (mod 7), also
using Lemma 6.5 we get x5 = 0 (mod 7). Thus, Theorem 6.3 holds.
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