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1 Introduction

The Finite Difference Method (FDM) is a numerical technique used to solve differential equations
by approximating continuous derivatives with discrete algebraic equations. The process begins
by dividing the continuous domain (like a string or a metal plate) into a grid of discrete points
(nodes) separated by a fixed distance, Ax (or h). Instead of finding a smooth function, we
solve for the values at these specific points. FDM replaces derivatives with difference quotients
derived from Taylor series expansions. These formulas use the values at neighboring grid points
to estimate the slope or curvature. By substituting these quotients into a differential equation,
the problem is transformed into a system of linear equations (see [8]). This note is written with
certain applications to degenerate versions of some special polynomials and numbers in mind.
For this, the reader may refer to some of the recent papers on this topic (see [1-7]).
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2 Main results

In this note, we prove a Leibniz rule for two functions in Theorem 2.1 and then extend it to any
number of functions in Theorem 2.3. We denote the difference quotient of the function f by

(0:1) () = I =T (M

where A is any nonzero real number and f is any complex-valued function defined on the real

line.
We note that ) is linear. First, we derive the product rule for the difference quotient in (1):

A(fg)(x) =<~ (flz+Nglz+X) — f(x)g(z)) (2)
(fle+Nglz+ ) = f(z)glx+X) + fx)g(z + A) — f(z)g(z))
(flz+X) = f@)g(x+ )+ f(z)(g(z + X) — g(x))

)
(x +A)( (+A)— flz ))+f(x)(g(w+AA)—g(:v)>

A
= g(z +X)(0rf)(@) + f(x)(0r9)(x)
= (O2f)(@)(A(0rg)(x) + g(x)) + f(2)(0r9) (x)
= A f)(@)(0ng) (@) + (0xf)(x)g(x) + f()(6r9)(2)-

The product rule for difference quotient in (2) is stated as:

(fg) = A(0rf)(6xg) + (6xf)g + f(6rg). 3)

We prove the following Leibniz rule for difference quotient by induction.
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Theorem 2.1. For any positive integer r, we have the Leibniz rule for difference quotient given

by
l

st = () 32 () oot @

1=0 k=0
Proof. In the course of this proof, we denote ¢, simply by . For r = 1, this is just the formula
in (3). Assume that (4) holds for r. Applying the formula (3) to (6"~*f)(6¥+7~!g) yields:

5((5r—kf) (5k+r—lg)) _ A((Sr—k—&-l f)(5k+r—l+lg) (5)
+ (6r7k+1f) <6k+rflg> + ((kaf) (5k+rfl+1g>.
Using the linearity of § and (5), applying ¢ to (4) results in the following sums:

5 (fg) = Z}\T I+1 (T) i <;l€> (5 FH ) (SF )

k=0

t Z AT ’(r> Z (,i) (8" f)(* ) 6)

k=0

3 ()3 () et

k=0
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Now, we note that

l l
[ l
Z (k) 5r k:-i-lf 5k+r l + Z (k) 5r kf 5k+r H—lg)

k=0 k=0
l +1
Z ( ) 5T k+1 5k+r l _|_ Z ( ) 6r—k+1f) <5k+r—lg)
=0 k=1
(5T+lf )0 g) + (67 ) (67 ) ©)

+

£10)- (. s

By (6) and (7), after rearranging the terms, we see that

l
57"—0—1 fg Z AT 1+1 (T) Z (li) (5r—k+1f) <5k+r—l+1g>
k=0
I+1

+ ; A (Z) 3

k=0

— Xr: )\r—l+1 (T’)
=0 ! k=0
r—+1 r
)\r—l—l-l
* lzl (z 1

g

[+1

N ) (5r7k+1f)(5k:+rflg)

l

k

(
(1)t
)

+ i v {()+ () > (1)t

k=0
r41 !
_ r+1 I\, -
_Z)\ l+1( )Z(k)(5 k+1f)(6k+ l-l—lg)7
k=0
which shows the validity of (4) for r + 1. [l

Remark 2.2. Taking A\ — 0, we recover the classical Leibniz rule:

(Y Gwnan =Y (;) 19 @9

To extend the rule Theorem 1.1 for more than two functions, we introduce the operator:

Ly =1+ M. ()
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Multiplying both sides of (3) by A and then adding fg to the resulting equation yield:

La(fg) = fg+Aox(fg) = fg+ X (0xf)(6xg) + A(0xf)g + Af(6r9)
= (f+ Xoaf)(g+ Adrg) = La(f)La(9).

This shows that the equation (3) is equivalent to saying the operator L, is multiplicative on the
algebra of complex-valued functions on the real line. Then, by induction, it is immediate to see

that, for any positive integers 7 and n,

Ly(fufa- - fu) = LA(A)LA(f2) -+ - LA (fn)- )

Noting that 0, =

5L (fi oo fu) = 1<LA— I (fufa-- f)

> (;) (=1 LN fo - fu) (10)
k=0

= 3 () ok - i)

where, forany i =1,2,... n,

k
B0 = )t = 3 (F) vt

ji=0 M?

For r = 1 and n = 3, (10) gives:

(1) o o

1
5)\(f1f2f3) = % Z
k=
1

=3 [(f + A0 (2 A0xfo) (fs + A0nfs) — fifafs)|.

For r = 2 and n = 3, (10) yields:

CITTASEE Ol (A G2 AT EATE IR

1

A2
k=0

)\i L3(f1) L3 (f2) LA(fs) — 2LA(f1) La(f2) La(fs) + f1f2f3]

2

3
= % | TIC + 2000+ X263 £5) = 2 TT (i + A0 ) + fi s

1=1 i=1
We state the result in (10) as a theorem.

Theorem 2.3. For any positive integers r and n, we have the Leibniz rule for the different quotient

given by

r

Bt 5 = 5 2 () U AL - 5CA) an

k=0
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where, forany 1 =1,2,...,n,

Li(fi) = (I + 200" (fi) = Z (f) Mgl f;.

7

Ji=0

Remark 2.4. (a) The presence of minus signs in (11) tells us that there are many cancellations.
(b) We write (11) as

NOX(fifaro fu) = Z (;) (1) LE(fifo - fu). (12)
k=0
Then, by binomial inversion, we also have
Li(fife fa) = (Z) NN (fifo fa). (13)
k=0

For each positive integer n, we let
- ST t 1 - 4 t
An(t) =D A N fiferfa)gs Anlt) = > L (fifaro fa) g
r=0 ) r=0 ’

Then, as we can check directly or by the basic fact on Euler—Seidel matrix, the two binomial
relations in (12) and (13) can be concisely expressed as follows:

AL (t) = ' A,(t).
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