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Abstract: In this article, we describe the concept of d-Horadam polynomials, which is a
generalization of the classical Horadam polynomials W,,(0, Wy (z); p(z), ¢(z)). We derive essential
characteristics of these newly defined polynomials, such as their generating function, a Binet-type
expression, several combinatorial relations, and summation identities. Subsequently, we construct
the infinite matrix of d-Horadam polynomials, which can be represented as a Riordan array.
Moreover, by employing the Riordan approach, we establish two distinct decompositions of the
infinite Pascal matrix involving the d-Horadam polynomials.
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1 Introduction

Over the years, integer sequences and their polynomial counterparts have attracted considerable
attention due to their natural appearances and broad range of applications in different areas.
Among them, the Fibonacci sequence is one of the most extensively studied examples. It is
determined by the recurrence relation

Fn+l:Fn+Fn—1> n =1,
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subject to the initial conditions Fy = 0 and F; = 1. In 1883, Catalan introduced the Fibonacci
polynomials, which satisfy the recurrence relation

Fo(x) =aF,(z)+ F,_1(z), n>1,

with the starting values Fy(z) = 0 and Fy(z) = 1.
For integers p, q,r, s € Z, the Horadam sequence {1V, }, denoted by W,, = W,,(r, s;p, q), is
defined through the linear recurrence relation

Wn+1 = an + anfla n > 17

together with the initial conditions W, = r and W; = s (see, e.g., [6,7]). Extending this
framework, the Horadam polynomials are introduced as W, (z) = W,(Wy(z), Wi (z); p(x), ¢(x))
and are governed by the recurrence relation

Wi (2) = p(e)Wa(z) + (@)W a(2), n>1,

with prescribed initial polynomials Wy(x) and Wi (x) (see, e.g., [21]).
Nalli and Haukkanen [17] introduced the h(x)-Fibonacci polynomials, which are specified by
the recurrence relation

Fyni1(x) = Mx)Fhn(z) + Fhpo1(z), n>1,

with the initial conditions F}, o(z) = 0 and F},;(x) = 1. Subsequently, Lee and Asci [15] defined
the (p, ¢)-Fibonacci polynomials via

Fpgnt1(x) = p(@) Fpgn(2) + q(2) Fpgna(z), n =1,

subject to F, ,0(z) = 0and F,,,;(z) = 1. Letd € Z" and let p;(z) (1 = 1,2,...,d + 1) be real
polynomials. In [19], Sadaoui and Krelifa extended the notion of (p, ¢)-Fibonacci polynomials to
the class of d-Fibonacci polynomials, defined through

Foi(z) = pu(@) Fu(x) + pa(@) For(2) + -+ + paga(2) Fra(e), n>1,

with initial conditions F},(z) = 0 forn < 0 and F}(x) = 1. Kuloglu and Ozkan [12] introduced
the d-Tribonacci polynomials, regarded as a higher-order generalization of the classical
Tribonacci polynomials, and investigated their properties. Furthermore, Ozimamoglu [18] defined
the d-Oresme polynomials and derived some of their properties.

Lawden [14] proposed the n x n lower-triangular Pascal matrix denoted by P = (p; ;), which
is defined entrywise as

0, fori < 7,
Dij = )
(), fori>j
where the indices satisfy 7,7 = 1,2,...,n (see also [2, 4] for related discussions). The infinite

dimensional Pascal matrix, denoted by P, is expressed as
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Pascal matrices find numerous applications across probability theory, numerical computation,
surface modeling, and combinatorial analysis. In [1, 3,25], the researchers examined the linear
algebraic structures associated with the generalized Pascal functional matrix, the classical Pascal
matrix, and the extended Pascal matrix, respectively. In [16] and [24], two distinct factorizations
of the Pascal matrix incorporating the Fibonacci matrix were established. Moreover, numerous
works on Pascal matrices exist in the literature [11,22,23].

In [20], Shapiro and collaborators presented the Riordan group in the following manner.

Let i,j € N, and consider an infinite matrix A = (a; ;) with complex entries. For a fixed
k € N, denote the generating function of the k-th column of A by

o0
cp(z) = Z A 2™
m=0

The matrix A is referred to as a Riordan matrix, denoted by A = (g(2), f(z)), if its column
generating functions satisfy

cu(z) = g(z) [f (2)]",

where . -
9() =Y gnz" and  f(2) = fumz™, f(0)=0.
m=0 m=0

Let R denote the collection of all Riordan matrices. The set R forms a group under matrix
multiplication, denoted by *, and is referred to as the Riordan group. The following properties of
the Riordan group hold:

* For a column vector C'(z), the action of a Riordan matrix is given by
(9(2), f(2)) x C(2) = g(2) C(f(2))-

* The product of two Riordan matrices satisfies

* The identity element of R is

* The inverse of a Riordan matrix (g(z), f(z)) is given by

(9(), ()" = (m,ﬂz)) ,

where f(z) denotes the compositional inverse of f(z).
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The Riordan group possesses a wide range of applications. As discussed in [20], three notable
applications include Euler’s problem concerning the king’s walks, various binomial and inverse
identities, and expansions of the Bessel-Neumann type. In addition, Cheon et al. [5] introduced a
generalization of the Lucas polynomial sequence derived from a Riordan array constructed using
weighted Delannoy numbers.

The organization of this study is outlined as follows: in Section 2, we introduce the d-Horadam
polynomials, which constitute a novel extension of the classical Horadam polynomials
W, (0, Wi (x); p(x),q(x)). Various properties of the d-Horadam polynomials are established,
including their generating functions, Binet-type formulas, combinatorial identities, and summation
expressions. We also define the matrix W, and demonstrate that its powers generate the d-Horadam
polynomials. In Section 3, the infinite d-Horadam polynomial matrix is constructed, which
forms a Riordan matrix. Subsequently, two distinct factorizations of the infinite Pascal matrix
incorporating the d-Horadam polynomials are derived.

2 d-Horadam polynomials
In this part, we describe a novel extension of the classical Horadam polynomials

Wn(07 Wl(x>;p(x>7 Q<x>>

Definition 2.1. Let d € Z" and let s;(x) be real polynomials for i = 1,2,...,d + 1. The
d-Horadam polynomials W, (x) are defined recursively by

WD (2) = 51 (@)W (@) + 52(2) WD (@) + - + sapr ()W Dy (2), n>1, @)

with initial conditions

WD(x)=0forn <0, and Wl(d)(m).

n

For the sake of simplicity, we denote Wi and s; in place of Wi (x) and s;(z), respectively,
in (2). Table 1 displays several initial terms of the d-Horadam polynomials.

Table 1. Selected values of the d-Horadam polynomials.

’ ‘ w @)
51W1(d)
(1 + 52) W
(53 + 25155 + s3) WP
(% + 35285 + 25183 + 52 + s4) WV

(87 + 4s?sy + 3s%s3 + 35155 + 25154 + 25253 + S5) W1(

S Ut o w NS

d)

In (2), by setting s; = p(x), so = q(z), and s; = 0 for7 = 3,4,...,d + 1, we recover the
classical Horadam polynomials WY = W, (x). Hence, the d-Horadam polynomials represent a
natural generalization of the traditional Horadam polynomials. Furthermore, Table 2 lists specific
instances of d-Horadam polynomials corresponding to particular choices of d.
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Table 2. Special cases of W,Sd) such that Wl(d) =lands; =0fori=3,4,...,d+ 1.

|51 82 | d-Horadam polynomials W (%) |
x| 1 Fibonacci polynomials F,,(x)
x| —1 Vieta—Fibonacci polynomials V,,(z) [8]
2z | 1 Pell polynomials P, (x) [10]
1 | 2z Jacobsthal polynomials .J,,(z) [9]
3r | —2 Mersenne polynomials M, (x) [13]

From (2), the characteristic equation associated with the d-Horadam polynomials is expressed
as

v — s0? — o — 5404 = 0. 3)
Theorem 2.1. For n > d, it follows that

V"t = W,EC?dHUd + (32Wr(;i)d +oee Tt 5d+1Wn(i)2d+1> v

+ ($3Ww§i)d +oot Sd+1Wr(i)2d+2> 'Ud72 + -+ 8d+1W7EC£)d. €))

Proof. The proof of the theorem proceeds by mathematical induction on n. For the base case
n = 1, the validity of equation (4) is immediate. Suppose that equation (4) holds for n = 7. We
then demonstrate that it also holds for n = ¢ 4+ 1. Combining (2) with the characteristic equation
(3), we derive

=W (5108 4 -+ sap) + <52W§f31 RREE sdﬂwﬁgdﬂ) vl
+ (ng/;(iizl + -+ Sd+1WZ~(il)2d+2> ’Ud_1 + -+ Sd+1Wi(iile

= (SlVVi(ilZlH +-ot 3d+lm/z'(j)2d+1> vl + (‘SQVVi(ilZlH +-t 3d+1m/z'(j)2d+2> vt

+ -+ <3dVVi(ilZi+1 + Sd+1Wi(il2i> U+ Sd+1VVi(ilzl+1. ]
Theorem 2.2. The generating function corresponding to the d-Horadam polynomials is expressed
as

d
1 — 510 — 802 — -+ — 540!
Proof. We have
d) i
99w) = Z Wi( 'y
i=0

_ Wéd)+Wl(d)U+W2(d)U2++W7§d)1]n+ ) (5)
If we multiply the equation (5) by s1v, 5902, . .., sq;10%T, respectively, then we obtain the

following equations.
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S1Ug(d)(v) = leéd)v+31W v? + 5, W2d) 34
5029 D () = s.W D0 4 5, W D0 4 s, WDt

Sd+1vd+1g(d) (U) = 5>’d+1Wo(d)UdJrl + Sd+1W1(d)U0Fr2 +o

Upon performing the required computations and applying (2), we obtain

g(d)(v) (1 — 510 — 590 — -+ — sd+1vd+1) = Wo(d) + <W1(d) — 81W0(d)> v
and so
(d)
g(d)(v) = Wy ) ]
1 — 510 — 5902 — -+ — 544 04F!

Let the roots of (3) be {71,792, - - -, Ya+1}- That is, we have

d d+1
Wl( )'U Z C;
L= 810 = $p0% — o+ = sgqvit! =1 v

From Theorem 2.2, we obtain

d+1 [e's)

S St

Consequently, the Binet-type formula for W,(Ld) can be stated in the following corollary.

Corollary 2.1. The Binet-type expression for the d-Horadam polynomials is given by

d+1

WT(Ld) = Z CEV -

k=1

In particular, the multinomial coefficients allow for an explicit representation of the d-Horadam
polynomials.

Theorem 2.3. Forn > 0, it follows that

k1+k2+"'+kd+1 k1 k k
Wn+1 = W Z ( ki k k ST'Sy” S
ky by 15 N2y e v ey d41
kq+2kg+-+(d+1)kgy1=n
Proof. By Theorem 2.2, we find that
oo
(d) &
> Wi
k=0
) o
1 — 810 — 802 — -+ — gq4q 04!
- k
d
= W1( ) (31U + sov? 4+ 8d+1vd+1)
k=0
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oo
_ (D k k1 kat1 | | ki+2ko+-+(d+1)kgsr
=W E E . . S1 e Sg | v
7t gty +

k=0 |kit+kot++kgi1=

s k14 koot k
_ 1(d)z Z <1];F1 kg;- + d+1)81f1_‘_sfld++11 oF O]

k=0 kpkookgy s vl
kg +2kg -4 (d+1)k g4 =k

Theorem 2.4. The summation formula of the d-Horadam polynomials is expressed as

%s) d
S - W .
Py ! 1—51—82— c— Sd+1
Proof. We have
ZWi(d):Wg(d)‘i‘wl(d)—i_"'_'_wéd)—i_”" (6)
1=0

Multiplying (6) by s1, so, . .., Sq11, respectively, hence we get

s> WD = W s s WD
1=0

82 Z W, = SQWéd) + 52W1(d) +-- 82W7(Ld) + -
i=0

Sd+1 Z Wi(d) = 8d+1Wo(d) + 3d+1W1(d) +-+ sdHW,(Ld) + .-
i=0

By performing the required calculations and applying (2), one can readily obtain

Z Wi(d) (1—5s1—80—---—8q41) = W(Sd) + (Wl(d) - 51Wéd))
i=0
and so
00 (d)
Z Wz'(d) = Lt ) -
— 1—s1—83—" =841

Nalli and Haukkanen [17] proposed the matrix

and Lee and Asci [15] introduced the matrix

_ |p(@) q(x)
Qpq(z) = [ 1 0 ] )

which serves as the Fibonacci matrix

O
I

11
1 0|
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Subsequently, Sadaoui and Krelifa [19] introduced the matrix

_Pl(f)

pa(z) pa(x)  Ppaga(x)]
1 0 0 0
Q=] O 1 0 0 (7)
| 0 o 0 1 0 ] (d+1)x (d+1)
Now we define the matrix W, which is a generalization of the (), in (7) as follows:
[ Wl(d)Sl Wl(d)SQ Wl(d)Sd Wl(d)Sd_H-
W 0 0 e 0
Wy=1| 0 Wi 0 S 0 (8)
. . . ('d) .
L 0 T 0 Wy 0 | (d+1)x (d+1)
. e : . . @\ g
This explicitly implies that the determinant of ¥ is given by the polynomial (Wl ) (—1)%Sgy1-

The matrix representation of Wi is given in the next theorem.

Theorem 2.5. For n > 1, it follows that

d
W,

SQWT(Ld) + -+ Sd+1W7(i)d+1 8d+1WT(Ld)

" Wéd) 32W7§C£)1 +- Sd+1W,@d 5d+1W75C91
Wd - . .

WT(LC?dH SQWTE(?U{ +oee At 3d+1W7(LC?2d+1 Sd+1W7(i)d

Proof. The proof of the theorem is carried out by induction on n.

For the base case n = 1, using
(2) and (8), we obtain

Wg(d) S2W1(d) + -+ Sd+1W2(g)d 5d+1W1(d)
d d d d
W, LN L L T Lo sar1Wy”
d= ) .
Wg(i)d 52W1(i)d + -+ Sd-i-lWQ(i)Qd Sd—i-lWl(i)d
Assume that the induction hypothesis holds for n = ¢. That is,
Wt(JCrl)l 32Wt(d) +ot 5d+1Wt(il31+1 Sd+1Wt(d)
d d d d
Wt — Wt( ) 52Wt(7)1 +eeet Sd—i-th(—ZI Sd+1Wt(f)1
d = . . .
Wt(iiZlJrl SQWt(il)d +-+ Sd+1Wt(il)2d+1 Sd+1Wt(ii3i
We show that it is true for n = ¢ 4+ 1. Hence we have
Wt(j—i)2 52Wt(j-l)1 +oe At 5d+1Wt(ilZl+2 3d+1m(-|c-l)1
d d d d
Wit — Wth _ Wt(+)1 32Wt( ) +eoet 5d+th(—21+1 5d+1Wt( )
d = W4 = . . .
d d d d
Wt(—21+2 S2Wt(—1l+1 et 3d+1Wt(—)2d+2 8d+1Wt(—1l+1

This completes the proof.
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For n,k > 0, we get WQWC’f = W;*k. Furthermore, it is observed that the (1, 1)-entry of
the matrix TW"™* is obtained as the product of the first row of W7 with the first column of WF.
Consequently, by Theorem 2.5, we arrive at the following corollary.

Corollary 2.2. Let n,t > 0. It then follows that

d d d d d
Wl( )WTE+)H1 = W7(1421Wt(+)1 + SQWéd)Wt( )
53 (Wgzw@ W@ Wfﬂ)

sy (WO + WO W+ wow )

+8a+1 (W(d)dHWt(d) Fo WOW +1> '

n—

Theorem 2.6. For n > 0, then we get

Z ( 1+ Ko+ + dH)slflsSQ---sSiﬁlWéd)(

(d)
W kl, kQ, e kd+1 —(k1t+ke+-+kit1) (9)

(d+1)n
kykoekgy
(d+1)k1+dk2+“'+kd+1:n

Proof. We represent 1" as the expression appearing on the right-hand side of (9). Utilizing the
Binet-type expression provided in Corollary 2.1 along with the characteristic equation given in
(3), we deduce that for all n > 2,

d+1

k1+7€2+"'+k5d+1> ki k k n—(k1+ko++kg1)

T= E 3152~--3d“2 cry; o a
< k17k27"'7kd+1 L2 d+l i—1

by ko, kgy
(d+l)k1+dk2+-~+kd+1:n

d+1
B Fi+ko+ -+ karr\ ok kasr dky+(d—1)kg4--tky
ki k k 81 8" Sd-i—l Ci%;
Ky kgskg s 1 1y 2y oo vy d+1 i—1
(d+1)ky +dkg+-+kg 1 =n

k1+k2+"‘+kd k k
+1 d\ k1 d—1\ k2 ky
= Z < P I (31’71) (5271 ) co (Squr) e
kyoko,okg i 1y 2y e v oy d41

(d+1)ky+dko+-+kgi1=n

kl+k2++l€d k k
+1 d 1 d—1\k2 kd+1
o Z < ki, k k (51%+1) " (327051) " -+ (sa41)
K1k kg g 15 P2y o v ey d4-1

(d+1)ky+dko+-+kgi1=n

=c (s + s T4+ 3d+1)n + o cap (51700 + s T 3d+1)n

d+1

_ : ZA(d—l—l)n
2

—w@
- W(d+l)n' N
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Theorem 2.7. For alln > 0, it follows that

— (n t 1r-(d)
> (t) (=25041) Wiy (as)

t=0

i+ 4+ Ekar1\ & & k (d)
- Z ( ey 518" (‘Sdi+11> W o st ha bt b ) (10)

oo, kgt
k1 kg kg ) vd+-
(d+1)k1+dk2+“'+kd+1:n

Proof. Let R denote the expression on the right-hand side of (10). By following the reasoning
presented in the proof of Theorem 2.6, we derive

n

R=q¢ (Swfl T+ Sqn — 5d+1)n T+ Cayr (SI'VCCIlJrl + - 5qYar1 — Sat1)

d+1
- Z Cj (’Y}Hl - 25d+1)
j=1
d+1 n n
d+1)(n—
-5 ()t sy
j=1  t=0
— (n tyr(d
= <t> (—25411) W((dj-l)(n—t)' .
t=0

3 The infinite matrix of d-Horadam polynomials

In this part, we present a novel infinite matrix, referred to as the infinite matrix of d-Horadam
polynomials. Subsequently, we give two distinct factorizations of the infinite Pascal matrix.

Definition 3.1. The infinite matrix of d-Horadam polynomials is defined as

[ W 0 0 -]
s W W 0
Ho=|  (s3+s) W Wi ] (11)

(Si3 + 23182 + 83) Wl(d) (3% + 82) Wl(d)

where the first column entries of Ha are given by (Ha); ; = VVi(d) foralli € 7.
According to (11), the infinite matrix of d-Horadam polynomials can be represented as
(w0 0
Wi W@ g
Ho=|W3" Wy
W@ @

Consequently, the matrix H, constitutes a Riordan matrix, as its first column is

T
(Wi, (53 52) W, (5 + 28100+ 53) WO, )

we derive the following corollary from Theorem 2.2.
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Corollary 3.1. The generating function corresponding to the first column of the matrix Hy is

W,

1 — 510 — 8902 — -+ — 54 v4FL

9H, (U)

Within the matrix H4, foralln > 1 and 7 € Z™, we obtain

(Hd)nJrl,j = 5 (Hd)n,j + $2 (Hd)nfl,j +o Tt Sa (Hd)nfd,j

according to Definition (2). Consequently, by setting f,(v) = v, we obtain the following
corollary for the matrix H.

Corollary 3.2. The infinite matrix of d-Horadam polynomials, denoted by H, is

Ha = (91,(v), fry(v))

(d)
_ W )
1 — 510 — 8902 — -+ - — 54,04+

For all i, j € Z™, the infinite matrix ®,; can be defined as

d+1

(®,) 1 1—t—1
d)ij = (@ Z sl ’
Wy = J—1
where s = —1. Hence we have
— 0 0 0 ]
w®
1—sq 1 O 0
Wl(d) Wl(d)
. 1—s1—s2 2—s1 1 .. .
Dy = W@ WA @ : (12)
1—s1—S2—s3 3—2s1—s2 3—s1
Wl(d) Wl(d) Wl(d)

We now provide the first factorization of the infinite Pascal matrix, as stated in the next
theorem.

Theorem 3.1. Let H; denote the infinite matrix of d-Horadam polynomials, and let ®; be the
infinite matrix defined in (12). Then, we obtain

P = Hd * (I)d,
where P denotes the infinite Pascal matrix as defined in (1).

Proof. Based on the definition of the infinite Pascal matrix, it follows that

1 v
P:(l—v’l—v>' (13
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The generating function corresponding to the first column of the matrix ®, is

1 1—81 1—81—82 2 1—81—82—83 3
go,(v) = + v+ | ——— | v+ v
‘ Wi (W@) < Wi > ( Wi )
s

1
= W(1+v+02+03+---)— —(v+0*+0’+- )

Wi Wl( )
S S
— ?d) (vg+v3+v4+...) _..._%(Ud+1+vd+2+vd+3+”_)
Wi Wy
B 1 1 ) S92 Sqpqvitt
- Wl(d) l—v 1—v 1—w 1—w
1 1-— — g% — e — d+1
- 5 ( S1v 82?)1 Sd+1V ) ‘ 14
Conversely, the generating function corresponding to the second column of the matrix ®, is
1 2 — S1 2 3 — 281 — 89 3
9a,(v) fa,(v) = v+ Vit | ——— | v+
d d Wl(d) Wl(d) Wl(d)
= L(v~|—2vz4—31}3%—---)—ﬂ(zH—szjLSU:;—|r~--)
Wi W@
S 2 S ,Ud+1
— Q(d)(v—|—2v2+3v3+---)—-~-—CMT(U+21)2+3U3+...)
1 1
1
= —g(l—sw— 5902 — - — s v (v 4 207 + 30 -
Wi
1 1 — 810 — 8902 — - -+ — g4 00! v
- Wl(d) I—w 1—v)’
and so by the equation (14) we derive
v
= . 15

Therefore by using the equations (14) and (15), we can obtain

s = (92,(v), fe,(v))

1 1 — - 2 _ .. d+1
_ - ( $1V — S9U Sqp1v ) | v ' (16)
W, 1—-v 1—w

Finally from the definition of the matrix multiplication for the Riordan group, if we multiply the

matrices H, in Corollary 3.2, (13) and @, in (16), respectively, the proof is completed. O]
For all i, j € Z™, the infinite matrix ¥, can be defined as

d+1 i—1
U,)
(V) f“z (J+t )

0

where s; = —1. Hence we have
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- 0 0 0 ]
wid
1—s1 1 O 0
Wl(d) Wl(d)

o 1—2s1—s2 2—s1 1 .. ‘.
Ya=| @ W @ : (17)

1—3s1—3s2—s3 3—3s1—S2 3—s1

Wl(d) Wl(d) Wl(d)

We now present the second factorization of the infinite Pascal matrix, as established in the
next corollary.

Corollary 3.3. Let H, denote the infinite matrix of d-Horadam polynomials, and let V ; be the

infinite matrix defined in (17). Then, we obtain
P = \Ild *x Hda
where P represents the infinite Pascal matrix as defined in (1).

The inverse of H, in Corollary 3.2 can be readily derived using the definition of the inverse
element in the Riordan group, as stated in the following corollary.

Corollary 3.4. The inverse of the infinite matrix of d-Horadam polynomials, denoted by H, is

21— 1 — 510 — 5902 — -+ — 5g4q097!
‘o Wi )
1

4 Conclusions

In this study, we extend the known Horadam polynomials W, (0, Wy (z); p(x), ¢(x)) by introducing
a generalized form, referred to as the d-Horadam polynomials W,". We derive their generating
function, Binet-type formula, combinatorial identities, and summation expressions. A new matrix
Wy 1s defined, whose powers generate the polynomials WD, Furthermore, we describe the
infinite matrix of d-Horadam polynomials, H,, which constitutes a Riordan matrix. Employing
the Riordan method, we factorize the infinite Pascal matrix P and thereby obtain two distinct
factorizations involving H,. Finally, we establish the Riordan characterization for the matrix
inverse 1.
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