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1 Introduction

Let p, ¢ with (¢ # 0) be two scalars of K (K = R or C), and consider the sequence {GH,, },>o
defined by
GHn+1 = pGHn + CIGHn—l + HCn+1, forn > 1, (1)

where GH,, GH; are the initial data and {HC,, },>¢ is a given sequence of real or complex
numbers. For HC,, = 0, for every n > 0 in (1), we get the Horadam’s model (see [19]). Thus,
we will call the sequence {GH,, },>o defined by (1) the generalized nonhomogeneous Horadam
model. In [18], some generalized sequences of Leonardo numbers have been studied, among
them we can cite the following three sequences { Ly, }n>0, {In }n>0 and { H,, } >0 defined by

Ln = Ln—l + Ln—2 +n, (2)
In - In—l + ]n—2 + (_1)n’ (3)
Hn - anl + Hn72 + Fn7 (4)

for every n > 2, where Lo = Ly = 1,;Ip = [, = land Hy = H; = —1, and {F},},,>0 is the
sequence of usual Fibonacci numbers. Moreover, there is also {W,, },,>0 the sequence defined by
Wy = to, W7 =t and
k
Wp=W, 41— fWho+(s—f—1) Z a;n’, forevery n > 2, (5)
j=0

We can easily show that the expressions (2)—(5) represent special cases of the nonhomogeneous
Horadam model (1). On the other side, the nonhomogeneous generalized Horadam model
represents a special case of the nonhomogeneous linear recursive sequence defined as follows.
Let ag,...,a,—1 (r > 2), witha,_; # 0, be in R or C, and {D,, },,>0 a given sequence of K = R
or C. Consider {R,},>o the sequence of K = R or C defined by the nonhomogeneous linear
recursive relation of order r

Ry =aoRy + a1 Ry 1+ -+ ar 1Ry i1 + Dpya, forevery n>r —1, (6)

where Ry, ..., R,_; represent the given initial data. In the following, we refer to { R,, },>¢ as the
sequence (6) and R, as its general term. Considered as a nonhomogeneous difference equation,
Expression (6) represents a fundamental tools in several fields of mathematics (see, for instance,
[2,3,8-12,14,16]), as well in applied science and engineering (see, for example, [1,6,15]). In the
context of our study, we rely on the concept of the fundamental Fibonacci system (see [4,7, 10]),
related to the homogeneous part of (6) defined as follows. Let {v,, },>0 be the sequence associated
to the homogeneous part of (6), namely

Upt1 = QoUp + -+ 4+ Qp_1Vy_ry1, fOrevery mn >r —1, @)

with v, = «, for 0 < n < r — 1 being arbitrary initial conditions. We associate the family of
sequences {véd)}nzo, indexed by d, with 1 < d < r, defined as follows

“

forn > r — 1, where v,(ld) = 0g—1n, for 0 <n <r —1, and d,_ ; is the Kronecker symbol.
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The set {{vfld)}nzo ; 1 < d < r}is called the fundamental Fibonacci system. Subsequently,
the sequence {vg)}nzo will play an important role in the rest of this study and will be called
fundamental sequence. It is worth noting that since its introduction in the seminal work [10] (see
also [4, 17]), the fundamental Fibonacci system has been used recently for establishing several
results in various fields, especially in number theory (see, for instance, [4,7,17] ).

In the present paper, we aim to study the nonhomogeneous generalized Horadam model (1).
More precisely, we establish the linear expression and the combinatorial formulas of the general
term G H,,, as well as its analytic Binet representations. Since Expressions (2)—(5) are special
cases of (1), similar results for the general terms L,,, I,,, H,, and W,, are provided. Our approach
for studying the nonhomogeneous generalized Horadam model is based on some new results
established for the generalized linear nonhomogeneous difference equations (6). That is, in
the general setting (6), we exhibit an explicit formula of 2, only in terms of the fundamental
sequence derived from the homogeneous part of Expression (6), and also the sequence { D, },,>0.
In addition, the combinatorial and the analytic Binet representations for 12,, are established. We
take advantage of the results of this approach to study the generalized nonhomogeneous Horadam
model and its special cases specified previously.

The content of this paper is as follows. Section 2 is devoted to the linear expression of the
general term R, of (6), in terms of the fundamental sequence. In addition, the combinatorial and
analytic Binet expressions of R,, are provided. The results from Section 2 are applied in Section 3
to the study of the generalized nonhomogeneous Horadam model (1) and its related special cases
(2)—(5). Conclusion and perspectives are presented in Section 4.

For convenience and clarity, in the remainder of this study, the order r is always assumed to
be > 2.

2 Linear, combinatorial and analytic Binet expressions of (6)

In this section, we establish that the general term R,, (6) is expressed linearly in terms of the
fundamental sequence {v;’ }n>o0 and the sequence { D), },,>0. Moreover, the combinatorial formula
and the analytic Binet representation for R, are provided through those of the fundamental
sequence.

2.1 Linear expression of R,, in terms {vg”) >0

It was shown in [4, 17] (see also [7] and the references therein) that each sequence {vﬁld)}nzo of
the set {{U,(Ld)}nzo ; 1 < d < r}, namely, a fundamental Fibonacci system, can be expressed in
terms of the sequence {vﬁf)}nzo. Indeed, this statement is made explicit in the following lemma.

Lemma 2.1. [7] Let {v, }n>0 be the sequence (7) and {{vD},>¢ ; 1 < d < r} be its related
fundamental Fibonacci system. Then, for every d (1 < d < r — 1), we have

d
07(;1) = Z ar*tvg—)d—l-t—l? ©)
t=1

for every n > 0. Especially, we have ol = ar_lvg_)l,
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Let us consider the vector column W, = (v,,v,_1,... ,vn_rH)T where Z7 means the
transpose of Z, and the r X r companion matrix is defined by

Gy ap a2 Qr_1
1 0 0 0

A = 0 1 o --- 0 . (10)
0 0 1 0

The recursive relation (7) implies that the vector column W, satisfies the matrix equation
W,11 = AW, for every n > r — 1. Therefore, an iterative process implies that we have
Woro1 = A"W,._q, for all n > 0. Following the results of [10] (see also [7] and the references
therein), the entries a§-’;) of the matrix A" = (az(»;”))og j<r—1 are stated, using the fundamental
Fibonacci system, as follows
aff) = ol (11)
Consider the two vectors X,, = (R,,..., R,_,41) and Y, = (D,,0,...,0)" forn >r —1.
We can easily verify that Expression (6) leads to the matrix equation X,, .1 = AX,, + Y, 4, for
all n > r — 1, where A is the former companion matrix given by (10). Therefore, an iterative
process permits us to obtain

X, =A""X, L+ ) AMMYG, forevery n > 7. (12)
k=r

The second step consists of providing explicit formula of R, the general term of the sequence
defined by Expression (6) only with help of the two sequences {vg)}nzo and {D,, },,>0. To reach
our goal, we combine Expressions (11) and (12). First, Expression (11) allows us to get

r (r—s+1) (r—s+1)
Zs:l Un RT*S Un—ktr— 1Dk
AR = : and A"FY;, =

Id (7'—S+1) (7'_5""1)
23:1 Up—r41 RT—S Un—k Dk

Therefore, using Expression (12) we derive

R, = Z U,Z"*SH)R,«,S + Z UT(:_)HT_le, for every n > r. (13)
s=1 k=r
Expression (13) has been provided under another form in [10, Proposition 1]. Expression (9)

shows that we have v " = S5 g {7 . and by substituting the former formula

(r—s+1)

of vy, in (13) we arrive to the following main result of this section.

Theorem 2.1. Let { R, },,>0 be the sequence (6), with initial conditions Ry, . .., R,_1, withr > 2
and a,_y # 0. Then, the linear form of R,, is exhibited under the form

r r—s+1

Ry = Z Z r— tvn r+st+i— QRT 5+Zvn k+r— 1 (14)

s=1 t=1

for any n > r, where {vnT Yn>o0 is the fundamental sequence.
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To the best of our knowledge, Expression (14) is not current in the literature. On the other
hand, when Expression (6) is seen as a differential equation, it is well known that the general term
R, represents its solution. Furthermore, R,, can be written under the form R, = Rﬁl’m + Rf{’s%
for every n > 0, where {Réhs>}n20 is the solution of the homogeneous part (7) of (6), and
{Rilp ) }n>0 is known in the current literature as the particular solution of (6), when this expression
is considered as a difference equation. Therefore, Expression (14) permits us to formulate the
following property.

Proposition 2.1. Let { R, } >0 be the sequence (6). Then, for every n > r, we have R<hs> + R<p5>
r r—s+1

where Rﬁlh Z Z Qr— tvn st ltr— SandR Z vn jtr—1 Dr, forn 2> r, with initial

s=1 t=1
data Ry, ..., R,_1, and {Un )}nZO is the fundamental sequence.

Expression (14) will allow us to provide the combinatorial and the analytic Binet
representations of the general term R,,.

2.2 Combinatorial expression of R,,

In the aim to exhibit the combinatorial expression of the sequence (6), we consider the expression

Ko+ - 4 kp_1)! »
Q,(n) = 3 ( ot 1|) ot - g 05
ko+2k1+-~4rkr—_1=n—r 0-~1- r—1-

where the k; (0 < i < r — 1) are in N, with Q,.(n) = 1 and Q,.(n) = 0 forevery n < r — 1. It
was shown in [13, Theorem 2.5 and Subsection 2.4] that the term v,, of the sequence defined by
(7) is formulated in terms of €2,.(n) in the following form

Vp = Ul (n) + u1(n — 1) + - + w1 Qp(n — 7+ 1),

for any n > r, where uy = a,_jax + -+ + apa,—1 (0 < k < r — 1) and the Q,.(n) are as in
(15). In addition, we shown that the sequence {W,,},>0, with W,, = Q,(n + 1), satisfies (7).
Furthermore, a direct computation shows that

W, = v\ = Q.(n+1). (16)
The substitution of Formula (16) in (14) permits us to obtain the theorem.

Theorem 2.2. Let { R, },,>0 be the sequence given by Expression (6), whose initial conditions are

Ry, ..., R._1. Then, the combinatorial expression of R,, is formulated as follows
r r—s+1 n
Ro=> > an—r+s+t—1)R_,+ Y Qn—k+r)Dy, (17)
s=1 t=1 k=r

forn > r, where Q,.(n) is given as in (15).
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On the other hand, Expression (17) represents a combinatorial solution of (6), viewed as a
difference equation. Hence, the sequences {Rﬁf‘s> }n>0 and {R" }n>o related to the homogeneous
part (7) of (6), and the particular sequence satisfying (6), respectively. Hence, we have

r r—s+1 n
= Z Z arQ(n—r+s+t—1)R,_, and RP) = Z Qr(n—k+1)Dy,
s=1 t=1 ke

for every n > r, where €2,(n) is given by (15).
It seems to us that Theorem 2.2 is not current in the literature in this form.

2.3 Analytical Binet formula of R,,

The analytic Binet formula of R, can also be derived with the aid of the analytic Binet
representation of the fundamental sequence {vﬁf)}nzo. Indeed, let A\, (1 < s < h) be the
(characteristic) roots of the polynomial

Pl2)=2" —apz" ' —a12" 2 — =y = (2= A)™ (2 — Xg)™2 - (2 — Ap)™

h
of the sequence (7). Then, we have v = Z

mp—1
ZA n’

scalars A(T) 0 <s< h and 0 < j < my, — 1) are the scalars obtained by solving the linear

mp—
system vn = E

ZA n’

Vandermonde system Wlth the aid of Expression (14), the analytic Binet formula for R, 1s

" for every n > 0, where the

Ay = 0p_1, forn = 0,1,...,7 — 1, which is a generalized

obtained from the analytic Binet formulas of the general terms vﬁL )T 4sit_oand ny A long,

n— k+r 1
simple calculation allows us to obtain

mj;—1 1
él—Z(ZA n+z>A:“:Z<ZZb Ay "’)A:“, (18)
s=1 7=0 s=1 7=0 w=0

mij—1 3
forn + [ > 0, where b,, = ( 177 Thus we can write the expression Z Z Y in an

7=0 w=0

adequate form. That is, a direct computation shows that
mj;—1 j ms—1 /ms—1
(M w _ (r) i
S SURTEED HO SR I
j=0 w=0 =0 \ j=i

Denote

Hence, the substitution of this former expression in (18) we obtain the analytic Binet formula for
7(142[, for a given [ € Z under the form vt +l = Z A, ()X for n + 1 > 0. Thus, by making

l:—r+k+t—2andl:—k:—i—r—l,wederive
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v,” r+k+t = ZA )\n riktt=2 04 Ufl)k+r L= ZA@) )\n ktr— 1’

s=1

where

ms—1 ms—1 /ms—1
AD (n) (ZA > bVn' and A Z(ZA”) 'nt, (19)
= % =0
with b)) = ()(=r+k+t—2)""" and e = (7)(=k -+r —1)~*. In summary, we can exhibit
the explicit analytical Binet formula of the sequence { R, },>o in terms of the initial condition
and the (characteristic) roots of the polynomial P(z) = 2" — apz" ' —a;2" 2 — -+ —a,_4, and
their multiplicities. More precisely, we can formulate this assertion explicitly in the following

theorem.

Theorem 2.3. Let {R, },>0 be the sequence defined by the nonhomogeneous linear recursive
expression (6), whose initial conditions are Ry, ..., R._1. Then, the analytical Binet formula for
R, is imparted by

ror—k+1l h

Z Z Zar tA 1) )\n r+k-+t— 2Rr7 +ZZA(2 )\n k+r— 1D (20)

k=r s=1

for n > r, where Al (n) and AP (n) are given as in (19), and \; (1 < j < s) are the
(characteristic) roots of the polynomial P(z) = 2" — apz" ' — a12"% — --+ — a,_1, of the

multiplicities m; (1 < j < s), respectively.

In addition, the result of Theorem 2.3 shows that the analytic Binet representation of the two
sequences { R },,=0 and { R"*'},,5 are given in the following form

r r—k+1 h n h
Z Z Z . tA )\n r+k+t— 2Rr7 and R Z Z A )\n k+r— 1D
k=1 t=1 s=1 k=r s=1
When the roots of P(z) = 2" —agz""! —a;2"% — - -+ —a,_ are all simple roots, the analytic
Binet formula of v’ = Q,(r + 1) can be expressed under an explicit form. To this aim, the

following lemma was considered in [5] (see the references therein).

Lemma 2.2. [5] Suppose that the (characteristic) roots \y, ..., A\, of

Pl2) =2 —apz" ' —a12"* — - —a,,
are all simple. Then, we have
T

v = (n+1) =

n

N A

for every n > r, where P'(z) = “C(2) and the Q,(n) are as in (15). In other terms, we get

R S TO N _ 1
_;Ai . where A;" =500 = Z H/\ =)

=1

i=1

Consequently, when the (characteristic) roots of the polynomial P(z) are all simple, Expression
(14) allows us to furnish an explicit compact analytic Binet representation for the general term
R,,, as shown in the following proposition.
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Proposition 2.2. Let { R, },>o be the sequence donated by the nonhomogeneous linear recursive
relation (6), whose initial conditions are Ry, ..., R._1. Suppose that the (characteristic) roots
of the polynomial P(z) are all simple, namely, P(z) = [[;_,(z — \;). Then, the analytic Binet
formula for the general term R,, is given by

ror—s+l 7w )\—r+s+t 2 )\r k—1

Z Z Zar tT N N P, )\nRr S+ZZ P, )\nDkv

s=1 t=1 =1 k=r 1=1

for every n > 0.

It should be noted that the results in this section originate from the expression established
in [10, Proposition 1]. However, the results of Theorems 2.1, 2.2, 2.3 and Proposition 2.2 are not
known in the literature. Moreover, these results can be applied to various fields. In particular, as
pointed out in the Introduction, Expression (6) represents the general setting of Expressions (1)
and (2)—(5). Especially, the result of Proposition 2.2 occurs in several known sequences of usual
numbers defined by the nonhomogeneous linear recurrence expression, such that the sequence of
Leonardo numbers and some of its generalizations. The next section is devoted to some of these
sequences related to the generalized nonhomogeneous Horadam model.

3 Generalized nonhomogeneous Horadam model

This section concerns the application of results of Section 2 to the nonhomogeneous generalized
Horadam model, and provides its applications in the study of some known nonhomogeneous
sequences, such as the Leonardo sequence and its generalization.

3.1 Linear formula for model (1)

We devote this subsection to establishing the linear formula for the general term G H,, of the
generalized Horadam model (1). Furthermore, we describe explicit formulas for the sequences
of generalized Leonardo numbers considered in [18], with the aid of its related fundamental
Fibonacci system {{vg)}nzo, {vf)}nzo}, given by

o) = polD + gV, and 02| = po® 4+ g (22)

where v(()l) =1, U%l) = 0 and v(()2) =0, vf) = 1. Therefore, as a consequence of Theorem 2.1,

the following result can be stated.

Theorem 3.1. Let {GH,},>0 be the sequence defined by (1), whose initial conditions are G Hy
and G Hy. Then, the linear formula of G H,, is given as follows

GH, = vIGH, + qu)” \GHy+ > v, HCy, (23)
k=2

foralln > 2, where {U7(L2)}n20 is the fundamental sequence given by (22).
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Theorem 3.1 permits us to exhibit the formulas for the generalized Leonardo models considered
in [18], namely, (2)—(5), by using generalized the nonhomogeneous Horadam model (1). That is,
we formulate here the corollary.

Corollary 3.1. Let { L, },>0, {10 }n>0, {Hn}n>0 and {W, },>0 be the sequences conceived as in
(2)—(5). Therefore, for every n > 2, the linear expressions of the general terms L,, I,, H, and
W, are in the form

2 2 n 2
L, = U(LZL + U(L,Zl—l + D heo U(L,szk%lk?
2 2 n 2
v)z + Uz(r,r)z—l + D ks U§,71—k+1(_1)k7

2 2 n 2
H, = _UELI,)n - UJ(T{,)nfl + D hes U]('{,)n—k+1Fk7

In:v§

where Lo =L, =1, 1o=1, =1, Hy= H, = —1, and {U(LQ,ZL}”ZO’ {Ug{}nzo, {Ul(‘i)n}nzo are the
fundamental sequences related to { L, }n>0, {In}n>0, {Hn}n>0 (respectively), which are given by
(22) such that p = q = 1. Finally, for the general term W,, we have

n k
2 2 2 j
Wn = Ui(/[/,)n - f tlvl(/V,)n—l + Z Z(S - f - 1)1)1(/11,)nfl+1ajn]7
=2 j=0

for any n > 2, where {UI(/[Q/’)n}nEO is nothing else but the fundamental sequence given as in (22)
defined by setting p = s and ¢ = — f.

3.2 Combinatorial formulas for model (1)

As in the general case, the properties of Subsection 2.2 allow us to exhibit the explicit
combinatorial expressions for the model (1). Let {v,(f) }n>o be the fundamental sequence given by
(22). Since r = 2, the application of formulas (15) and (16) permits us to get v,(f) =M(n+1),

where ,
[*5=]
ko + kq1)! n—k—2\ ,_op
O(n) = %aﬁ%’fl => < h )ao =2k (24)
ko+2ki=n—2 Ot k=0

for every n > 2. Here [z| means the integer part of x. Therefore, the application of Theorem 2.2
(or equivalently replacing (24) in (23)) allows us to show the following result.

Theorem 3.2. Let {GH, },>o be the sequence defined by (1), whose initial conditions are GH,

and GH,. Then, the combinatorial formula of GH,, is as follows

GH, = Q(n+1,)GHy + ¢0(n)GH, + Y Qa(n — k + 2)HC,
k=2

for every n > 2, where Q5(n) is given as in (24).

Theorem 3.2 permits us to provide the combinatorial formulas for Leonardo’s generalized
models, given in the next result.
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Corollary 3.2. Let {L,}n>0, {In}tn>0 {Hn}n>o and {W,},>0 be the sequences defined by
(2)—(5). Then, for every n > 2, the combinatorial expression of the general terms L, I,, H,
and W, as follows

Ly = Qa(n+ 1)+ Qa(n) + 35, Qa(n — k + 2)k,

k=2
n

H, = —Q(n+1) = Qn) + > Q(n—k+ 2)F,

\ k=2

where Qs (n) is given as in (24) with ag = a; = 1. Finally, for the general term W,, we have

n k
Wy =Qn+1) = ft:Q(n)+> Y aj(s— f = 1)Q(n -1+ 2)n/

1=2 j=0

for every n. > 2, where Qs(n) is given as in (24) with ag = s and a; = — f.

3.3 Analytical Binet formulas for model (1)

This subsection concerns the analytical Binet formula for the general term G H,, of the model
(1), whose initial conditions are (GH, and GH;. To this aim, let us consider the characteristic
polynomial P(z) = 2% — pz — ¢, of the homogeneous part v,,,1 = pv, + qu,_; of (1), whose
discriminant is p? + 4q.

Suppose that p? + 4q # 0. In this case, the roots of the polynomial P(z) are simple and

P+ VPP +4q Ny = 27 VP +4q
2 ’ 2
P'()\j) = £4/p* +4q # 0, where j = 1, 2. Hence, Proposition 2.2 implies that

given by A\; = . In addition, since P'(z) = 2z — p, we have

)\n 2 )\n 2
H Hi)\ Hy)\
() + (a1GHy + agGH1As + a1GH 2>P()\2)

GH ((llGHl + (loGHl/\l + alGH())\l)

)\n—f—l k )\n+1—k

*Z (P * Py ) 10

for every n > 2. In summary, we can deduce the following theorem.

Theorem 3.3. Let {GH,},>0 be a sequence defined by (1), whose initial conditions are

GHy = «ap and GH, = «y. Suppose that the roots \y = PtV tg p 4 , Ao #—1_4 of
the characteristic polynomial P(z) = 2% — pz — q are distinct ( equlvalently, p? + 4q # O ). Then,
the analytical Binet formula for GH,, is in the form

A (ao (7] )\1) _ B (ag aq )\2) )\nJrl K )\nJrlik
GHn _ 17pg ) ) )\n 2 P,q ) ) )\n 2 2 HO
POn Y T Py +Z PO POy ) R

foreveryn > 2, where p'(\;) = £/p> +4q(j =1, 2), A, (a0, a1, A1) = qay + (payg +qag) A,
and B, 4(ag, a1, A2) = qay —i— (po + qag) Aa.
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The result of Theorem 3.3 can also be established with the aid of a long straightforward
computation using Theorem 2.3.The following corollary follows from an application of Theorem
3.3 for the sequence of of the generalized Leonardo (2)—(5).

Corollary 3.3. Let \; = ! +2\[ nd Ay = \/5. Then, the analytical Binet representations of
the general terms of the sequences { Ly, } >0, {In}n>0, {Hn}n>0 and {W, },>o defined by (2)—(5),

are given in the form

Ln — A2 22 Z AT +1 AT k+1 k,
21\/; 1 21\/§A 2 k:225(1 o
+ + 3
In o ( 1))\? 2 ( 2))\;1—2 + (A?—k’—i-l o )\72’L—k+1) (_1)k’
2(1\/5% ) 2 (1 + 2)s) Y5
+ 1 n—2 + 2) \n—2 & n—k+1 n—k+1
H, = PN R Sl i 75 VI S o B VS S R F,
. \/3 ! \/5 2 122 5( ! 2 ) g

for every n > 0. Finally, for the general term W, suppose that s* — Af # 0. Then, we have
Wo = Fop(tn, Tl = D gt o)™ + ZZ ﬁ (M =g
=2 j=0

for any n > 0, where

2 (—fty + stymy — ftom) and A, (b, ty) = 2 (= fty + stymy — ftona)
sz —4f sz —4f

+\/7 Yy

,and 1y = 5

Fs,f<t17 tO) ==
such that m, =

For the the generalized nonhomogeneous Horadam model (1), suppose that p®+4¢q = 0. Thus,
the characteristic polynomial of the homogeneous part is P(z) = (z — A)?, where

A=A =X\ = g. Then, the analytic Binet representation of the general term o is imparted in

(2) _

the form vy, nA"~!, for every n > 0. Hence, a direct application of Theorem 2.3 shows that

the analytic Binet expression of the general term G H,, is

GH, =n\"'GH + q(n — )\"*GHy+ > (n—k+ )X\"FHCy,
k=2

for every n > 2. In summary, the following proposition can be formulated.

Proposition 3.1. Let {GH,},>0 be the sequence defined by the relation (1), whose initial
conditions are GHy and GH,. Suppose that p* + 4q = 0. Then, the analytical Binet formula
for GH,, is

GH, = ((%GHI - GH0> n -+ GH0> (g)” +3 (n—1+1) (g) " He,.

for everyn > 2.
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For the sequence {W,,},,>o the following corollary can be stated.

Corollary 3.4. Let {W,},>0 be the recursive sequence defined by (5), where Wy = to and
W, = t1, and suppose that s*> — 4f = 0. Then, the analytical Binet representation of the general
term W, is

for everyn > 2.

4 Conclusion

In this study, our main results of Section 2 concerned explicit formulas for sequences defined by a
generalized nonhomogeneous linear recursive relation of finite order (6), whose initial conditions
are arbitrary. The results of this section provided us with an interesting approach to address the
linear representation and combinatorial aspect, as well as the analytic Binet representations for
the general term of the generalized nonhomogeneous Horadam model (1). As a consequence,
new formulas were provided for the sequences of generalized Leonardo numbers (2)—(5).

To our knowledge, it appears that our approach and results are not current in this form in the
literature. Finally, our approach can be used for studying other models of sequences defined by
nonhomogeneous recursive relations similar to (6).
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