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Abstract: A positive integer n is called an e-Zumkeller number if the exponential divisors
of n can be partitioned into two disjoint subsets of equal sum. Generalizing the concept of
e-Zumkeller numbers, we define multiplicatively e-Zumkeller numbers. In addition, generalizing
the concepts of s-Zumkeller numbers and m-Zumkeller numbers, we define two new variants of
Zumkeller numbers called (+s)-Zumkeller numbers and (+m)-Zumkeller numbers, considering
even positive divisors. We present some examples in support of these two types of positive
integers and study their characteristics.
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1 Introduction

The concept of perfect numbers, one of the best-known concepts of pure mathematics, has been
studied since ancient times. A positive integer n is a perfect number if n is equal to the sum of
the proper positive divisors of n. The existence of odd perfect numbers has remained yet an open
problem. Many researchers have attempted to generalize the concept of perfect numbers over
time.
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A positive divisor d of a positive integer n = py'py* - - - p%m is called an exponential divisor
(or e-divisor) of n if d = plflng . -pf;l" with b;|a;, foralli = 1,2,... m. In [14], Straus and
Subbarao introduced the concept of exponentially perfect numbers (or e-perfect numbers). In [2],
Fabrykowski and Subbarao proved that any e-perfect number not divisible by 3 must be divisible
by 217, greater than 1054, and have at least 118 distinct prime factors. A positive integer n is
said to be an exponentially perfect number (or e-perfect number), if the sum of proper e-divisors
of n is equal to n, or equivalently if (®)(n) = 2n, where o(°)(n) denotes the sum of e-divisors of
n. Some e-perfect numbers are 22 x 32, 22 x 33 x 52, 2% x 32 x 112, 24 x 33 x 5% x 112

Sandor and Egri [11] introduced the notion of + perfect numbers considering even divisors.
A positive integer n is + perfect, if n is equal to the sum of proper even divisors of n, i.e.,
o4 (n) = 2n, where o, (n) denotes the sum of even positive divisors of n. They used the symbol
+ to indicate the even divisors of positive integers.

The concept of Zumkeller numbers, one of the generalizations of perfect numbers, was
introduced by R. H. Zumkeller in 2003. A positive integer n is said to be a Zumkeller number

or integer perfect number, if the set of positive divisors of n can be partitioned into two disjoint
a(n)
T2
One of the most important reasons for investigating the properties of Zumkeller numbers is that all

subsets of equal sum, which will be , where o(n) denotes the sum of positive divisors of n.
perfect numbers are Zumkeller numbers. Many researchers have investigated various interesting
properties of Zumkeller numbers [5,7, 13].

Recently, Kalita and Saikia [3] generalized the Zumkeller numbers to s-Zumkeller numbers.
A positive integer n is said to be s-Zumkeller number, if the set of all proper positive divisors of n
can be partitioned into two disjoint subsets of equal sum of squares of the proper positive divisors.
Some examples of s-Zumkeller numbers are 60, 120, 180, 252, 300, 336, 360, 420. In 2021, Patodia
and Saikia [6] introduced the notion of m-Zumkeller numbers. A positive integer n is called
m-Zumkeller number, if the positive divisors of n can be partitioned into two disjoint subsets
of equal products. The positive integers 6, 8,10, 14, 15, 16, 21 are some m-Zumkeller numbers.
Another branch of research on unitary Zumkeller numbers was explored in [1]. Generalizing the
concept of e-perfect numbers and Zumkeller numbers, Kalita and Saikia [4] have introduced the
concept of e-Zumkeller numbers. A positive integer n is said to be an e-Zumkeller number if
the set of exponential divisors (e-divisors) of n can be partitioned into two subsets of equal sum.
Some e-Zumkeller numbers are 36, 180, 252, 396, 468, 612, 684, 828, 900.

Combining the concept of e-Zumkeller numbers and m-Zumkeller numbers, in this paper we
define a new type of sequence of numbers, multiplicatively e-Zumkeller numbers. Additionally,
we generalize s-Zumkeller numbers and m-Zumkeller numbers to (+s)-Zumkeller numbers and
(+m)-Zumkeller numbers, respectively, considering their even positive divisors. We also establish
related properties of these numbers.

2 Multiplicatively e-Zumkeller numbers

We first present some preliminary arithmetic functions and preliminary results that are necessary
for our work.
The arithmetic functions ¢(®)(n) and 7(°)(n) denote the sum of all positive e-divisors of n and
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the number of positive e-divisors of n, respectively. The function 7, (n) denotes the product of
the e-divisors of n; it was first published in [8] and later applied also in [9]. These results and
many related ones can be found also in the monograph [10].

Lemma 2.1. [3] Let n = p{*p32 - - - p&m be a positive integer. Then 79 (n) = 7(a1)7(az) - - - 7(apm).
e m e a;\ m b;
Also, ') (n) = [T}2, 0 (p}") = Hj:l(ij\aj pi’)-

. . o (n)

Lemma 2.2. [8,9] If pi'p5? - - - pm is the prime factorization of n, then T.(n) = (t(n)) 2
o(ay) o(ag) o(am)

(a1) " a) | 7(am)

while the arithmetical function t(n) is given by t(1) = 1 and t(n) = p; """ py  DPm

Now we define multiplicatively e-Zumkeller numbers.

Definition 2.1. A positive integer n is called multiplicatively e-Zumkeller number if the set of
all e-divisors of n can be partitioned into two subsets of equal product. Equivalently, a positive
integer n is called a multiplicatively e-Zumkeller number if the set D of all positive e-divisors of

n can be partitioned as { A, B} such that
[Te=][d=VT(n)
deA deB

Example 2.1.1. The positive integers 36, 64, 100, 180, 729 are some examples of multiplicatively
e-Zumkeller numbers.

Now we present some properties of multiplicatively e-Zumkeller numbers.
Proposition 2.2. If n is a multiplicatively e-Zumkeller number, then
1) \/m > n, and
(ii) 7¢(n) > 4.
Proof. (i) By definition, it is obvious.

(ii) Let n be a multiplicatively e-Zumkeller number. By definition, it is clear that 7¢(n) > 3.
If 7¢(n) = 3, then n is of the form P (where p is a prime and r is a positive integer
greater than 1). Then the e-divisors of n are p, p" and pTQ. It is impossible to partition these
e-divisors of n into two subsets of equal product. Therefore, 7¢(n) > 4. ]

Proposition 2.3. A positive integer n, with T,(n) > 4, is multiplicatively e-Zumkeller number if

and only if —VTne(n) is equal to 1 or equal to the product of some e-divisors of n excluding n.

Proof. Let n be a multiplicatively e-Zumkeller number with partition {A, B}. Without loss of
generality, we may assume that n € A.

* Case 1. If A contains only n, then by the definition of multiplicatively e-Zumkeller numbers,
Te(n)
= 1.

n

T.(n) = n. This implies

» Case 2. If A contains elements other than n, then the product of the remaining elements is

7;;"("). Hence ~ I;j(n) is the product of some e-divisors of n excluding n.
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Conversely, suppose that \/m is equal to 1 or equal to the product of some e-divisors of
n excluding n. If we augment thls set with n, then we have a set of some positive e-divisors of
n including n, whose product will be \/7T.(n). Therefore, n is a multiplicatively e-Zumkeller
number. O]

Proposition 2.4. If a is a Zumkeller number; then n = (p1p2)” is a multiplicatively e-Zumkeller

number.
Proof. Let a be aZumkeller number. Suppose that the divisors of «ware dy, ds, . .., d,,, d}, df, .. .,
d!, such that
Si= 3 =T
=1 7=1
.. d d 4 4 di g d. d. . .
Then the e-divisors of n are pi°py’, p1’py’, p’ Py’ and p’py’ (1 =1,2,...,m andj = 1 2 .., n).
We can %a/lrtizi/on this set of e-divisors as {A, B}, where A = {ppd, pl p2 } and
B = {p%p,’,p,’p¥} such that
m_ g m_ g L o(e) L o(e) ole)  o(e)
[T = o=ty =ty m 2 = s o
deA
— (p1p2)(m+n) 0(204)
Also,
m . d' 7}7 d’- m i o(a) M M M
[T =pi=mtpy =S s o S =it = 5 )
deB
— (p1p2)(m+”) 0(20[)
Thus, [,c5 d = [[,c5 d- Therefore, n is a multiplicatively e-Zumkeller number. O

Proposition 2.5. If n is a multiplicatively e-perfect number, then n is a multiplicatively

e-Zumkeller number.

Proof. Let n be a multiplicatively e-perfect number. Therefore, T.(n) = n? This implies

that \/7.(n) = n and so ~ 7;:(”) = 1. Therefore, by Proposition 2.3, n is a multiplicatively
e-Zumkeller number. U

However, the converse of the above proposition does not hold. For example, 2% is a
multiplicatively e-Zumkeller number (since 12 is a Zumkeller number), but not a multiplicatively
e-perfect number.

Proposition 2.6. If n = [[", p{" is a multiplicatively e-Zumkeller number, then o ()7 (n)
=0 (mod 27(a;)).

e (ma(a)  7¢(n)o(ap) 7€ (n)o (am)
Proof. By Lemma 2.2, T.(n) = p;, " p, " --- p,, 7" . Since n is a multiplicatively
e-Zumkeller number, 7.(n) must be a perfect square number. So 2 | L)“) for all
i = 1,2,...,m. Therefore, 27(a;) | 7°(n)o(a;). Hence, o(a;)7(n) = 0 (mod 27(a;)), for

alli=1,2,...,m. O
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Proposition 2.7. Any positive integer n of the form pi* p5?, where oy and o are prime numbers,
is a multiplicatively e-Zumkeller number.

Proof. Let n = pi"p5?, where a; and a5 be prime numbers. Therefore, the divisors of a; are 1
and 4. Similarly, the divisors of c are 1 and aw. This implies that the e divisors of n = pJ* p3?
are p1pa, P1ps2, Piipe, and pitp5?. Therefore, the set of e divisors of n, can be partitioned as
{p1p2, 7' P32} and {p1p5?, p{* p2}, where the product of each subset is the same. Hence n is a
multiplicatively e-Zumkeller number. ]

Proposition 2.8. Ifn is a multiplicatively e-Zumkeller number such that the numbers of e-divisors
of each subset of Zumkeller partitions are equal, then for any positive integer | and any prime p

with (n,p) = 1, np' is a multiplicatively e-Zumkeller number:

Proof. Let n be a multiplicatively e-Zumkeller number such that the numbers of e-divisors of
each subset of partitions are equal. Let the multiplicatively e-Zumkeller partition be {A, B}.
Therefore, [[;c4 d = [{ycpd = \/Te(n). Let the divisors of [ be dy, ds, . . ., di. Then the set of
e-divisors of np' is pL AUp2 AU- - -Up AUpm BUp® BU- - -Up B, which can be partitioned
as {A’, B'}, where A’ = ph AUp2AU---Up*Aand B' = p"BUp®2 B U---Up% B. Clearly,
[Tsear d = [1scp d- Hence np' is a multiplicatively e-Zumkeller number. O

3 (4s)-Zumkeller numbers

The arithmetic functions o, (n) and o9 (n) denote the sum of even positive divisors of n and
the sum of squares of all even positive divisors of n, respectively. At first, we present some
preliminary facts about the functions o, and o5 .

Lemma 3.1. [12] If n is odd, then o, (n) = 0. If n is even of the formn = 2N, k > 1 with N
odd, then o (n) = 2(2F — 1)o(N).

Lemma 3.2. If n is odd, then o4, (n) = 0. If n is even, n = 28N = 2kpFiph> ... phm | > 1 with
D1, P2, - - -, Pm are odd primes, then

m

0o (n) = 2(2% _ 1)op(N) and

. O'2+(n) < 4 1

2
i

2 Z(1— 2k) 2 :

n 3 2 i:1pi_1

Proof. If n is odd, then obviously o5 (n) = 0.
If niseven,n = 28N, k > 1 with N odd, then o9, (n) = {22+(2%)2+(23)2 4 - - +(2%)2} 0o (V).
This implies that o, (n) = 5(2% — 1)o3(N).

2(k;+1) _

021 (n) = 5(2%_1)1_[ 22— 1
=1 L
d
o 2k m - 2(ki+1) m 2
oor(n) 422 — 1% p ~1 4 1

p,
= - : <=(1— =) i O
n2 3 92k :ZEIl p?kz (sz o 1) 3 92k p p? -1
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Now we define (+s)-Zumkeller numbers and present some properties of these numbers.

Definition 3.1. A positive integer n is said to be a (+s)-Zumkeller number; if the set of all even
proper positive divisors of n can be partitioned into two disjoint subsets of equal sum of the
squares of the proper even positive divisors.

In other words, a positive integer n is called a (+s)-Zumkeller number if the set D of even

proper positive divisors of n can be partitioned as { A, B}, such that
2
o -n
IS SRS
deA deB
These numbers are defined only for even numbers, not for odd numbers.

Example 3.1.1. 120, 240, 360, 480, 504, 600, 672, 720, 840, 960, etc., are some (+s)-Zumkeller
numbers.

Theorem 3.1. If n is a positive integer divisible by 4, then n is a (+s)-Zumkeller number if and
only if w is a sum (possibly an empty sum) of square of distinct proper even positive
divisors of n excluding 3.

Proof. Since n is divisible by 4, £ is an even divisor of n. Assume that n is a (+s)-Zumkeller
number with Zumkeller partition {A,B}. Without loss of generality, we may assume that § € A.
Then the sum of squares of the remaining elements of A will be

oy (n) —n® <n>2 _ 205:(n) — 3n®
2 2/ 4 '

2 —3n2 . .. . .. .
Thus ”2*(2# is a sum of squares of distinct even proper positive divisors of n excluding 7.

_2n2
Conversely, suppose that M

is a sum of squares of distinct even proper positive
divisors of n excluding 7. If we augment this set with 7, we have a set of even positive divisors
of n, whose sum of squares is equal to

209, (n) — 3n? N <§>2 _ 094(n) —n?
4 2 2
Therefore, the sum of the squares of the even proper positive divisors of n of the complementary
set of above mentioned augmented set will be equal. Hence n is a (+s)-Zumkeller number. [

Theorem 3.2. (i) If n = 2Fphiphe ... phm s a (—|—S) -Zumkeller number, where k > 1 and

p1<p2<-~-<pm,then(1—2%)]_[;nlp

(i) Ifn = 2p5 ph2 - - - pkm is a (+s)-Zumkeller number, then T[]

2

llp

Proof. (i) Letn = 28N = 2Fphipke ... pkm be a (4-5)-Zumkeller number, where k& > 1 and

p1 < p2 < o+ < pp. So, 7 is the greatest even proper positive divisor of n. Then

M > (%)*. This implies oo (n) > 2” + n?. Then

< "222”). (1)

[\CR V]
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Again, by Lemma 3.2

oor(n) 4 1\ & p?
<-|1—-= . 2
( 2 i:lp?_l ()

Hence, by (1) and (2)
3 4 1\ & p? o 1\ 7 _9
5 < g (1 — ﬁ) H ﬁ, which 1mplles that (]_ — ﬁ) 1 pZQ 1 > g

(i) Using a similar method, for n = 2N = 2p’f1 p;” .- pkmwe can easily prove that

2 2
2p7’ > — + 1 O
i:1pi_1 p1

m

Theorem 3.3. Ifn = kalflpl;? coopPm (for k > 1) is a (+5)-Zumkeller number, then n contains
at least

(1) 3 distinct odd primes, for k = 2.
(ii) 2 distinct odd primes, for k = 3.
Proof. Letn = 2pf1ph> ... pkm (k > 1) be a (+5)-Zumkeller number. Then, by Theorem 3.2(i),

1\ p? 9
1—— ! =, 3
( 22k)i:1p3_1>8 3)
(1) If £ = 2, then
m 2
P; 6
122 )
Pl 5
Form < 4
o p? 32 52 72 9 25 49 6
H 3 < % X = X = =-X—=X—< -,
p;—1—3—-1 52-1 7-1 8 24 48 5

=1
which contradicts (4).
But for m = 4, inequality (4) holds, as
32 52 72 112 9 25 49 121 6
X X X =X —=X—X— > —.
32—-1 52-1 7—1 112—-1 8 24 48 120 5

Hence for k£ = 2, there must exist at least 4 distinct odd primes.

(i1) If k£ = 3, then

p.
> =, 5
Hpg_1 = (5)
For m < 2,
o p? 32 9 8
2]9@ = =3 <=
Lopi—1 T3 —-1 8 7

which contradicts (5).
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But for m = 2, inequality (4) holds, as

32 " 52 -9 " 25 - 8
32—-1"52—-1 8 24~ T
Hence for k£ = 3, there must exist at least 2 distinct odd primes. ]

From the above theorem, we get the following Table 1 (for 1 < &£ < 5) of the least number of

distinct odd primes, for (+s)-Zumkeller numbers of the form 25p*ph2 . . . plm.

Table 1. Least number of distinct odd primes for a (+s)-Zumkeller number of the form

Qkplflp]§2 .. ‘pfnm'

’ k ‘ Least number of odd primes (m) ‘
2 4
3 2
4 2
5 2

Theorem 3.4. [fn = 2% ph* - - - pFm is a (+5)-Zumkeller number and 3 divides n, then n contains

m

at least 7 distinct odd primes.

Proof. By Theorem 3.2(ii),

m 2
Di 2
>—+1
H pi—1" pi
If p; = 3, then
m 2
b; 11
> —. 6
H 2179 (6)
Form < 7,
mp$<32x52x72x112X132X172<11
i:1p§—1_32—1 52-1 7-1 112-1 132-1 177-1 ’
which contradicts the inequality (6).
But for m = 7, the inequality holds as:
32 52 72 112 132 17> 192 11

X X X X X X > —.
-1 5-1 7-1 112-1 13?-1 177-1 192-1 9

Hence n must contain at least 7 distinct odd primes. U

From the above theorem and following the proof of result (ii), we get the following Table 2

(for p; < 13) for the number n = 2p’f1p’§2 .. .p’:nm_
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Table 2. Least number of distinct odd primes for a (+s)-Zumkeller number

of the form 2p%'ph2 . . . pkm.

Smallest odd prime divisor (p;) ‘ Least number of odd primes (m) ‘
3
)
7
11
13

W W| | Ot

4 (+m)-Zumkeller numbers

In this section, we define some preliminary arithmetic functions and results that are needed to
study the characteristics of the (+m)-Zumkeller numbers. Then we define (+m)-Zumkeller
numbers and investigate their characteristics.

The function 7, (n) denotes the number of even positive divisors of 7.

Lemma 4.1. Ifn = 2°pXpk2 - pk then 7, (n) = ar(pfiph? - - - pkm).

The function 7'(n) denotes the product of all positive divisors of n.

7(n) -\ 7(n)

2 :(Hglpfl) 2.

)

Lemma 4.2. [6] If n. = I ,p¥ is a positive integer, then T'(n) = n

The function 7', (n) denotes the product of all even positive divisors of 7.

71 (n)
Lemma 4.3. If n is a positive integer, then T', (n) = (2n) 2

km
m °

Proof. Letn =2*N = 2ap’f1p’§2 - -pim where N = p'flpé€2 .- pFm_Then we have

T+ (n> — 2(1+2+'”+a)(1+k1)(1+k2)m(1+km)(T(Hilpfi))a.

1

This implies T} (n) = 23@+DrM (I 5k 52 Then T, (n) = (2 x 20717, pk) 5. Since
T4 (n)

ar(N) = 7(2°N) = 7.(n), T1.(n) = (2n) 2

Now we define (+m)-Zumkeller numbers with suitable examples.

Definition 4.1. A positive integer n is called a (+m)-Zumkeller number if the even positive
divisors of n can be partitioned into two disjoint subsets of equal product. (+m)-Zumkeller

numbers are defined only for even positive integers.
Example 4.1.1. The integers 8,12, 16, 20, etc., are some (+m)-Zumkeller numbers.

It is obvious that a positive integer n is a (+m)-Zumkeller if and only if 7'y (n) is a perfect
square.

Theorem 4.1. A positive integer n = 2°I17",p" is a (+m)-Zumkeller number if and only if
41 (a+1)14(n) and 4| oy (n), foranyi =1,2,3,...,m.
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74 (n)

Proof. Let,n = 2°II7* p;*. Then by Lemma 4.3, 7', (n) = (2n) 2 . This implies

1=

4 (n) (at1)7y (n) a7y (1)

:(2(a+1)Htlpféi) 2 =22 I p, 2

7

T4 (n)

Ti(n) = (2 x 27, pi") "2

Therefore, n is a (+m)-Zumkeller number if and only if n is perfect square. Hence n is a
(+m)-Zumkeller number if and only if 4|(a+1)7, (n) and 4|a; 7 (n), foralli = 1,2,....,m. O

Corollary 4.1.1. If p, q are odd primes and k is any positive integer, then 2%, 2(4=1) 2(4k=2)y,
2p(4k_1), 22p(4k_3), 23p(4k_1), etc., are (+m)-Zumkeller numbers.

Example 4.1.2. (i) 16 = 2% is a (+m)-Zumkeller number, where the partitions are {2,16} and
{4, 8}.
(i) 8 =24~ is a (+m)-Zumkeller number, where the partitions are {2,4} and {8}.
(iii) 12 = 2%=2) x 3 is a (+m)-Zumkeller number, where the partitions are {2,12} and {4,6}.
(iv) 54 = 2 x 3= is a (+m)-Zumkeller number, where the partitions are {2, 54} and {6, 18}.

(v) 216 = 28x34 D jsq (4+m)-Zumkeller number, where the partitions are {2,4,6,72,108,216}
and {8,12,18,24, 36,54}

Corollary 4.1.2. If n = 2°I1I" \p;, (m > 1), then n is a (+m)-Zumkeller number.

Proof. Here 7. (n) = a x 2 X 2 x --- x 2. Since m > 1, so clearly 4|7, (n). Also 4|(a + 1)74(n).

-~

m times

Therefore, by Theorem 4.1, n is a (+m)-Zumkeller number. O
Theorem 4.2. If n is a (+m)-Zumkeller number and p is an odd prime with (n,p) = 1, then
for any positive integer I, np' is a (+m)-Zumkeller number if and only if T, (n) is even or
[ =0 (mod 4) orl =3 (mod 4).

Proof. Let n = 2°II'™ p$“, where p;’s are odd primes. Since (n,p) = 1, so 7. (np!) =
7.(n)(l + 1). So np' is a (+m)-Zumkeller number if and only if 4|(a + 1)1, (np') , 4|7 (np')
and 4|I(l + 1)74(n). Since n is a (+m)-Zumkeller number, 4|(a + 1)7, (np') and 4|7, (np')
are obvious. Therefore, np' is a (+m)-Zumkeller number if and only if 4|/(] + 1)7,(n), that
is, 2|7 (n) or I = 0 (mod 4) or [ = 3 (mod 4). Hence, if n is a (+m)-Zumkeller number,
then np' is a (+m)-Zumkeller number if and only if 7, (n) is even or [ = 0 (mod 4) or
[ =3 (mod 4). O

From the above theorem we get the following corollary.

Corollary 4.1.3. If n is a (+m)-Zumkeller number such that T, (n) is even and gcd(n,m) = 1,

then nm is a (+m)-Zumkeller number.

Theorem 4.3. Let ¢y, c;. . .., cx be non-negative integers. If a is a (+m)-Zumkeller number such

that alc;, (for all 1 < i < k), ged(a, cg) = 1 and 7, (n) is even, then the polynomial
P(n) = acy + acin + CZCQTLQ N acknk

is a (+m)-Zumkeller number for all n € N.
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Proof. Let a be a (+m)-Zumkeller number such that a | ¢;, forall 1 <i < k and ged(a, ) = 1.
So, for all positive integers n,

ng(aa co+cin+ CQTL2 + .+ Cknk) -1

Therefore, by Corollary 4.1.3,

a(co + cin + con® + - - + pn®) = acy + acin + acyn® + - - + acgn®

is a (+m)-Zumkeller number. O

5

Conclusion and future scope

In this paper, we have defined and studied the properties of multiplicatively e-Zumkeller numbers,

(+s)-Zumkeller numbers and (+m)-Zumkeller numbers. The concept of graph labeling using

Zumkeller numbers is one of the most prominent research ideas for mathematicians. In future,

we can investigate the graph labeling for different graphs using the notation of these newly defined

variants of Zumkeller numbers.
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