Notes on Number Theory and Discrete Mathematics
Print ISSN 1310-5132, Online ISSN 2367-8275
2026, Volume 32, Number 1, 137-149

DOI: 10.7546/nntdm.2026.32.1.137-149

Padovan numbers which are concatenations
of three Padovan or Perrin numbers

Fatih Erduvan

MEB, Izmit Namik Kemal Anatolia High School
41100, Kocaeli, Tiirkiye

e-mail: erduvanmat@hotmail.com

Received: 12 October 2025 Revised: 17 February 2026
Accepted: 1 March 2026 Online First: 4 March 2026

Abstract: This paper presents all Padovan numbers that can be written as the concatenation of
three Padovan or Perrin numbers under a certain constraint. Namely, we consider the Diophantine

equations
P, =10"P, +10'P, + P,

and

P, = 10¢"'R,, + 10'R,, + R,,

where k, m,n,r,d and [ are positive integers satisfying n < m. The parameters d and [ denote
the numbers of digits in the integers P,(or R,) and P, (or R,), respectively. The solutions to
these equations can be written in the form Pig = P, P, P; = 114 for all m, n,r > 2 and, similarly,
Psy = R3R3R15 = 3329, Pys = R7R;Ry3 = 7739 forallm > 3and n,r > 1.

Keywords: Padovan and Perrin numbers, Diophantine equations, Linear forms in logarithms.
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1 Introduction
Let (P,)n>0 and (R,),>o be the sequences of Padovan and Perrin numbers given by

P0:P1:Pg:1;P7L:Pn_2+Pn_3foralln23
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and
RO = 3,R1 = O,RQ = 2; Rn = Rn_g + Rn_g for all n Z 3.

For further details on the Padovan and Perrin numbers, see references [10, 16]. Using linear
forms in logarithms to solve Diophantine equations is widely employed by many researchers as a
common tool. For this type of work, references for [5, 14,17, 19] can be consulted.

Since Bank and Luca’s work [4], it has become a popular problem among researchers to
investigate whether certain terms of a sequence can be formed as the concatenation of two or
three terms either from another sequence or from the sequence itself. For these studies, the reader
may refer to [1-3,6, 11-13]. We then asked the following question: Can a Padovan number be
expressed as a concatenation of three Padovan or Perrin numbers? Thus, we have tackled the
solutions to the Diophantine equations

P, =P, PP =10"P, +10'P, + P, (1)

and
P, = R, R,R, = 10%"'R,, + 10'R, + R,, (2)

in positive integers (k, m,n,r,d,l) with n < m, where d and [ represent the numbers of digits
of (P,, R,) and (P,, R,), respectively. Since the values of P, P;, and P, are the same, we will
take m,n,r > 2 in Equation (1) to avoid trivial solutions. If m = 1 in Equation (2), then we have
P. = R, R,. This equation was also solved in [6]. Moreover, since Ry = R3 and Ry = R4, we
will take m > 3 and n,r > 1 in Equation (2).

2 Properties of Padovan and Perrin sequences

In this section, we give some algebraic properties of the Padovan and Perrin sequences. Let
w; = \3/ 108 + 121/69 and Wy = v/ 108 — 124/69. The Binet formulas for the Padovan and Perrin
numbers are
P,=t-a"+s-p"+r-4"and R, = " + " +7".
Here,
w1+ wy —w1 — Wy + i\/g(wl — wo)
6 12 ’
are the roots of the characteristic equation 2® — z — 1 = 0. Moreover,

e and y = =

a4l o L oAl
C—a?+3a+1"" —f2438+1 =2+ 3+1

The minimal polynomial of ¢ over Z is given by 232% — 2322 + 62 — 1, whose zeros are t, s, 7.
Furthermore, it can be readily verified that the following estimates are valid:

132 << 1.33, 086 <|8] = 7| < a™¥? <0.87,

and
0.72 < |t| < 0.73,0.24 < |s| =|r| < 0.25.
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Put
e(n) =P, —ta"=s-8"+r-4"

and

’

e(n):=R,—a"=p"+~".
Then |e(n)| < —= and |¢'(n)| < — for n > 1. Let F := Q(a, §) be the splitting field of the
o
polynomial ¢ over Q. Then |Gal(F/Q)| = [F : Q] =6, [Q(«) : Q] = 3 and

Gal(F/Q) ~{(1), (aB), (a7), (87), (aB7), (ayB)} = Ss.
The relation between P,,, R,, and « is expressed by
a" B < P, <o foralln>1 3)

and
a"? < R, <a"foralln > 2. “4)

3 Preliminaries

Before presenting our main results, we first provide a definition and several lemmas in this section.
Definition 3.1. Let the nonzero algebraic number ~y of degree d over Q with minimal polynomial
over 7 be CoH (z —+D). Then

i=1

h(v) = é <log lco| + Zlog (max{h(i)|7 1}))

i=1

is called the absolute logarithmic height of 7.
The next lemma states several properties of logarithmic height, as detailed in [18].

Lemma 3.1. Let v,v1, 79, . . .,V be elements of an algebraic closure of Q and m € Z. Then

(1) h(y Zh %)

@) h(y+-+7) <logn+ > h(v)
i=1
(3) h(y™) = [m|h(7).
As stated in [8], the following lemma allows us to find an upper bound for k.

Lemma 3.2. Let vy, 7o, - . .,V be positive real algebraic numbers and let by, bs, . . ., b, be nonzero
integers. Let D be the degree of the number field Q(v1, e, - . .,v:) on Q. Let

B > max{|b],...,|b:|} and A; > max {Dh(v;),|log~:|,0.16}
foralli =1,... t. IfI' := %’1 o -’yft — 1 is not zero, then

IT| > exp (—1.4- 30" - t*°. D*(1 +log D)(1 + log B)Aj Ay - - - A;) .
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A version of the Baker—Davenport lemma, stated as the following lemma, appears in [7].

Lemma 3.3. Let k be an irrational number and p/q be the convergence of the continued fraction
of k such that ¢ > 6M. Let M be a positive integer and let A, B, i be some real numbers with
A >0and B > 1. Let € := ||uq|| — M||vq
integer. If € > 0, then there is no positive integer solution (r, s, t) to inequality

, where || - || denotes the distance from the nearest

0<|rk—s+pul <AB™,

log(Ag/€)

subject to the restrictions that r < M and t > log B

The following two lemmas can be found in [9, 15], respectively.

Lemma 34. Let p,I' e R.If0 < p < 1and |T'| < p, then

—log(1 —
log(1+ )| < —280L=P) iy
P
Lemma 3.5. Let 1) be a real number and 1 = |ag; a1, as, as, .. .]. Put u,v € Z. If{n — %} < 2—11}2

then ¥ is the convergent of the continued fraction of 1. Furthermore, if W and n are nonnegative
)

integers such that v,, > W, then |n — E‘ > i where s :== max{a; :1=0,1,2,... n}.
v S v

To establish the relationships among the variables in Equations (1) and (2), we present the
following two lemmas. Because their proofs are similar, we provide the proof of the first lemma
only.

Lemma 3.6. Assuming the validity of Equation (1), we derive the subsequent inequalities.

3n + 17
20
3r+ 17
(b) | < —5—
(c) P, <10% < 10P,,
(d) P < 10! < 10P,,
e m+n+r—8<k<m+n+r+17,

® k—r>09.

(a) d <

Proof. (a,c) Since d represents the number of digits of P, we have d = [log,, P, | + 1. Then,
we can write

3n + 17

d = [log,y Po] +1<log,s P, +1<logoa" ' +1< 50

and
P, = 109810 < 10¢ < 1080t — 0P,

Thus, the required proofs for Lemma 3.6(a) and Lemma 3.6(c) have been established.

(b,d) These are demonstrated in a manner similar to the proof of Lemma 3.6(a) and Lemma

3.6(c), respectively.
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(e) Considering (3) and using Lemma 3.6(c)(d), we can say

o3 < P, = 100P,P,P,, + 10P,P, + P, < 111P,,P, P, < o™+ +14

and
o1'>p. > PP,P,+ P.P,+ P.> P,P,P, > "9,

Thus,wegetm+n+r—-8<k<m+n+r+17.
(f) First, we consider the inequality

P, > 10FP,.FP,, + PP, + P, > 12P,.

If £ — r <8, then we obtain
12P, < P, < P, 5.

This is impossible. So, we cansay &k —r > 9.

Lemma 3.7. Given that Equation (2) is valid, then the inequalities below hold true.

3n + 23

20

3r + 23
b) I < 50

(c) R, <10¢ < 10R,,

(d) R, <10' < 10R,,

e m+n+r—-5o<k<m+n+r+23,
) k—r>11.

)

(a) d <

4 Main theorems

Theorem 4.1. Let d and | be the numbers of digits of P, and P,, respectively. The only positive
integer solution (k,m,n,r,d,l) of Equation (1) with m,n,r > 2 and n < m is given by

(k,m,n,r,d,l) € {(18,2,2,4,1,1)}.
Proof. We begin our proof by assuming k > 18 since m, n,r > 2. Next, we rewrite Equation (1)
as
t-af — 10"t o™ = —(s- B+ 1A+ 10T (s BT 1 y™) + 10'P, + P

Taking into account P, < 10%, P. < 10" (from Lemma 3.6(c)(d)), together with k > 18, m > 2
and [t| > 0.72, we get

akm |s-BF+r-y* s pm4rogm 10'P, + P
104+ ‘ = 104+ t] - am It] - am 104+ - [t] - am
1 0.5 0.5 1
= J-am (10d+l.a's *TNHW)’
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1.e.,

ak—m

1049+

< @ 5)

am

We apply Lemma 3.2 with the pairs (71, b1) := (o, k — m) and (72, b2) := (10, —d). We can take
k—m
K = Q(«), for which D = 3. We now demonstrate that I'; := % —1 # 0. If I'; were equal

to zero, it would follow that o*~™ = 109+, After applying an automorphism o to both sides and

taking the absolute values, we arrive at

‘10d+l‘ — |O'<Oékim)‘ — ’ﬁ|k—m < 1’

__loga

which is impossible. Given that h(v;) = h(a) = 3 and h(y2) = h(10) = log 10, we can
choose A; := loga and Ay := 3log10. Additionally, we can take B := k + 1. By Lemma

3.6(a)(b)(e), we have the inequality
3(n+r)+34 _ 3(k—m+8)+34
20 20

form > 2. Let K = —1.4-30°-2%5 .32 . (1 + log3). Thus, combining inequality (5) and
Lemma 3.2, we conclude that

d+1< <k-m+3<k+1, (6)

2.06-a ™ > |I'1| > exp (K - (1 +1og(k+1)) - log o - 3log 10)

or
mloga —log2.06 < 2.83- 10" - (1 + log(k + 1)). (7

We now modify Equation (1) as
t-af (1—a" ) —10110°P, + P) = —(s- " +7r-4") +(s- B +71-9").

By making the required adjustments, the above equation transforms into

1 O.5+0.5
- (1—a )|\t " az )

101(10¢P,, + P,) 0.63
— 1| < — 8
‘t.ak.(l_ar—k) ok’ (®)

where we used the fact that &k — r > 9 (from Lemma 3.6(f)), K > 18, r > 2 and |t| > 0.72.
Put (y1,b1) := (o, —k), (72, b2) := (10,1) and

(73, 03) := ((10°Py, + Po) - (t- (1 — "))~ 1) .

1

10/(104F,, + P,)
t-ak (1 —ar"F)

1.e.,

Furthermore, D = 3. Our goal is to show that

10/(104P,, + P,)
Cteak (1 —ark)

FQI —1

is nonzero. If I’y = 0, then we have 10(10¢P,, + P,) = t- (a* — a"). We apply an automorphism
o to both sides of this equation and take the absolute values. Then, we get

110'(10°P,, + P)| = |o(t (of = a”))| < |s| (18" + |8]") < 1,
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which is impossible. Thus, I's # 0. We can choose A; := loga, Ay := 3log10 and Az :=
17.4 + 8mlog a, since

h(7s) < - h(10) + h(P) + h(Py) + h(t) + (k — )h(a) + 2log 2
1 1
01T 0010 4 2(m — 1)108°
20
3m 4m
—log 10+ —1 .
< 20 og 10 + 3 oga + 5.8

8
<58+ ?m log av.

1 1
S+ 3log23+ (2m+17)%+210g2

In view of inequality (6) and since d > 1, we are allowed to take B := k. Then, from Lemma 3.2
and inequality (8), it follows that

0.63 - " > |Ay| > exp (L - (log @) (log 1000) (17.4 + 8mlog ) (1 + log k)),
i.e.,
kloga —log 0.63 < 5.26 - 10" - (1 + log k) (17.4 + 8mlog ), 9)

where L = —1.4-30° - 3%%.3%2. (1 + log3). Combining inequalities (7) and (9), we obtain
k < 1.85-10%. Let
61 := (k—m)loga — dlog 10

and ['; := e — 1. From (5), we get
Ty =let —1] <2.06-a™ < 0.9

for m > 3. According to Lemma 3.4, we have

log0.1 2.06

< - < (5.28)-a™™
S 09 an ~(62-a
and so | g 53
og :
0< — < . 10
logl0 k—m| (k—m)-a™ 10)
Now, suppose m > 249. In this case, we can write
O 55T 10® S k> k—m
4.6 ' ’
1.e.,
log a d 2.3 1
— < < .
logl0 k—m| (k—m)-a™ = 2(k—m)?
It follows from Lemma 3.5 that the rational number : _dm is a convergent to = llsggﬁ). Let us
denote the continued fraction expansion of 7 by [ag; a1, as, - . .], and let ? be its r-th convergent.
Assume that . d__ % for some integer t. In that case, since vsg > 1.9 -10%® > k > k — m,
t

—m
it follows that ¢ € {0,1,2,...,57}. Furthermore, s = max{a;|i = 0,1,2,...,58} = 49. Hence,
by Lemma 3.5, we obtain




This leads to
898 2.3 1 1 1

— > > >
1030~ am ~ 51-(k—m)  51-1.9-10%®  9.69-10%’
a contradiction. So, m < 248. Consequently, choosing m < 248 and substituting this upper

bound into inequality (9), we derive k < 4.49 - 10'7. Repeating the same steps using inequality
(10) yields m < 159 and k < 2.9 - 10'7. Now, put

10¢P,, + P, )

G 1= llog 10 — klog a + log (m

and I'y := e — 1. For k > 18, it follows directly from inequality (8) that
ITy| = |e2 — 1] < (0.63) - a™* < 0.004.

Applying Lemma 3.4, we get

~log(0.996) 0.63

001 < (0.64) - ™"

51
So, we have

log ( 10¢P,,+ P,
log 10 t-(1-ar*
0ogl0 ( )

0<|d
log o log o

) < (2.28)- a7 (11)

Based on inequality (11), we may apply the following in order to apply Lemma 3.3:

104Pp+Py
log (t~(1M—k))
W= JA:=228 B:=a,t:=k

log 10
K= —
log o log o

andd < k < M := 2.89-10'7. We observed that g4, the denominator of the 49-th convergent of «
is greater than 6 M. Moreover, for2 <n <m < 159,1 <d < sn + 17 and9 < k—r < m+n+17
we calculate € := ||uquo|| — M||vquo|| > 1.3 - 1077. This leads to the inequality

log(Aque/€)
log B

k < < 246.7,

which yields £ < 246. Finally, refining our bounds once more using inequality (10), we get
m < 32. Substituting this into inequality (11), we further conclude £ < 100. For £ < 100, it also
follows that » < 91. Therefore, we find the only solution to Equation (1) as Pig = P, Py = 114
for2<n<m<159,1<r<91,1<d<>" 7 1«3 ond18 <k <100. O

Now, we present the other theorem.

Theorem 4.2. Let d and | be the numbers of digits of R,, and R,, respectively. Then all positive
integer solutions (k,m,n,r,d,l) of Equation (2) with m > 2,n,r > 1 and n < m are given by

(k,m,n,r,d,1) € {(30,3,3,12,1,2), (33,7,7,13,1,2)} .
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Proof. Asm > 3 and n,r > 1, we can take k£ > 17. We regulate Wquation (2) as
t-a 10" o™ = (s BF £ AP+ 10(B™ + ™)+ 10'R, + R,..

The above equality leads to

‘t-ak_m ’<‘s'ﬁk+r~7k‘+|ﬁm+7m| 10'R, + R,

104 | = 10dH . qm am 104+ . qm
(0L )
~am \10dH . 45 a? 104 )7
or
|t-aFm 107 — 1] < 20#. (12)

Here, we have used the fact that R, < 10, R,, < 10¢ (from Lemma 3.7(c)(d)), k > 17,d,l > 1
and m > 3. To apply Lemma 3.2, we take

(71,01) :== (a, k —m), (72,b2) := (10, —(d + 1)), (73, b3) := (¢, 1) .
For this choice, we have A; := loga, As := 3log10 and A3 := log23, because we know
that (1) = h(a) = 5% h(72) = h(10) = log10 and h(1s) = h(t) = “22. Considering
Lemma 3.7(a)(b)(e), we write
3(n+r)+46 _ 3(k —m+5)+ 46
20 20

and so B := k. Moreover, D = 3. On the other hand, T'; := ¢ - o*=™ - 10~ (@+) — 1 is nonzero. In

contrast to this, we assume that I'; = 0. Then we get t-o*~™ = 109!, We apply an automorphism

d+1<

<k-m+3<k, (13)

o to both sides of this equation and take the absolute values. Then, we obtain
104 = |o(t-a* ™) = |s| - [B" ™ < 1,
which is not possible. Thus, we make use of Lemma 3.2 together with inequality (12), to get
(242) - > |I'1| > exp (U - (1 +1logk) - log v - 3log 10 - log 23) ,
where U = —1.4 - 30° - 3% . 32. (1 + log 3). This yields to
mloga —log2.42 < 1.65-10" - (1 +logk). (14)

We rearrange Equation (2) as

b (t—a" ) = 10M(10°R,, + R,) = —(s- B+ 4") + (B"+7").
We obtain
_ 10'(107 Ry + Ry)

05, 2
ak - (t —ar=F) a5 az

by first dividing both sides of the above equality by o - (¢ — o"*), and then taking the absolute

1
ok

1
t — ar—k

’1

value of both sides. The above inequality leads to

10Y(10¢R,, + R,)
ak - (t —ar=F)

259

ok’

- 1‘ < (15)
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where we used the fact that £ — » > 11 (from Lemma 3.7(f)), £ > 17, and r > 1. To apply
Lemma 3.2, we choose

(717 V2, 73) = (Oé, 107 (]-OdRm + Rn) ’ (t - aT—k)—l) and (bb b27 b3) = (_ka l7 1) :
We can take K = Q(«), which has degree D = 3. Let

_ 10Y(10R,, + Ry)

Iy = —1.
2 ak - (t —ar—F)

It can be easily shown that I'; # 0, in the same way as we have proved that ['; # 0. Considering
inequality (13) for d > 1, we conclude that

h(vs) < d - h(10) + h(Rum) + h(Ry) + h(t) + (k — r)h(a) + 21og 2

3n + 23 1 1 1

< ";0 log 10 + 2(m + 1) Oga+§10g23+(2m+22)%+210g2
3 4

< 2—7(7;10g10+ ?mlogoz+7.33

8
< 7.33+ ?m log a,

which leads us to the choice (A;, Ao, A3, B) = (loga, 31log 10,22 + 8mloga, k). Thus, we
deduce via inequality (15) and Lemma 3.2 that

(2.59) - " > [Ty > exp (U - (1 +logk) -loga - 31og 10 - (22 + 8mloga)).
This shows that
klog o —log(2.59) < 5.26 - 10" - (1 + logk) - (22 + 8mlog ) . (16)
Inequalities (14) and (16) tell us that k£ < 1.31 - 103, Put
G :=(k—m)loga — (d+1)log 10 + logt
and ['; := e — 1. For m > 4, it follows by (12) that
Iy =let —1] <242-a™™ < 0.8.

Thanks to Lemma 3.4, we have that

log0.2 2.42
< — —— < 4.87-a™ ™.
1] 08 am «
From this, we obtain
log a logt 2.12
0<|(k— —(d+1 < ) 17
( m)log 10 (d+10)+ log 10 am 17

By applying Lemma 3.3, we can choose

~loga  logt

= = A:=212 B:=a,t :=m.
" 0g107 " T Tog 107 ’ Gr=m
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In addition, using the bound & — m < k < M := 1.31 - 103!, we find that gsg > 6M for x and
compute € := ||uges|| — M||vges|| > 0.2. Thus, we conclude that

1
< Losdss/9) o7y o
log B
from Lemma 3.3. This leads to m < 271. Inserting the upper bound for m into (16) yields
k < 4.94-10'7. Taking M = 4.94-10'7 and considering (17), a further reduction yields m < 169

and k < 3.11 - 10'7. Let

10°R,, + R,
G :=1llog 10 — klog o + log (—1) (18)
t—a""
and I's := e — 1. From (15), it is evident that
Ty = Je2 — 1] < (2.59) - a™* < 0.03
for £ > 17. Therefore, by applying Lemma 3.4, we get
log(0.97) 2.59 _k
— . < (2.63) - .
= 003 ar - (263)-a
Thus, we have
10¢Ry+ Ry
log 10 log (T)
0< 1220 kg ' < (2.63)-a". (19)

log log
By applying Lemma 3.3, we can choose

d
log 10 log (10tf$i—’§ *

N logoz"u'_ log a
and | < k < M := 3.11 - 10'7. We find that q47 > 6M for x and € := ||uqur|| — M||yqr|| >

42107 for3 <m < 169,1 < d < 2" 2% and 11 < k — r < m + n + 22. Hence, Lemma 3.3
tells us that

>,A:: 2.63,B:=a,t:=k

K :

log(Aquz/€)

k<
log

< 248.83,

and thus £ < 248. Finally, if we reduce once more inequality (17), we get m < 38, and from
inequality (19) we have k£ < 103. Since k£ < 103, we can conclude that » < 90. Therefore, we
find the only solution of Equation (2) as Py = R3R3R1s = 3329 and P33 = R;R;Ri3 = 7739
for3<n<m<381<r<90,1<d<>""2 1 <1 <35 1417 <k < 103. O

9 =

5 Conclusion

This paper has explored the representation of Padovan numbers as the concatenation of three
Padovan or Perrin numbers under specific digit-based constraints. By examining all admissible
combinations where the middle number does not exceed the first and accounting for the digit
lengths of the components, we identified all such Padovan numbers that satisfy the given conditions.
The findings highlight interesting structural relationships within the Padovan and Perrin sequences
and contribute to the broader study of number concatenation in linear recurrence sequences.
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