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Abstract: In this paper, we present explicit analytical expressions for certain families of log-sine
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∫ 2π

0
xm{ln(2 sin x

2
)}ndx (m ∈ N0, n ∈ N), expressed in terms of multiple

hypergeometric functions of the Kampé de Fériet with arguments ±1 and the Riemann zeta
functions. As applications, we establish several mixed summation formulas (79), (81) and (83)
involving the generalized hypergeometric functions 3F2(1), 5F4(1) and 7F6(1). Moreover, a
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Kampé de Fériet functions.
2020 Mathematics Subject Classification: 33C05, 33C20, 11M06, 26A42.

Copyright © 2026 by the Authors. This is an Open Access paper distributed under the
terms and conditions of the Creative Commons Attribution 4.0 International License
(CC BY 4.0). https://creativecommons.org/licenses/by/4.0/

https://orcid.org/0000-0001-9053-9189
https://orcid.org/0000-0002-5093-1925
malikshakir774@gmail.com
miqureshi_delhi@yahoo.co.in


1 Introduction and preliminaries

The main aim of this work is to provide analytical expressions for the following families of
log-sine integrals:

•
∫ 2π

0
{ln(2 sin x

2
)}ndx; n ∈ {1, 2, 3, 4, 5, 6, 7}

•
∫ 2π

0
x{ln(2 sin x

2
)}ndx; n ∈ {1, 2, 3, 4, 5, 6}

•
∫ 2π

0
x2{ln(2 sin x

2
)}ndx; n ∈ {1, 2, 3, 4, 5}

•
∫ 2π

0
x3{ln(2 sin x

2
)}ndx; n ∈ {1, 2, 3, 4}

•
∫ 2π

0
x4{ln(2 sin x

2
)}ndx; n ∈ {1, 2, 3}

•
∫ 2π

0
x5{ln(2 sin x

2
)}ndx; n ∈ {1, 2}

•
∫ 2π

0
x6{ln(2 sin x

2
)}ndx; n = {1}

in terms of multiple hypergeometric functions of Kampé de Fériet and the Riemann zeta functions.
For the definitions of the Pochhammer symbol and the generalized hypergeometric series

(or function) pFq (p, q ∈ N0)—the latter being a natural generalization of the classical Gaussian
hypergeometric series 2F1—as well as for their convergence conditions, we refer to the standard
monographs (see, [17, 19, 20]).

The generalized hypergeometric function plays a fundamental role in various branches of
mathematical analysis and applied sciences. It provides a unifying framework for expressing
a wide class of special functions and definite integrals. In particular, numerous integral
representations and transformations formulas can be elegantly expressed using these functions,
greatly simplifying their analytical treatment.

In the subsequent sections, we employ these standard definitions and notations to derive new
results involving log-sine integrals and related hypergeometric expressions.

Here we remind the reader of the multiple hypergeometric functions of Kampé de Fériet.
Let (aA) = a1, a2.., aA and

(
b
(i)

B(i)

)
= b

(1)

B(1) , b
(2)

B(2) , b
(3)

B(3) , ... b
(i)

B(i) . We consider the corresponding
problem concerning the convergence of the multiple hypergeometric series [18]:

FA: B(1);...;B(n)

C: D(1);...;D(n)


(aA) :

(
b
(1)

B(1)

)
; . . . ;

(
b
(n)

B(n)

)
;

x1, . . . , xn

(cC) :
(
d
(1)

D(1)

)
; . . . ;

(
d
(n)

D(n)

)
;



=
∞∑

m1,m2,...,mn=0

A∏
j=1

(aj)m1+m2+···+mn

B(1)∏
j=1

(
b
(1)
j

)
m1

· · ·
B(n)∏
j=1

(
b
(n)
j

)
mn

C∏
j=1

(cj)m1+m2+···+mn

D(1)∏
j=1

(
d
(1)
j

)
m1

· · ·
D(n)∏
j=1

(
d
(n)
j

)
mn

n∏
i=1

xmi
i

mi!
, (1)
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which unifies and extends the four Lauricella series F (n)
A , F

(n)
B , F

(n)
C and F (n)

D in n variables. In
fact, as already observed in the literature [19, pp. 37–38], the multiple hypergeometric series (1)
is a special case of the generalized Lauricella series in several variables, which was introduced by
Srivastava and Daoust in 1969.

Let us suppose ∆k ≡ 1 + C +D(k) − A−B(k) that for every k ∈ {1, . . . , n}.
For the convergence [21, p. 1127, Eq. (4.3)–Eq.(4.5)] (see also [22]) of the multiple

hypergeometric series (1), we have

(i) ∆k > 0; |x1| <∞, |x2| <∞ , . . . , |xn| <∞, (2)

(ii) ∆k = 0; A > C and |x1|
1

(A−C)+· · ·+|xn|
1

(A−C) < 1, (3)

(iii) ∆k = 0; A ≤ C and max{|x1|, . . . , |xn|} < 1. (4)

In order to get the clear idea about the absolutely and conditionally convergence of (1), we
summarize some results [12, pp. 113–114, Th. (4)–Th.(6)] as follows:

Remark 1.1. Let ∆k = 0 (k = 1, . . . , n), A = C and |x1| = · · · = |xn| = 1. Then the series (1)

(i) converges absolutely if and only if

ρk = Re

 A∑
j=1

aj +
B(k)∑
j=1

b
(k)
j −

C∑
j=1

cj −
D(k)∑
j=1

d
(k)
j

 < 0; (k = 1, . . . , n) (5)

and

σ = Re


A∑

j=1

aj +
n∑

k=1

B(k)∑
j=1

b
(k)
j

−
C∑

j=1

cj −
n∑

k=1

D(k)∑
j=1

d
(k)
j

 < 0; (6)

(ii) converges conditionally when xk ̸= 1 (k = 1, . . . , n), if

ρk < 1 (k = 1, . . . , n) and σ < n;

(iii) diverges if at least one of the following n+ 1 conditions does not hold true:

ρk ≦ 1 (k = 1, . . . , n) and σ < n.

Remark 1.2. Let ∆k = 0 (k = 1, . . . , n), A < C and |x1| = · · · = |xn| = 1. Then the series (1)

(i) converges absolutely if and only if ρk < 0 (k = 1, . . . , n),

(ii) converges conditionally when xk ̸= 1 (k = 1, . . . , n), if

ρk < 1 (k = 1, . . . , n),

ρk being defined by (5).

Remark 1.3. Let ∆k = 0 (k = 1, . . . , n) and A > C. Then the series (1), converges absolutely
when

|x1|
1

(A−C) + · · ·+ |xn|
1

(A−C) = 1 (xk ̸= 0; k = 1, . . . , n),

if σ + A− C < 1, where σ is defined by (6).
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For convenience, we adopt the following standard notations and definitions throughout this
paper: N : = {1, 2, 3, . . . , }, N0 := N ∪ 0, Z−

0 := Z− ∪ 0 = {0,−1,−2,−3, . . . , }. The symbols
C,R,N,Z,R+ and R− denote the sets of complex numbers, real numbers, natural numbers,
integers, positive real number and negative real numbers, respectively.

2 Relations in consideration

The following relations will be used throughout the paper:

ln(1− eix) = ln
(
2| sin x

2
|
)
+ i

(x
2
− π

2

)
, x ∈ R. (7)

ln(1− z) = −z 2F1 (1, 1; 2; z) , |z| < 1. (8)

ln(2) = 2F1 (1, 1; 2;−1) . (9)

A few evaluated log-sine integrals taken from Choi and Srivastava [6, pp. 771–778] are given
below: ∫ 2π

0

x{ln(2 sin x
2
)}3dx = −3π2ζ(3). (10)∫ 2π

0

x2{ln(2 sin x
2
)}2dx =

13π5

45
. (11)∫ 2π

0

x2{ln(2 sin x
2
)}3dx = −12πζ(5)− 5π3ζ(3). (12)∫ 2π

0

x2{ln(2 sin x
2
)}4dx =

29π7

105
+ 24π[ζ(3)]2. (13)∫ 2π

0

x2{ln(2 sin x
2
)}5dx = −90πζ(7)− 70π3ζ(5)− 71π5

12
ζ(3). (14)∫ 2π

0

x3{ln(2 sin x
2
)}2dx =

8π6

15
. (15)∫ 2π

0

x3{ln(2 sin x
2
)}3dx = −36π2ζ(5)− 9π4ζ(3). (16)∫ 2π

0

x3{ln(2 sin x
2
)}4dx =

43π8

84
+ 72π2[ζ(3)]2. (17)∫ 2π

0

x4{ln(2 sin x
2
)}2dx =

296π6

315
+ 48π[ζ(3)]2. (18)∫ 2π

0

x4{ln(2 sin x
2
)}3dx = 120πζ(7)− 84π3ζ(5)− 20π5ζ(3). (19)∫ 2π

0

x5{ln(2 sin x
2
)}dx = 240π2ζ(5)− 80π4ζ(3). (20)∫ 2π

0

x5{ln(2 sin x
2
)}2dx =

100π8

63
+ 240π2[ζ(3)]2. (21)
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The Riemann zeta function is defined by [6, p.767, Eq.(1.1)]:

ζ(s) :=
∞∑
n=1

1

ns
=


1

1− 2−s

∞∑
n=1

1

(2n− 1)s
, for ℜ(s) > 1,

1

1− 21−s

∞∑
n=1

(−1)n−1

ns
, for ℜ(s) > 0, s ̸= 1.

(22)

For integers s ≥ 2, (see [1]):

ζ(s) = s+1Fs


s+1︷ ︸︸ ︷

1, 1, . . . , 1, 1;

1

2, 2, . . . , 2;︸ ︷︷ ︸
s

 , (23)

and

s+1Fs


s+1︷ ︸︸ ︷

1, 1, . . . , 1, 1;

−1

2, 2, . . . , 2;︸ ︷︷ ︸
s

 = (1− 21−s)ζ(s). (24)

Some typical values (see [23]):

ζ(2) =
π2

6
, ζ(3) =

π3

25.79436
, ζ(4) =

π4

90
, ζ(5) =

π5

295.1215
, ζ(6) =

π6

945
,

ζ(7) =
π7

2995.286
, ζ(8) =

π8

9450
, ζ(9) =

π9

29749.35
, ζ(10) =

π10

93555
, ...

A generalized rule for successive integration by parts is:∫
[P (x)Q(x)]dx = +(P )

(∫
Qdx

)
−
(
dP

dx

)(∫∫
Qdxdx

)
+

(
d2P

dx2

)(∫∫∫
Qdxdxdx

)
−· · ·

(25)
The present article is organized as follows. Motivated by the work collected in several

remarkable papers and monographs [2–5, 7–11, 13–16, 24], in Subsections 3.1 to 3.8, we present
our main findings along with their related applications. In Section 4, we obtain the solution of a
certain auxiliary integral

∫ 2π

0
xp{ln(1 − eix)}qdx =

∫ 2π

0
xp{ln(2 sin x

2
) + i(x

2
− π

2
)}qdx (p ∈ N0

and q ∈ N), separate real, imaginary parts and classify (i.e., arrange in systematic way) the
proofs of the obtained results in Subsections 3.1 to 3.7. We also obtained in Subsection 3.8 some
mixed summation formulas involving generalized hypergeometric functions 3F2, 5F4, 7F6, other
new summation formulas of multiple hypergeometric functions of Kampé de Fériet and mixed
relations involving Riemann zeta functions.
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3 Main results

3.1 Log-sine integrals with zeroth power of x

Here are the results we prove on the family of integrals
∫ 2π

0
{ln(2 sin x

2
)}ndx; n ∈ {1, . . . , 7}:∫ 2π

0

{ln(2 sin x
2
)}dx = 0. (26)

∫ 2π

0

(x
2
− π

2

)
dx = 0. (27)∫ 2π

0

{ln(2 sin x
2
)}2dx =

π3

6
. (28)

∫ 2π

0

{ln(2 sin x
2
)}3dx = −3π 4F3

 1, 1, 1, 1;

1

2, 2, 2;

 . (29)

In a particular instance, the integral (29) reduces to:∫ 2π

0

{ln(2 sin x
2
)}3dx = −3π ζ(3). (30)

∫ 2π

0

{ln(2 sin x
2
)}4dx =

π5

8
+

3π

2
F 2:2;2
2:1;1

 2, 2:1, 1; 1, 1;
1, 1

3, 3: 2; 2;

 . (31)

In a particular instance, the integral (31) reduces to:∫ 2π

0

{ln(2 sin x
2
)}4dx =

19π5

120
. (32)

∫ 2π

0

{ln(2 sin x
2
)}5dx = −85π3

2
4F3

 1, 1, 1, 1;

1

2, 2, 2;

 + 75π 6F5

 1, 1, 1, 1, 1, 1;

1

2, 2, 2, 2, 2;

+

+
15π3

2
F 1:2;2
1:1;1

 2: 1, 1; 1, 1;
1, 1

3:2; 2;

− 10π

9
F 2:2;2;2
2:1;1;1

 3, 3: 1, 1; 1, 1; 1, 1;
1, 1, 1

4, 4:2; 2; 2;

 . (33)

In a particular instance, the integral (33) reduces to:∫ 2π

0

{ln(2 sin x
2
)}5dx = −45πζ(5)− 5π3

2
ζ(3). (34)

∫ 2π

0

{ln(2 sin x
2
)}6dx =

397π7

224
+

255π3

8
F 2:2;2
2:1;1

 2, 2: 1, 1 ; 1, 1 ;
1, 1

3, 3: 2 ; 2 ;

−
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−225π

16
F 4:2;2
4:1;1

 2, 2, 2, 2: 1, 1 ; 1, 1 ;
1, 1

3, 3, 3, 3: 2 ; 2 ;

− 10π3 F 1:2;2;2
1:1;1;1

 3: 1, 1 ; 1, 1 ; 1, 1 ;
1, 1, 1

4: 2 ; 2 ; 2 ;

+

+
15π

16
F 2:2;2;2;2
2:1;1;1;1

 4, 4: 1, 1; 1, 1; 1, 1; 1, 1;
1, 1, 1, 1

5, 5:2; 2; 2 ; 2;

 . (35)

In a particular instance, the integral (35) reduces to:∫ 2π

0

{ln(2 sin x
2
)}6dx =

289π7

224
− 37π6

42
+ 45π[ζ(3)]2. (36)

∫ 2π

0

{ln(2 sin x
2
)}7dx = −29001π5

16
4F3

 1, 1, 1, 1;

1

2, 2, 2;

+
11235π3

2
6F5

 1, 1, 1, 1, 1, 1;

1

2, 2, 2, 2, 2;

−

−19215π

2
8F7

 1, 1, 1, 1, 1, 1, 1, 1;

1

2, 2, 2, 2, 2, 2, 2;

 − 1575π3

16
F 3:2;2
3:1;1

 2, 2, 2: 1, 1; 1, 1;
1, 1

3, 3, 3: 2 ; 2;

+

+
945π5

8
F 1:2;2
1:1;1

 2:1, 1; 1, 1;
1, 1

3: 2 ; 2;

+
55π9

8
+

525π5

8
F 2:2;2
2:1;1

 2, 2:1, 1; 1, 1;
1, 1

3, 3: 2 ; 2;

−

−1575π3

64
F 4:2;2
4:1;1

 2, 2, 2, 2:1, 1; 1, 1;
1, 1

3, 3, 3, 3: 2 ; 2;

− 595π3

18
F 2:2;2;2
2:1;1;1

 3, 3:1, 1; 1, 1; 1, 1;
1, 1, 1

4, 4: 2 ; 2; 2;

+

+
175π

27
F 4:2;2;2
4:1;1;1


4︷ ︸︸ ︷

3, . . . , 3 :1, 1; 1, 1; 1, 1;
1, 1, 1

4, . . . , 4︸ ︷︷ ︸
4

: 2 ; 2; 2;

+105π3

8
F 1:2;2;2;2
1:1;1;1;1

4:1, 1; 1, 1; 1, 1; 1, 1;
1, 1, 1, 1

5: 2 ; 2; 2; 2;

−

−21π

25
F 2:2;2;2;2;2
2:1;1;1;1;1

 5, 5:1, 1; 1, 1; 1, 1; 1, 1; 1, 1;
1, 1, 1, 1, 1

6, 6:2; 2; 2 ; 2; 2;

 . (37)

In a particular instance, integral (37) reduces to:∫ 2π

0

{ln(2 sin x
2
)}7dx = −133π5

16
ζ(3)− 315π3

4
ζ(5)− 1785π

2
ζ(7)− 37π8

4
. (38)

3.2 Log-sine integrals with first power of x

Here are the results we prove on the family of integrals
∫ 2π

0
x{ln(2 sin x

2
)}ndx; n ∈ {1, . . . , 6}.∫ 2π

0

x{ln(2 sin x
2
)}dx = 0. (39)

58



∫ 2π

0

x{ln(2 sin x
2
)}2dx =

π4

6
. (40)

∫ 2π

0

x{ln(2 sin x
2
)}3dx = −π2

4F3

 1, 1, 1, 1;

1

2, 2, 2;

−π2

2
F 1:2;2
1:1;1

 2: 1, 1 ; 1, 1 ;
1, 1

3: 2 ; 2;

 . (41)

In a particular instance, the integral (41) reduces to:

F 1:2;2
1:1;1

 2: 1, 1 ; 1, 1 ;
1, 1

3: 2 ; 2 ;

 = 4ζ(3). (42)

∫ 2π

0

x{ln(2 sin x
2
)}4dx =

7π6

120
+
π2

2
F 2:2;2
2:1;1

 2, 2: 1, 1 ; 1, 1 ;

1, 1

3, 3: 2 ; 2;

+

+
4π2

9
F 1:2;2;2
1:1;1;1

 3:1, 1; 1, 1; 1, 1;
1, 1, 1

4: 2 ; 2; 2;

 . (43)

In a particular instance, the integral (43) reduces to:∫ 2π

0

x{ln(2 sin x
2
)}4dx =

19π6

120
. (44)

∫ 2π

0

x{ln(2 sin x
2
)}5dx =

11π4

2
4F3

 1, 1, 1, 1;

1

2, 2, 2;

+ 7π2
6F5

 1, 1, 1, 1, 1, 1;

1

2, 2, 2, 2, 2;

+

+
π4

12
F 1:2;2
1:1;1

 2:1, 1; 1, 1;
1, 1

3: 2 ; 2;

 − 10π2

27
F 2:2;2;2
2:1;1;1

 3, 3:1, 1; 1, 1; 1, 1;
1, 1, 1

4, 4: 2 ; 2; 2;

+

+
7π2

8
F 3:2;2
3:1;1

 2, 2, 2: 1, 1; 1, 1;
1, 1

3, 3, 3: 2 ; 2;

− 5π2

12
F 1:2;2;2;2
1:1;1;1;1

 4: 1, 1; 1, 1; 1, 1; 1, 1;
1, 1, 1, 1

5: 2; 2; 2; 2;

 .
(45)

In a particular instance, the integral (45) reduces to:∫ 2π

0

x{ln(2 sin x
2
)}5dx = −45π2ζ(5)− 5π4

2
ζ(3). (46)

∫ 2π

0

x{ln(2 sin x
2
)}6dx =

201π8

1120
+

23π4

8
F 2:2;2
2:1;1

 2, 2: 1, 1; 1, 1;
1, 1

3, 3: 2 ; 2;

−

−21π2

16
F 4:2;2
4:1;1

 2, 2, 2, 2: 1, 1; 1, 1;
1, 1

3, 3, 3, 3: 2; 2;

 − π4

9
F 1:2;2;2
1:1;1;1

 3: 1, 1; 1, 1; 1, 1;
1, 1, 1

4: 2; 2; 2;

+

59



+
5π2

16
F 2:2;2;2;2
2:1;1;1;1

 4, 4:1, 1; 1, 1; 1, 1; 1, 1;
1, 1, 1, 1

5, 5:2; 2; 2; 2;

−

−14π2

27
F 3:2;2;2
3:1;1;1

 3, 3, 3:1, 1; 1, 1; 1, 1;
1, 1, 1

4, 4, 4:2; 2; 2;

+

+
2π2

5
F 1:2;2;2;2;2
1:1;1;1;1;1

 5: 1, 1; 1, 1; 1, 1; 1, 1; 1, 1;
1, 1, 1, 1, 1

6: 2; 2; 2; 2; 2;

 . (47)

In a particular instance, the integral (47) reduces to:∫ 2π

0

x{ln(2 sin x
2
)}6dx =

2477π8

2016
+ 45π2[ζ(3)]2. (48)

3.3 Log-sine integrals with second power of x

Here are the results we prove on the family of integrals
∫ 2π

0
x2{ln(2 sin x

2
)}ndx; n ∈ {1, 2, 3, 4, 5}.

∫ 2π

0

x2{ln(2 sin x
2
)}dx = −4π 4F3

 1, 1, 1, 1;

1

2, 2, 2;

 . (49)

In a particular instance, the integral (49) reduces to:∫ 2π

0

x2{ln(2 sin x
2
)}dx = −4π ζ(3). (50)

∫ 2π

0

x2{ln(2 sin x
2
)}2dx =

4π5

15
+ πF 2:2;2

2:1;1

 2, 2: 1, 1 ; 1, 1 ;
1, 1

3, 3: 2 ; 2 ;

 . (51)

In a particular instance, the integral (51) reduces to:

F 2:2;2
2:1;1

 2, 2:1, 1; 1, 1;
1, 1

3, 3: 2; 2;

 =
π4

45
. (52)

∫ 2π

0

x2{ln(2 sin x
2
)}3dx = −21π3

4F3

 1, 1, 1, 1;

1

2, 2, 2;

 + 36π 6F5

 1, 1, 1, 1, 1, 1;

1

2, 2, 2, 2, 2;

+

+3π3F 1:2;2
1:1;1

 2: 1, 1 ; 1, 1 ;
1, 1

3: 2; 2;

− 4π

9
F 2:2;2;2
2:1;1;1

 3, 3: 1, 1 ; 1, 1 ; 1, 1 ;
1, 1, 1

4, 4: 2 ; 2; 2;

 . (53)
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In a particular instance, the integral (53) reduces to:

F 2:2;2;2
2:1;1;1

 3, 3:1, 1; 1, 1; 1, 1;
1, 1, 1

4, 4: 2 ; 2; 2;

 = −9π2ζ(3) + 108ζ(5). (54)

∫ 2π

0

x2{ln(2 sin x
2
)}4dx =

43π7

70
+

21π3

2
F 2:2;2
2:1;1

 2, 2: 1, 1 ; 1, 1 ;

1, 1

3, 3: 2 ; 2 ;

−

−9π

2
F 4:2;2
4:1;1

 2, 2, 2, 2:1, 1; 1, 1;
1, 1

3, 3, 3, 3: 2 ; 2;

− 8π3

3
F 1:2;2;2
1:1;1;1

 3:1, 1; 1, 1; 1, 1;
1, 1, 1

4: 2 ; 2; 2;

+

+
π

4
F 2:2;2;2;2
2:1;1;1;1

 4, 4:1, 1; 1, 1; 1, 1; 1, 1;
1, 1, 1, 1

5, 5: 2 ; 2; 2; 2;

 . (55)

In a particular instance, the integral (55) reduces to:

F 2:2;2;2;2
2:1;1;1;1

 4, 4:1, 1; 1, 1; 1, 1; 1, 1;
1, 1, 1, 1

5, 5: 2 ; 2; 2; 2;

 =
208π6

35
− 592π5

105
− 192[ζ(3)]2. (56)

∫ 2π

0

x2{ln(2 sin x
2
)}5dx = −1685π5

4
4F3

 1, 1, 1, 1;

1

2, 2, 2;

+1320π3
6F5

 1, 1, 1, 1, 1, 1;

1

2, 2, 2, 2, 2;

−

−2250π 8F7

 1, 1, 1, 1, 1, 1, 1, 1;

1

2, 2, 2, 2, 2, 2, 2;

 − 45π3

2
F 3:2;2
3:1;1

 2, 2, 2:1, 1; 1, 1;
1, 1

3, 3, 3: 2 ; 2;

+

+
55π5

2
F 1:2;2
1:1;1

 2:1, 1; 1, 1;
1, 1

3: 2 ; 2;

+
11π9

7
+ 15π5F 2:2;2

2:1;1

 2, 2:1, 1; 1, 1;
1, 1

3, 3: 2 ; 2;

−

−45π3

8
F 4:2;2
4:1;1

 2, 2, 2, 2:1, 1; 1, 1;
1, 1

3, 3, 3, 3: 2 ; 2;

− 70π3

9
F 2:2;2;2
2:1;1;1

 3, 3:1, 1; 1, 1; 1, 1;
1, 1, 1

4, 4: 2 ; 2; 2;

+

+
40π

27
F 4:2;2;2
4:1;1;1

3, 3, 3, 3:1, 1; 1, 1; 1, 1;
1, 1, 1

4, 4, 4, 4: 2 ; 2; 2;

+
5π3

2
F 1:2;2;2;2
1:1;1;1;1

4:1, 1; 1, 1; 1, 1; 1, 1;
1, 1, 1, 1

5: 2 ; 2; 2; 2;

−

−4π

25
F 2:2;2;2;2;2
2:1;1;1;1;1

 5, 5:1, 1; 1, 1; 1, 1; 1, 1; 1, 1;
1, 1, 1, 1, 1

6, 6: 2 ; 2; 2; 2; 2;

 . (57)
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In a particular instance, the integral (57) reduces to:

F 2:2;2;2;2;2
2:1;1;1;1;1

5, 5:1, 1; 1, 1; 1, 1; 1, 1; 1, 1;
1, 1, 1, 1, 1

6, 6: 2 ; 2; 2; 2; 2;

=5250ζ(7)−500π2ζ(5)−100π4

3
ζ(3)+

925π7

84
.

(58)

3.4 Log-sine integrals with third power of x

Here are the results we prove on the family of integrals
∫ 2π

0
x3{ln(2 sin x

2
)}ndx; n ∈ {1, 2, 3, 4}.

∫ 2π

0

x3{ln(2 sin x
2
)}dx = −4π2

4F3

 1, 1, 1, 1;

1

2, 2, 2;

− 2π2F 1:2;2
1:1;1

 2:1, 1; 1, 1;
1, 1

3: 2 ; 2;

 . (59)

In a particular instance, the integral (59) reduces to:∫ 2π

0

x3{ln(2 sin x
2
)}dx = −12π2ζ(3). (60)

∫ 2π

0

x3{ln(2 sin x
2
)}2dx =

π6

3
+ π2F 2:2;2

2:1;1

 2, 2:1, 1; 1, 1;
1, 1

3, 3: 2 ; 2;

+

+
8π2

9
F 1:2;2;2
1:1;1;1

 3:1, 1; 1, 1; 1, 1;
1, 1, 1

4: 2 ; 2; 2;

 . (61)

In a particular instance, the integral (61) reduces to:

F 1:2;2;2
1:1;1;1

 3:1, 1; 1, 1; 1, 1;
1, 1, 1

4: 2 ; 2; 2;

 =
π4

5
. (62)

∫ 2π

0

x3{ln(2 sin x
2
)}3dx = 9π4

4F3

 1, 1, 1, 1;

1

2, 2, 2;

+ 12π2
6F5

 1, 1, 1, 1, 1, 1;

1

2, 2, 2, 2, 2;

−

−π
4

2
F 1:2;2
1:1;1

 2:1, 1; 1, 1;
1, 1

3: 2 ; 2;

 − 4π2

9
F 2:2;2;2
2:1;1;1

 3, 3:1, 1; 1, 1; 1, 1;
1, 1, 1

4, 4: 2 ; 2; 2;

+

+
3π2

2
F 3:2;2
3:1;1

 2, 2, 2:1, 1; 1, 1;
1, 1

3, 3, 3: 2 ; 2;

 − π2

2
F 1:2;2;2;2
1:1;1;1;1

 4:1, 1; 1, 1; 1, 1; 1, 1;
1, 1, 1, 1

5: 2 ; 2; 2; 2;

 .
(63)
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In a particular instance, the integral (63) reduces to:

F 1:2;2;2;2
1:1;1;1;1

 4:1, 1; 1, 1; 1, 1; 1, 1;
1, 1, 1, 1

5: 2 ; 2; 2; 2;

 = 96ζ(5). (64)

∫ 2π

0

x3{ln(2 sin x
2
)}4dx =

π8

4
+

7π4

2
F 2:2;2
2:1;1

 2, 2:1, 1; 1, 1;
1, 1

3, 3: 2 ; 2;

−

−3π2

2
F 4:2;2
4:1;1

 2, 2, 2, 2:1, 1; 1, 1;
1, 1

3, 3, 3, 3: 2 ; 2;

+
4π4

9
F 1:2;2;2
1:1;1;1

 3:1, 1; 1, 1; 1, 1;
1, 1, 1

4: 2 ; 2; 2;

+

+
π2

4
F 2:2;2;2;2
2:1;1;1;1

4, 4:1, 1; 1, 1; 1, 1; 1, 1;
1, 1, 1, 1

5, 5: 2 ; 2; 2; 2;

− 16π2

27
F 3:2;2;2
3:1;1;1

3, 3, 3:1, 1; 1, 1; 1, 1;
1, 1, 1

4, 4, 4: 2 ; 2; 2;

+

+
8π2

25
F 1:2;2;2;2;2
1:1;1;1;1;1

 5:1, 1; 1, 1; 1, 1; 1, 1; 1, 1;
1, 1, 1, 1, 1

6: 2 ; 2; 2; 2; 2;

 . (65)

In a particular instance, the integral (65) reduces to:

F 1:2;2;2;2;2
1:1;1;1;1;1

 5:1, 1; 1, 1; 1, 1; 1, 1; 1, 1;
1, 1, 1, 1, 1

6: 2 ; 2; 2; 2; 2;

 = −1735π6

1008
+

185π5

42
. (66)

3.5 Log-sine integrals with fourth power of x

Here are the results we prove on the family of integrals
∫ 2π

0
x4{ln(2 sin x

2
)}ndx; n ∈ {1, 2, 3}.

∫ 2π

0

x4{ln(2 sin x
2
)}dx = −32π3

4F3

 1, 1, 1, 1;

1

2, 2, 2;

+48π 6F5

 1, 1, 1, 1, 1, 1;

1

2, 2, 2, 2, 2;

 . (67)

In a particular instance, the integral (67) reduces to:∫ 2π

0

x4{ln(2 sin x
2
)}dx = −32π3 ζ(3) + 48π ζ(5). (68)

∫ 2π

0

x4{ln(2 sin x
2
)}2dx =

88π7

105
+ 8π3F 2:2;2

2:1;1

 2, 2:1, 1; 1, 1;
1, 1

3, 3: 2 ; 2;

−

− 3πF 4:2;2
4:1;1

 2, 2, 2, 2:1, 1; 1, 1;
1, 1

3, 3, 3, 3: 2 ; 2;

 . (69)
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In a particular instance, the integral (69) reduces to:

F 4:2;2
4:1;1

 2, 2, 2, 2:1, 1; 1, 1;
1, 1

3, 3, 3, 3: 2 ; 2;

 =
64π6

189
− 296π5

945
− 16[ζ(3)]2. (70)

∫ 2π

0

x4{ln(2 sin x
2
)}3dx = −192π5

4F3

 1, 1, 1, 1;

1

2, 2, 2;

+ 648π3
6F5

 1, 1, 1, 1, 1, 1;

1

2, 2, 2, 2, 2;

−

−1080π 8F7

 1, 1, 1, 1, 1, 1, 1, 1;

1

2, 2, 2, 2, 2, 2, 2;

 − 9π3 F 3:2;2
3:1;1

 2, 2, 2:1, 1; 1, 1;
1, 1

3, 3, 3: 2 ; 2;

+

+12π5 F 1:2;2
1:1;1

 2:1, 1; 1, 1;
1, 1

3: 2 ; 2;

 +
22π9

35
+ 6π5 F 2:2;2

2:1;1

 2, 2:1, 1; 1, 1;
1, 1

3, 3: 2 ; 2;

−

−9π3

4
F 4:2;2
4:1;1

 2, 2, 2, 2:1, 1; 1, 1;
1, 1

3, 3, 3, 3: 2 ; 2;

 − 32π3

9
F 2:2;2;2
2:1;1;1

 3, 3:1, 1; 1, 1; 1, 1;
1, 1, 1

4, 4: 2 ; 2; 2;

+

+
16π

27
F 4:2;2;2
4:1;1;1

 3, 3, 3, 3:1, 1; 1, 1; 1, 1;
1, 1, 1

4, 4, 4, 4: 2 ; 2; 2;

 . (71)

In a particular instance, the integral (71) reduces to:

F 4:2;2;2
4:1;1;1

 3, 3, 3, 3:1, 1; 1, 1; 1, 1;
1, 1, 1

4, 4, 4, 4: 2 ; 2; 2;

 = 2025ζ(7)− 405π2

4
ζ(5)− 189π4

4
ζ(3)− 333π7

280
−

− 243π2

4
[ζ(3)]2. (72)

3.6 Log-sine integrals with fifth power of x

Here are the results we prove on the family of integrals
∫ 2π

0
x5{ln(2 sin x

2
)}ndx; n ∈ {1, 2}.

∫ 2π

0

x5{ln(2 sin x
2
)}dx = 32π4

4F3

 1, 1, 1, 1;

1

2, 2, 2;

+ 48π2
6F5

 1, 1, 1, 1, 1, 1;

1

2, 2, 2, 2, 2;

+

+6π2F 3:2;2
3:1;1

 2, 2, 2:1, 1; 1, 1;
1, 1

3, 3, 3: 2 ; 2;

− 8π4F 1:2;2
1:1;1

 2:1, 1; 1, 1;
1, 1

3: 2 ; 2;

 . (73)

64



In a particular instance, the integral (73) reduces to:

F 3:2;2
3:1;1

 2, 2, 2:1, 1; 1, 1;
1, 1

3, 3, 3: 2 ; 2;

 = 32ζ(5)− 40π2

3
ζ(3). (74)

∫ 2π

0

x5{ln(2 sin x
2
)}2dx =

112π8

105
+ 8π4 F 2:2;2

2:1;1

 2, 2:1, 1; 1, 1;
1, 1

3, 3: 2 ; 2;

−

−3π2 F 4:2;2
4:1;1

 2, 2, 2, 2:1, 1; 1, 1;
1, 1

3, 3, 3, 3: 2 ; 2;

− 32π2

27
F 3:2;2;2
3:1;1;1

 3, 3, 3:1, 1; 1, 1; 1, 1;
1, 1, 1

4, 4, 4: 2 ; 2; 2;

+

+
32π4

9
F 1:2;2;2
1:1;1;1

 3:1, 1; 1, 1; 1, 1;
1, 1, 1

4: 2 ; 2; 2;

 . (75)

In a particular instance, the integral (75) reduces to:

F 3:2;2;2
3:1;1;1

 3, 3, 3:1, 1; 1, 1; 1, 1;
1, 1, 1

4, 4, 4: 2 ; 2; 2;

 = −153π6

280
+

111π5

140
− 162[ζ(3)]2. (76)

3.7 Log-sine integrals with sixth power of x

Here are the results we prove on the family of integrals
∫ 2π

0
x6{ln(2 sin x

2
)}ndx; n = {1}.

∫ 2π

0

x6{ln(2 sin x
2
)}dx = −192π5

4F3

 1, 1, 1, 1;

1

2, 2, 2;

 + 960π3
6F5

 1, 1, 1, 1, 1, 1;

1

2, 2, 2, 2, 2;

−

−1440π 8F7

 1, 1, 1, 1, 1, 1, 1, 1;

1

2, 2, 2, 2, 2, 2, 2;

 . (77)

In a particular instance, the integral (77) reduces to:∫ 2π

0

x6{ln(2 sin x
2
)}dx = −192π5 ζ(3) + 960π3 ζ(5)− 1440π ζ(7). (78)

3.8 Mixed summation formulas and relations

Here are the results we prove on mixed summation formulas and relations:

π4

3
= 2π2

3F2

 1, 1, 1 ;

1

2, 2 ;

 . (79)
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From equation (79), we get a mixed relation
π4

3
= 2π2 ζ(2). (80)

π4

15
=
π2

2
3F2

 1, 1, 1 ;

1

2, 2 ;

− 3

2
5F4

 1, 1, 1, 1, 1 ;

1

2, 2, 2, 2;

 . (81)

From equation (81), we get a mixed relation
π4

15
=
π2

2
ζ(2)− 3

2
ζ(4). (82)

48π6

7
= 64π4

3F2

 1, 1, 1 ;

1

2, 2 ;

− 480π2
5F4

1, 1, 1, 1, 1 ;

1

2, 2, 2, 2;

 + 1440 7F6

 1, 1, 1, 1, 1, 1, 1;

1

2, 2, 2, 2, 2, 2 ;

.
(83)

From equation (83), we get a mixed relation
48π6

7
= 64π4 ζ(2)− 480π2 ζ(4) + 1440 ζ(6). (84)

4 Proofs of the results in Subsections 3.1–3.8
Proof of the results (77), (78), (83) and (84). Consider,∫ 2π

0

x6 {ln(1− eix)}dx.

Applying the result (7), we derive∫ 2π

0

x6 {ln(1− eix)}dx =

∫ 2π

0

x6{ln(2 sin x
2
)}dx+ i

2

∫ 2π

0

x6(x− π)dx. (85)

Also consider, ∫ 2π

0

x6{ln(1− eix)}dx.

Using the result (8), we obtain∫ 2π

0

x6{ln(1− eix)}dx = −
∞∑

m=0

(1)m(1)m
(2)m m!

∫ 2π

0

x6 ei(1+m)xdx

Evaluating the inner integral yields∫ 2π

0

x6{ln(1− eix)}dx = −
∞∑

m=0

(1)m(1)m
(2)m m!

×

×
[

192π5

(1 +m)2
− 960π3

(1 +m)4
+

1440π

(1 +m)6
+ i

(
480π4

(1 +m)3
− 64π6

1 +m
− 1440π2

(1 +m)5

)]
. (86)

Now, by comparing the real and imaginary components of equations (85) and (86), we obtain∫ 2π

0

x6{ln(2 sin x
2
)}dx = −

∞∑
m=0

(1)m(1)m
(2)m m!

[{
192π5

{1 +m}2
− 960π3

{1 +m}4
+

1440π

{1 +m}6

}]

= −192π5

∞∑
m=0

(1)m(1)m {(1)m}2

(2)m m! {(2)m}2
+960π3

∞∑
m=0

(1)m(1)m {(1)m}4

(2)m m! {(2)m}4
−1440π

∞∑
m=0

(1)m(1)m {(1)m}6

(2)m m! {(2)m}6
,
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and applying the definition of the generalized hypergeometric function of one variable, we
arrive at the desired result (77).

Further, substituting the result (23) into the right-hand side of equation (77), we find the result
(78).

1

2

∫ 2π

0

x6(x− π)dx = −
∞∑

m=0

(1)m(1)m
(2)m m!

[{
480π4

{1 +m}3
− 64π6

{1 +m}
− 1440π2

{1 +m}5

}]
48π8

7
= −480π4

∞∑
m=0

(1)m(1)m{(1)m}3

(2)m m!{(2)m}3
+64π6

∞∑
m=0

(1)m(1)m{(1)m}
(2)m m!{(2)m}

+1440π2

∞∑
m=0

(1)m(1)m{(1)m}5

(2)m m!{(2)m}5

48π6

7
= −480π2

∞∑
m=0

(1)m(1)m{(1)m}3

(2)m m!{(2)m}3
+64π4

∞∑
m=0

(1)m(1)m{(1)m}
(2)m m!{(2)m}

+1440
∞∑

m=0

(1)m(1)m{(1)m}5

(2)m m!{(2)m}5
,

and by employing once again the definition of the generalized hypergeometric function of one
variable, we reach the required result (83).

Finally, substituting result (23) into the right-hand side of equation (83), we derive a mixed
relation corresponding to (84). □

Proof of the results (67), (68), (81) and (82). Consider,∫ 2π

0

x4 {ln(1− eix)}dx.

Applying the result (7), we derive∫ 2π

0

x4 {ln(1− eix)}dx =

∫ 2π

0

x4{ln(2 sin x
2
)}dx+ i

2

∫ 2π

0

x4(x− π)dx. (87)

Also consider, ∫ 2π

0

x4{ln(1− eix)}dx.

Using the result (8), we obtain∫ 2π

0

x4{ln(1− eix)}dx = −
∞∑

m=0

(1)m(1)m
(2)m m!

∫ 2π

0

x4 ei(1+m)xdx

Evaluating the inner integral yields∫ 2π

0

x4{ln(1− eix)}dx = −
∞∑

m=0

(1)m(1)m
(2)m m!

×

×
[

32π3

(1 +m)2
− 48π

(1 +m)4
+ i

(
48π2

(1 +m)3
− 16π4

1 +m

)]
. (88)

Now, by comparing the real and imaginary components of equations (87) and (88), we obtain∫ 2π

0

x4{ln(2 sin x
2
)}dx = −

∞∑
m=0

(1)m(1)m
(2)m m!

[{
32π3

{1 +m}2
− 48π

{1 +m}4

}]

= −32π3

∞∑
m=0

(1)m(1)m {(1)m}2

(2)m m! {(2)m}2
+ 48π

∞∑
m=0

(1)m(1)m {(1)m}4

(2)m m! {(2)m}4
,
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and applying the definition of generalized hypergeometric function of one variable, we arrive at
the desired result (67).

Further, substituting the result (23) into the right-hand side of equation (67), we obtain the
result (68).

1

2

∫ 2π

0

x4(x− π)dx = −
∞∑

m=0

(1)m(1)m
(2)m m!

[{
48π2

{1 +m}3
− 16π4

{1 +m}

}]

32π6

15
= −48π2

∞∑
m=0

(1)m(1)m{(1)m}3

(2)m m!{(2)m}3
+ 16π4

∞∑
m=0

(1)m(1)m{(1)m}
(2)m m!{(2)m}

π4

15
= −3

2

∞∑
m=0

(1)m(1)m{(1)m}3

(2)m m!{(2)m}3
+
π2

2

∞∑
m=0

(1)m(1)m{(1)m}
(2)m m!{(2)m}

,

and by employing once again the definition of generalized hypergeometric function of one variable,
we have the required result (81).

Finally, substituting result (23) into the right-hand side of equation (81), we derive a mixed
relation (82). □

Proof of the results (69), (70), (73) and (74). Consider,∫ 2π

0

x4 {ln(1− eix)}2dx.

Applying the result (7), we derive∫ 2π

0

x4 {ln(1− eix)}2dx =

∫ 2π

0

x4{ln(2 sin x
2
)}2dx− 1

4

∫ 2π

0

x4(x− π)2dx+

+i

{∫ 2π

0

x5{ln(2 sin x
2
)}dx− π

∫ 2π

0

x4{ln(2 sin x
2
)}dx

}
. (89)

Also consider, ∫ 2π

0

x4{ln(1− eix)}2dx.

Using the result (8), we obtain∫ 2π

0

x4{ln(1− eix)}2dx =
∞∑

m=0

∞∑
n=0

(1)m(1)m(1)n(1)n
(2)m m! (2)n n!

∫ 2π

0

x4 ei(2+m+n)xdx

Evaluating the inner integral yields∫ 2π

0

x4{ln(1− eix)}2dx =
∞∑

m=0

∞∑
n=0

(1)m(1)m(1)n(1)n
(2)m m! (2)n n!

×

×
[

32π3

{2 + (m+ n)}2
− 48π

{2 + (m+ n)}4
+ i

(
48π2

{2 + (m+ n)}3
− 16π4

2 + (m+ n)

)]
. (90)

68



Now, by separating the real and imaginary components from equations (89) and (90), we obtain∫ 2π

0

x4{ln(2 sin x
2
)}2dx− 1

4

∫ 2π

0

x4(x− π)2dx =
∞∑

m=0

∞∑
n=0

(1)m(1)m(1)n(1)n
(2)m m! (2)n n!

×

×
[{

32π3

{2 + (m+ n)}2
− 48π

{2 + (m+ n)}4

}]
∫ 2π

0

x4{ln(2 sin x
2
)}2dx− 88π7

105
= 32π3

∞∑
m=0

∞∑
n=0

(1)m(1)m(1)n(1)n{(2)m+n}2

(2)m m! (2)n n!{2(3)m+n}2
−

− 48π
∞∑

m=0

∞∑
n=0

(1)m(1)m(1)n(1)n{(2)m+n}4

(2)m m! (2)n n!{2(3)m+n}4∫ 2π

0

x4{ln(2 sin x
2
)}2dx =

88π7

105
+ 8π3

∞∑
m=0

∞∑
n=0

(1)m(1)m(1)n(1)n{(2)m+n}2

(2)m m! (2)n n!{(3)m+n}2
−

− 3π
∞∑

m=0

∞∑
n=0

(1)m(1)m(1)n(1)n{(2)m+n}4

(2)m m! (2)n n!{(3)m+n}4
,

and using the definition (1) of the multiple hypergeometric functions of Kampé de Fériet type,
the desired result (69) is established.

Moreover, by applying the value of the integral (18) of Choi and Srivastava on the left-hand
side and substituting the new summation relation (52) in the right-hand side of equation (69), we
derive a potentially new summation identity (70) involving double hypergeometric functions of
the Kampé de Fériet.∫ 2π

0

x5{ln(2 sin x
2
)}dx− π

∫ 2π

0

x4{ln(2 sin x
2
)}dx =

∞∑
m=0

∞∑
n=0

(1)m(1)m(1)n(1)n
(2)m m! (2)n n!

×

×
[{

48π2

{2 + (m+ n)}3
− 16π4

{2 + (m+ n)}

}]
∫ 2π

0

x5{ln(2 sin x
2
)}dx = π

∫ 2π

0

x4{ln(2 sin x
2
)}dx+48π2

∞∑
m=0

∞∑
n=0

(1)m(1)m(1)n(1)n{(2)m+n}3

(2)m m! (2)n n!{2(3)m+n}3
−

− 16π4

∞∑
m=0

∞∑
n=0

(1)m(1)m(1)n(1)n{(2)m+n}
(2)m m! (2)n n!{2(3)m+n}

,

and by employing the integral (67) together with the definition (1) of the multiple hypergeometric
functions of the Kampé de Fériet, the desired expression (73) is achieved.

Furthermore, utilizing the result (23), the newly derived summation formula (42) in the
right-hand side and the value of integral (20) of Choi and Srivastava in the left-hand side
of equation (73), we can establish a new summation formula (74) concerning the double
hypergeometric functions of Kampé de Fériet. □

Proof of the results (71), (72), (75) and (76). Consider,∫ 2π

0

x4 {ln(1− eix)}3dx.
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Applying the result (7), we derive∫ 2π

0

x4 {ln(1− eix)}3dx =

∫ 2π

0

x4{ln(2 sin x
2
)}3dx− 3

4

∫ 2π

0

x6{ln(2 sin x
2
)}dx+

+
3π

2

∫ 2π

0

x5{ln(2 sin x
2
)}dx− 3π2

4

∫ 2π

0

x4{ln(2 sin x
2
)}dx+

+ i

{
3

2

∫ 2π

0
x5{ln(2 sin x

2
)}2dx− 3π

2

∫ 2π

0
x4{ln(2 sin x

2
)}2dx− 1

8

∫ 2π

0
x4(x− π)3dx

}
. (91)

Also consider, ∫ 2π

0

x4{ln(1− eix)}3dx.

Using result (8), we obtain∫ 2π

0

x4{ln(1− eix)}3dx = −
∞∑

m=0

∞∑
n=0

∞∑
p=0

(1)m(1)m(1)n(1)n(1)p(1)p
(2)m m! (2)n n! (2)p p!

∫ 2π

0

x4 ei(3+m+n+p)xdx

Evaluating the inner integral yields∫ 2π

0

x4{ln(1− eix)}3dx = −
∞∑

m=0

∞∑
n=0

∞∑
p=0

(1)m(1)m(1)n(1)n(1)p(1)p
(2)m m! (2)n n! (2)p p!

×

×
[

32π3

{3 + (m+ n+ p)}2
− 48π

{3 + (m+ n+ p)}4
+ i

(
48π2

{3 + (m+ n+ p)}3
− 16π4

3 + (m+ n+ p)

)]
.

(92)

Now, by separating the real and imaginary components from equations (91) and (92), we obtain∫ 2π

0

x4{ln(2 sin x
2
)}3dx− 3

4

∫ 2π

0

x6{ln(2 sin x
2
)}dx+ 3π

2

∫ 2π

0

x5{ln(2 sin x
2
)}dx−

−3π2

4

∫ 2π

0

x4{ln(2 sin x
2
)}dx = −

∞∑
m=0

∞∑
n=0

∞∑
p=0

(1)m(1)m(1)n(1)n(1)p(1)p
(2)m m! (2)n n! (2)p p!

×

×
[{

32π3

{3 + (m+ n+ p)}2
− 48π

{3 + (m+ n+ p)}4

}]
. (93)∫ 2π

0

x4{ln(2 sin x
2
)}3dx =

3

4

∫ 2π

0

x6{ln(2 sin x
2
)}dx− 3π

2

∫ 2π

0

x5{ln(2 sin x
2
)}dx+

+
3π2

4

∫ 2π

0

x4{ln(2 sin x
2
)}dx− 32π3

∞∑
m=0

∞∑
n=0

∞∑
p=0

(1)m(1)m(1)n(1)n(1)p(1)p{(3)m+n+p}2

(2)m m! (2)n n! (2)p p!{3(4)m+n+p}2
+

+48π
∞∑

m=0

∞∑
n=0

∞∑
p=0

(1)m(1)m(1)n(1)n(1)p(1)p{(3)m+n+p}4

(2)m m! (2)n n! (2)p p!{3(4)m+n+p}4
,

and employing the relations (77), (73) and (67), along with the definition (1) of the multiple
hypergeometric functions of the Kampé de Fériet, the desired relation (71) is obtained.

Furthermore, by applying the result (23) together with our newly established summation
formulas (74), (42), (52), (70) and (54) on the right-hand side and by substituting the integral
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(19) of Choi and Srivastava into the left-hand side of equation (71), we derive a potentially new
summation identity (72) involving triple hypergeometric functions of the Kampé de Fériet.

3

2

∫ 2π

0

x5{ln(2 sin x
2
)}2dx− 3π

2

∫ 2π

0

x4{ln(2 sin x
2
)}2dx− 1

8

∫ 2π

0

x4(x− π)3dx

= −
∞∑

m=0

∞∑
n=0

∞∑
p=0

(1)m(1)m(1)n(1)n(1)p(1)p
(2)m m! (2)n n! (2)p p!

[{
48π2

{3 + (m+ n+ p)}3
− 16π4

{3 + (m+ n+ p)}

}]
,

hence,
3

2

∫ 2π

0

x5{ln(2 sin x
2
)}2dx =

3π

2

∫ 2π

0

x4{ln(2 sin x
2
)}2dx+ 1

8

[
96π8

35

]
−

−48π2

∞∑
m=0

∞∑
n=0

∞∑
p=0

(1)m(1)m(1)n(1)n(1)p(1)p{(3)m+n+p}3

(2)m m! (2)n n! (2)p p!{3(4)m+n+p}3
+

+16π4

∞∑
m=0

∞∑
n=0

∞∑
p=0

(1)m(1)m(1)n(1)n(1)p(1)p{(3)m+n+p}
(2)m m! (2)n n! (2)p p!{3(4)m+n+p}

,

by substituting the relation (69) and again invoking the definition (1) of multiple hypergeometric
functions of Kampé de Fériet, we arrive at the required identity (75).

Moreover, applying the summation relations (52), (70) and (62) on the right-hand side and
incorporating the integral (21) of Choi and Srivastava into the left-hand side of equation (75), we
derive another new summation formula (76) corresponding to triple hypergeometric functions of
Kampé de Fériet. □

Proof of the results (49), (50) and (79): Consider the auxiliary integral
∫ 2π

0
x2{ln(1 − eix)}dx.

Employing the results (7) and (8) and equating the real and imaginary components, we obtain
the desired expression. Using the definition of the generalized hypergeometric function of one
variable, we derive the required result (49). Furthermore, substituting the result (23) into the
right-hand side of equation (49), we obtain the result (50).

Next, using the definition of generalized hypergeometric function of one variable, we get the
required result (79). □

Proof of the results (51),(52),(59) and (60): Consider the auxiliary integral
∫ 2π

0
x2{ln(1−eix)}2dx.

Employing the results (7) and (8) and equating the real and imaginary components, we obtain the
desired expression. Using the definition (1) of multiple hypergeometric functions of Kampé de
Fériet, we have the required result (51). Again using the result (11) in the left-hand side of
equation (51), we obtain the result (52).

Next, using equation (49) and the definition (1) of multiple hypergeometric functions of
Kampé de Fériet, we obtain the required result (59). Furthermore, by substitute the equation
(23) and our new summation formula (42) in the right-hand side of equation (59), we get the
required result (60). □

Proof of the results (53),(54),(61) and (62): Consider the auxiliary integral
∫ 2π

0
x2{ln(1−eix)}3dx.

Employing the results (7) and (8) and equating the real and imaginary components, we obtain the
desired expression. Using the equations (67), (49) and (59) and also using the definition (1) of
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multiple hypergeometric functions of Kampé de Fériet, we obtain the required result (53). Again
using the equation (23), our new summation formula (42) and equation (12) in the equation (53),
we obtain the result (54).

Next, using equation (51) and the definition (1) of multiple hypergeometric functions of
Kampé de Fériet, we have the required result (61). Furthermore, by applying our new summation
formula (52) and equation (15) in the equation (61), we derive result (62). □

Proof of the results (55),(56),(63) and (64): Consider the auxiliary integral
∫ 2π

0
x2{ln(1−eix)}4dx.

Employing the results (7) and (8) and equating the real and imaginary components, we obtain the
desired expression. Using equations (69), (61) and (51), along with the definition (1) of multiple
hypergeometric functions of Kampé de Fériet, we obtain the required result (55). Furthermore, by
applying the new summation formulas (52), (70) and (62) together with equation (13) in equation
(55), we obtain the result (56).

Next, using equations (53), (73), (67), (59) and (49), along with the definition (1) of multiple
hypergeometric functions of Kampé de Fériet, we obtain the required result (63). Finally, by
substituting equation (23) and the new summation formulas (42), (54), and (74) together with
equation (16) in equation (63), we obtain the result (64). □

Proof of the results (57), (58), (65) and (66): Consider the auxiliary integral
∫ 2π

0
x2{ln(1−eix)}5dx.

Employing the results (7) and (8) and equating the real and imaginary components, we obtain the
desired expression. Using the equations (71), (63), (53), (77), (73), (67), (59), (49), along with the
definition (1) of multiple hypergeometric functions of Kampé de Fériet, we obtain the required
result (57). Furthermore, by using the equation (23) and new summation formulas (74), (42),
(52), (70), (54), (72) and (64) together with equation (14) in the equation (57), we obtain the
result (58).

Next, using equations (55), (75), (69), (61), (51), along with the definition (1) of multiple
hypergeometric functions of Kampé de Fériet, we obtain the required result (65). Finally, by
applying our new summation formulas (52), (70), (62), (56) and (76) together with equation (17)
in equation (65), we obtain the result (66). □

Proof of the results (26) and (27): Consider the auxiliary integral
∫ 2π

0
{ln(1−eix)}dx. Employing

the results (7) and (8) and equating the real and imaginary components, we obtain the required
result (26) and (27). □

Proof of the results (28) and (39): Consider the auxiliary integral
∫ 2π

0
{ln(1−eix)}2dx. Employing

the results (7) and (8) and equating the real and imaginary components, we obtain the required
result (28).

Next, using equation (26), we obtain the result (39). □

Proof of the results (29), (30) and (40): Consider the auxiliary integral
∫ 2π

0
{ln(1 − eix)}3dx.

Employing the results (7) and (8) and equating the real and imaginary components, we obtain
the desired expression. Using the equations (49), (26) and (39), we get the required result (29).
Further, by using the equation (23) in the equation (29), we get the required result (30).

Next, using equation (28), we obtain result (40). □
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Proof of the results (31), (32), (41) and (42): Consider the auxiliary integral
∫ 2π

0
{ln(1−eix)}4dx.

Employing the results (7) and (8) and equating the real and imaginary components, we obtain
the desired expression. Using the equations (51), (40), (28), we get the required result (31).
Furthermore, by applying the new summation formula (52) in the equation (31), we obtain the
result (32).

Next, using equations (29), (59), (49), (39) and (26), we get the required result (41). Finally,
using the equations (23) and (10) in the equation (41), we obtain the result (42). □

Proof of the results (33), (34), (43) and (44: Consider the auxiliary integral
∫ 2π

0
{ln(1−eix)}5dx.

Employing the results (7) and (8) and equating the real and imaginary components, we obtain the
desired expression. Using the equations (53), (41), (29), (67), (59), (49), (39), (26), we get the
required result (33). Again using the equation (23) and our new summation formula (42) and (54)
in the equation (33), we obtain the result (34).

Next, using equations (31), (61), (51), (40) and (28), we get the required result (43). Finally,
using the summation formula (52) and (62) in the equation (43), we obtain the required result
(44). □

Proof of the results (35), (36), (45) and (46): Consider the auxiliary integral
∫ 2π

0
{ln(1−eix)}6dx.

Employing the results (7) and (8) and equating the real and imaginary components, we obtain the
desired expression. Using the equations (55), (43), (31), (69), (61), (51), (40), (28), we get the
required result (35). Furthermore, by substituting the summation formulas (52), (70), (62) and
(56) in the equation (35), we obtain the result (36).

Next, using equations (33), (63), (53), (41), (29), (73), (67), (59), (49), (39) and (26), we get
the required result (45). Finally, using the equation (23) and our new summation formulas (42),
(54), (74) and (64) in the equation (45), we obtain the result (46). □

Proof of the results (37), (38), (47) and (48): Consider the auxiliary integral
∫ 2π

0
{ln(1−eix)}7dx.

Employing the results (7) and (8) and equating the real and imaginary components, we obtain the
desired expression. Using the equations (57), (45), (33), (71), (63), (53), (41), (29), (77), (73),
(67), (59), (49), (39) and (26), we get the required result (37). Further, using the equation (23)
and our summation formulas (74), (42), (52), (70), (54), (72), (64) and (58) in the equation (37),
we obtain the result (38).

Next, using equations (35), (65), (55), (43), (31), (75), (69), (61), (51), (40) and (28), we get
the required result (47). Finally, using the summation formulas (52), (70), (62), (56), (76) and
(66) in the equation (47), we obtain the result (48). □

5 Conclusion

In this work, explicit analytical evaluations of several families of log-sine integrals of the form∫ 2π

0
xm{ln(2 sin x

2
)}ndx, (m ∈ N0 and n ∈ N), the study presents new closed-form expressions,

several previously unreported summation formulas and mixed relations linking generalized
hypergeometric functions 3F2(1), 5F4(1) and 7F6(1) with the zeta values ζ(3), ζ(5) and ζ(7).
An auxiliary integral discussed in Section 2 (see last paragraph) provides a unified framework
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connecting these results and demonstrating the deep interrelation between log-sine integrals,
hypergeometric functions and number-theoretic constants. The method developed here can be
further extended to other classes of special integrals arising in analytic number theory and
mathematical analysis.
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