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1 Introduction and preliminaries

The main aim of this work is to provide analytical expressions for the following families of
log-sine integrals:

o [P {In(2sin 2)} dr; no€ {1,2,3,4,5,6,7}
. fo% z{In(2sin §)}"dx; n € {1,2,3,4,5,6}

o [P 22 {In(2sin £)} dx; n € {1,2,3,4,5)

o[22 {In(2sin 2)} dr; no€ {1,2,3,4}
o« [ZT2In(2sin 2)} dx; n € {1,2,3}
. fOZTr 2*{In(2sin £)}"dx; n € {1,2}

. fo% 2%{In(2sin £)}"dx; n = {1}

in terms of multiple hypergeometric functions of Kampé de Fériet and the Riemann zeta functions.

For the definitions of the Pochhammer symbol and the generalized hypergeometric series
(or function) ,F, (p, ¢ € Ny)—the latter being a natural generalization of the classical Gaussian
hypergeometric series o /';—as well as for their convergence conditions, we refer to the standard
monographs (see, [17,19,20]).

The generalized hypergeometric function plays a fundamental role in various branches of
mathematical analysis and applied sciences. It provides a unifying framework for expressing
a wide class of special functions and definite integrals. In particular, numerous integral
representations and transformations formulas can be elegantly expressed using these functions,
greatly simplifying their analytical treatment.

In the subsequent sections, we employ these standard definitions and notations to derive new
results involving log-sine integrals and related hypergeometric expressions.

Here we remind the reader of the multiple hypergeometric functions of Kampé de Fériet.
bgzn = bgzlwbg()z)?bg()s)a bg)m-
problem concerning the convergence of the multiple hypergeometric series [18]:

1 n
FA: B, .B(m)

C: D(D,,D(”) :131, e ,:L'n
1 n
(cc) : (d(D?1)> T (dégﬂ)) :
LRGeS B
00 H (aj)M1+7nQ+~--+mn H (bj > s

. Jj=1 7=1 mi ;
B Z C D) )
IT (€)oo, ];[1 (dj )m1 .
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which unifies and extends the four Lauricella series F(”, FS" F" and F{" in n variables. In
fact, as already observed in the literature [19, pp. 37-38], the multiple hypergeometric series (1)
is a special case of the generalized Lauricella series in several variables, which was introduced by
Srivastava and Daoust in 1969.

Let us suppose Ay =1+ C + DW® — A — B® that forevery k € {1,...,n}.
For the convergence [21, p. 1127, Eq. (4.3)-Eq.(4.5)] (see also [22]) of the multiple
hypergeometric series (1), we have

(1) Ak>07 |ZE1|<OO, |JZ2’<OO 3ty |$n|<OO, (2)
(i) Ap=0; A>C and |21 |0+ |z, [T <1, 3)
(iii) Ap=0; A<Cand max{|z1],...,|z,|} < 1. 4)

In order to get the clear idea about the absolutely and conditionally convergence of (1), we
summarize some results [12, pp. 113-114, Th. (4)-Th.(6)] as follows:

Remark 1.1. Let A, =0 (k=1,...,n), A=Cand |x,| = --- = |x,| = 1. Then the series (1)

(1) converges absolutely if and only if

B() Dk

= Re Z@%—Zb Zc] de) < 0; =1,...,n) (5)

and
B(k) c n D)
oonef S S (S - Se-y (L) oo
j=1 = j=1 k=1 \ j=1
(ii) comverges conditionally when x;; 21 (k=1,...,n),if
pr<1l(k=1,...,n)and o < n;

(ii1) diverges if at least one of the following n + 1 conditions does not hold true:

pr =1 (k=1,...,n)and o < n.

Remark 1.2. Let A, =0 (k=1,...,n), A< Cand|x,| =--- = |x,| = 1. Then the series (1)
(i) converges absolutely if and only if p. <0 (k=1,...,n),
(ii) converges conditionally when xy, # 1 (k=1,...,n),if
pr<1(k=1,...,n),
pr being defined by (5).
Remark 1.3. Let A, =0 (k= 1,...,n) and A > C. Then the series (1), converges absolutely

when
1 1
|21 | =0 + - 4 |2, | =1 (2, #0;k=1,...,n),

ifo +A— C < 1, where o is defined by (6).
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For convenience, we adopt the following standard notations and definitions throughout this
paper: N: = {1,2,3,...,},Ng:=NUO0,Z; :=Z  U0={0,—1,—-2,-3,..., }. The symbols
C,R,N,Z,R* and R~ denote the sets of complex numbers, real numbers, natural numbers,
integers, positive real number and negative real numbers, respectively.

2 Relations in consideration

The following relations will be used throughout the paper:

In(1 — ) =1In <2| sing|) +1 (g — g) .z €R. (7)
In(l1—2)=—22F1(1,1; 2;2), |2| <L (8)

A few evaluated log-sine integrals taken from Choi and Srivastava [6, pp. 771-778] are given
below:

/%x{ln(Q sin — )}3dx = —371%¢(3). (10)
0
2 1370
z*{In(2 2dr = : 11
| e n@sin e = an
2
/ 2*{In(2sin = )}3dx = —127¢(5) — 573¢(3). (12)
0
2 2971'7
In(2 tdr = 3))°. 13
| ain@sin)yde = T + 24ic(3) (13)
o 72 5 3 71m®
/O {In(2sin )} de = ~90m¢(7) — 0°C(5) — “15-C(3). (14)
21 87T
3 2
/0 {In(2sin — )} de = — T (15)
27
/ 7*{In(2sin = )}3d:10 = —3672¢(5) — 97*¢(3). (16)
0
/27r 23{In(2sin = )}4d:p = 4228 72[¢(3)]% (17)
0
2w
/ v {In(2sin $))dr = 2967 sslc(3) (18)
0 315
2w
/0 2*{In(2sin = )}3dx = 1207¢(7) — 8473¢(5) — 207°¢(3). (19)
/ " 2°{In(2sin = )}da: = 24072¢(5) — 80m*((3). (20)
0
/ T In(2sin © L)Y = 10603”8 4+ 24072[¢(3)]2 1)
0
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The Riemann zeta function is defined by [6, p.767, Eq.(1.1)]:

[e o]

1 1
fi 1
© 1_232(271_1)3’ or R(s) > 1,
C(s) =) — = N (22)
n=1 -
i ; e for R(s) > 0,s # 1.
For integers s > 2, (see [1]):
s+1
1,1,...,1,1;
C(S) = s+lFs 1 ) (23)
2,2,...,2;
——
and
s+1
1,1,...,1,1;
1 Fy —1 | =(1=27)¢(s). (24)
2,2,...,2;
—_———
Some typical values (see [23]):
2 3 mt 7o 70
2) = — 3) = ——— 4) = — 5= — 6) = —
2 6’ B 25.79436° <) 90’ <) 295.1215° <(6) 945’
7 8 9 710
7)) = ——— 8) = —— 9) = — 10) = ———, ...
<(7) 2995.286° <(8) 9450’ <) 29749.35’ ¢(10) 93555’

A generalized rule for successive integration by parts is:

[irwaeas =+ ) ( [aa)-(5F) ( [[aar)+ (%) (] Qauasa) -

The present article is organized as follows. Motivated by the work collected in several
remarkable papers and monographs [2-5,7-11, 13-16,24], in Subsections 3.1 to 3.8, we present
our main findings along with their related applications. In Section 4, we obtain the solution of a
certain auxiliary integral fo% 2P{In(1 — ) }9dx = o% #P{In(2sin §) +i(5 — 5)}dz (p € Ny
and ¢ € N), separate real, imaginary parts and classify (i.e., arrange in systematic way) the
proofs of the obtained results in Subsections 3.1 to 3.7. We also obtained in Subsection 3.8 some
mixed summation formulas involving generalized hypergeometric functions 3 Fb, 5Fy, 7 Fg, other
new summation formulas of multiple hypergeometric functions of Kampé de Fériet and mixed
relations involving Riemann zeta functions.
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3 Main results

3.1 Log-sine integrals with zeroth power of «

Here are the results we prove on the family of integrals fo%{ln(Z sin §)}'dw; noe {1,..., T}
2w T
{In(2sin 5)}da: = 0. (26)
0
2w T T
—— —]dx=0. 27
/0 (2 2) v @7)
2m 3
/ {In(2sin 2)}2dz = . (28)
; 2 6
21 17 17 1a 1a
/ {In(2sin 2)V3de = —31 4 Fy 1. (29)
’ ’ 2,2,2;

In a particular instance, the integral (29) reduces to:

2
/ {In(2sin g)}?’dm = 37 C(3). (30)
0
21 T 7T5 RO 272:1a1a1717
/ {In(2sin 5)}4dx =g+t 5 it 1,1 |. (31)
0
3,3: 2; 2;
In a particular instance, the integral (31) reduces to:
2 5
T 197
In(2sin =) }dz = : 32
| tinezsin yas - T (2)
2 85 3 171a171; 17171a17171;
/ {ln(?sing)}%m:— ; 1 F3 1 | + 757 gF5 1|+
0 2,2,2; 2,2,2,2,2;
1573 2:1,1;1,1; 10 3,3:1,1;1,1; 1, 1;
T 9. T 9.9,
+—— Rt L1 | === B L1 . (33)
3:2;2; 4,4:2:2;2;
In a particular instance, the integral (33) reduces to:
2w 3
5
{In(2sin g)}5dx = —457((5) — % ¢(3). (34)
0
2n . BOTRT 285rt L, | S RTRL
i {ln(251n§)} dx = o1 3 Fyri L1 | -
3,3t 2 2
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yor 2,2,2,2:1,1; 1,1 3:1,1; 1,1; 1,1;
—1—6” Flz 1,1 | — 1073 Fl222 L,1,1 |+
3,3,3,3: 2 ; 2 ; 4: 2 5 25 2 ;

15 4,4:1,1;1,1;1,1;1, 1;

T 9:9:9:9:

T Pt 1,1,1,1 |. (35)
5,0:2;2; 2;2;

In a particular instance, the integral (35) reduces to:

2 7 6
. 2891 37
/ {1n(251n§)}6dx - " h + 457 [¢(3)]>. (36)
0
o x 200017 LLLL 112357 LLLLLL
/ {ln(2 sin 5)}7611} = —T 4F3 1 +T 6F5 1
’ 2,2,2; 2,2,2,2,2;
L0915 L1111, 1,11 — 2,2,2:1,1;1,1;
70 T 9.
g sl7 1] - BT 3?1212 L1 |+
2,2,2,2,2,2,2; 3,3,3: 2:2;
045 2:1,1:1,1; S5 9 xond 2,2:1,1; 1, 1;
T 9. T T° oo,
+—3 R L1 +—— TFiﬁf 1,1 | -
31252 3,3:2;2;
15753 . 2,2,2,2:1,1;1,1; 5053 yon 3,3:1,1;1,1;1, 1;
o1 Fyii 1,1 _TF2:1;1;1 L1,1 |+
3,3,3,3:2;2; 4,4:2:2;2;
4
—_— _
- 3 .. 3:1,1;1,1; 1, 1; 053 4:1,1;1, 1,1, 1; 1, 1;
T 4:9:9: T° 1999
TFzﬁf;ﬁf LI +— FEss 1,1,1,1 |-
4,...,4:2;2;2; 5:2:2:2;2;
—— L
4
91 5,0:1,1;1,1;1,1; 1,151, 1;
T 9:9.9.9.9.
~ S P L1111 |. (37)
6,6:2:2; 2;2;2;

In a particular instance, integral (37) reduces to:

o T 1337° 31573 17857 37"

In(2sin =)} de = — — — — : 38

| timzsin D)yae = —5Fce) - o) - TN - - 6
3.2 Log-sine integrals with first power of «
Here are the results we prove on the family of integrals fo% r{ln(2sin )} dr; n € {1,...,6}.
2 T
/ z{In(2sin E)}dac = 0. (39)
0
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21 4
/ 2{In(2sin E)}2d:1: == (40)
0 2 6
o 1,1,1,1; ) 2:1,1;1,1;
x T 9
/ z{In(2sin 5)}3@ = —71%Fy L=-5 i 1,1 |. (41)
0 2,2,2; 3:2; 2
In a particular instance, the integral (41) reduces to:
2:1,1; 1,1
Fyry L1 | =4¢(3) (42)
3: 2 2
2,2: 1,1 1,1;
2 6 2 ) s Ly Lyt
T T T 099
r{In(2sin =) }dr = — + — 1,1 | +
/ Y = 10 T R
3,3: 2 2
4 3:1,1;1,1: 1, 1;
s 9.9,
+5~ Pt 11,1 (43)
4: 2 :2;2;
In a particular instance, the integral (43) reduces to:
27 6
19
/0 x{In(2sin g)}4dx = 127:) : (44)
2T 11 4 1517171; 17171717171;
x
/ x{In(2sin 5)}5dx = 27T v 1 | + 7% Fs 1|+
" 2,2,2; 2,2,2,2,%
2:1,1; 1, 1; 3,3:1,1;1,1;1, 1;
4.. P R Rl 102 sy ety Ly Ly by by by
+% Fl2? 1,1 ] - 2—7;}?22;12;12;12 11,1 | +
3:2;2; 4,4:2:2:2;
72 2,2,2:1,1;1,1; 52 4:1,1;1,1;1,1;1, 1;
. T 19.9.9.
+% F3?12,712 171 - E ‘Flll2,712,712,’12 171a171
3,3,3:2;2; 5:2;2;2:2;
(45)
In a particular instance, the integral (45) reduces to:
2m 4
5
/ 2{In(2sin g)}5dx = —457%C(5) — %g(za). (46)
0
2n el 201t 23pt o, | BELELE
i x{ln(251n§)} dr = 1120 —i—TFQ:m L1 |-
3,3:2:2;
912 2,2,2,2:1,1;1, 1; - 3:1,1;1,1; 1, 1;
s . 2.9.
ks N A LT |+
3,3,3,3: 2;2; 4:2;2;2;
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4,4:1,1;1,1;1,1;1, 1;

Y)Y Y Y ) ) Ty

-+jﬂ;<F§ﬁﬁﬁf 1,1,1,1 | —
5,0:2;2:2;2;
3,3,3:1,1;1,1; 1, 1;
147T2 3:222 ) ) Y ) 7 b ) 7
——— F3a0 LL1 |+
27 o
4,4,4:2;2;2;
92 5:1,1;1,1;1,1;1,1; 1, 1;
T2 1:9.9.9.9:
+ - FOE 1,1,1,1,1 | . (47)

62 2;2;2;2;2;

In a particular instance, the integral (47) reduces to:

247778
2016

j€7rx{hﬂ28hlg)}6dx:: + 4572[C(3)]2. (48)

3.3 Log-sine integrals with second power of x

Here are the results we prove on the family of integrals fo% 2*{In(2sin )} dz; n € {1,2,3,4,5}.

1,1,1,1;

27 y Ly by by
/ 2*{In(2sin g)}d:c = —4m 4 F3 1. (49)
’ 2,2,2;
In a particular instance, the integral (49) reduces to:
2 T
/ 2*{In(2sin 5)}da: = —4m ((3). (50)
0
9 2,2:1,1; 1,1;
T Lyy2 Ar° 2:2;2
/ r{In(2sin =) }*de = — + wFy; 1,1 . (51)
0 2 15 "
3,3t 2 2
In a particular instance, the integral (51) reduces to:
2,2:1,1;1,1; A
9 T

Forit Ll =7 (52)

3,3 2; 2;

21 1717171; 17171717171;
x
/ 2*{In(2sin 5)}3dx = —217° 4 Fy 1| +36mels 1|+
0 2,2,2; 2,2,2,2,2:
2:1,1; 1,1, 4 3,3:1,1; 1,15 1,1
3mSR 1,1 ——?;Pﬁﬁﬁf L1 | (53)
3: 2, 2 4,4: 2 2; 2
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In a particular instance, the integral (53) reduces to:

3,3:1,1;1,1; 1, 1;
ot 1,1,1 | = —97%¢(3) + 108¢(5). (54)
4,4: 25 2; 25

27 7 3
43 21 9.
/ 2*{In(2sin z)}4dx= =T i 1,1 | —
0 2 70 2
3,3 2 5 2
9 2,2,2,2:1,1;1,1; - 3:1,1;1,1; 1, 1;
T 40 T2 1:9:9:
— Pty L1 | = i 11,1 |+
3,3,3,3:2:2; 4:2:2;2;
4,4:1,1;1,1;1,1;1, 1;
T 9:9:9.9.
R LLL1 | (55)

5,0:2:2:2;2;

In a particular instance, the integral (55) reduces to:

. 4,4:1,1;1,1;1,1; 1, 1; 90876 5927 )
5,0:2:2;2;2;

21 1685 5 1a17171; 1717171a171;
x T
/ 2*{In(2sin 5)}561:5 = —— b 1 | +13207° ¢ F5 1
’ 2,2,2; 2,2,2,2,2;
[ 1,1,1,1,1,1,1, 1; 3 2,2,2:1,1;1,1;
45m° 390
| 2,2,2,2,2,2,2 3,3,3:2:2;
555 [ 2:1,1:1,1; L0 2,2:1,1;1,1;
T 1 s 9
TFf;ﬁf L1+ =+ 15m° Foit 1,1 | -
3:2:2; 3,3:2:2;
2,2,2,2:1,1;1,1; 3,3:1,1;1,1;1, 1;
45T 1100 T0m% 900
_TF4:1;’1 17 1 - TFZ:I;L’I 17 17 1 +
3,3,3,3:2;2; 4,4:2:2:2;
40 3,3,3,3:1,1;1,1; 1, 1; 53 4:1,1;1,1;1,1; 1, 1;
T 4:9:9: % 1.9.9.9.
+2—7Fﬁﬁﬁf L1,1] + TFf;ﬁﬁﬁf 1,1,1,1]—
4,4,4,4:2;2;2; 5:2:2:2;2;

4 5,b6:1,1;1,1;1,1;1,1; 1, 1;

T 9:9:9:9:9:

_2_5F22127712,’127712,,12 L1111 1. (57)
6,6: 2: 2; 2; 2; 2;
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In a particular instance, the integral (57) reduces to:

5,0:1,1;1,1;1,1;1,1; 1, 1;

19:9:9:2. 10074 92577

PRt 111,11 | =52506(7)=500m° (5)——5—( (34—,
6,6: 2;2;2;2;2;

(58)

3.4 Log-sine integrals with third power of

Here are the results we prove on the family of integrals fozw 2*{In(2sin £)}"dw; n € {1,2,3,4}.

. ) 1,1,1,1; 2:1,1:1,1;
/ 2*{In(2sin 5)}dm = —4n?,Fy 1 |- 27T2F11::12;12 L1 |. (59
0 2,2,2; 3:2:2;

3 )

In a particular instance, the integral (59) reduces to:

2w
/‘x%m@angnmnz—mﬁqa. (60)
0
27 T 7T6 272:1715171)
/ x3{1n(2sin§)}2dx:3—1-7?2]722:’12;12 L1 |+
0 3,3:2:2;
3:1,1;1,1; 1, 1;
8 2 sy 4y by Ly Ly
5 P L1 (61)
4:2:2;2;

In a particular instance, the integral (61) reduces to:

3:1,1;1,1;1, 1; A
9.9 s
FioE LLL| =+ (62)
4:2:2;2;
2T 1717171; 17171717171;
T
/ 2*{In(2sin 5)}3dw =97, Fy 1 | + 127%F; 1| -
’ 2,2,2; 2,2,2,2,2;
» 2:1,1;1,1; A2 3,3:1,1;1,1; 1, 1;
1:2;2 2:2;2;2
— 5 fu L1 | - ?le;l;l LL1 |+
30252 4,422 ;2;:2;
g2 2,2,2:1,1;1,1; ) 4:1,1;1,1;1,1; 1, 1;
T 32,2 T 51:2;2;2;2
+TF3:1;1 17 1 - ?Flzl;l;l;l 17 17 17 1
3,3,3:2:2; 5:2;2;2:2;

(63)



In a particular instance, the integral (63) reduces to:

4:1,1;1,1;1,1; 1, 1;

P Bt B Y Bt B

Fiiny L1L1,1 | =96¢(5). (64)
5:2;2;2:2;
2,2:1,1;1, 1;
2 8 7 4 ) ) Ly Ly Ly
/ 2*{In(2sin E)}4dx =T 4 lF221212 L1 | —
0 2 4 2 0
3,3:2:2;
g2 2,2,2,2:1,1;1,1; Al 3:1,1;1,1; 1, 1;
T 4o T 199,
—TFﬁﬁf L1 |+ TFf;ﬁﬁf 1L1,1 | +
3,3,3,3:2;2; 4:2:2:2;
9 4,4:1,1;1,1;1,1; 1, 1; 1672 3,3,3:1,1;1,1; 1, 1;
T 42:2:2:2:2 T 13:2:2:2
+ZF2:1;1;1;1 LLL1]| - o7 Fyiin L1, 1|+
5,0:2:2;2:2; 4.4,4:2:2;2;

82 o5:1,1;1,1;1,1;1,1; 1, 1;

T 1:9.9:9:9:

+§F11:'1;y12§712§’12§712 L1,1,1,1 |. (65)
6:2:2:2;2;2;

In a particular instance, the integral (65) reduces to:

5:1,1;1,1;1,1;1,1; 1, 1; 1735725 18575
9.9.9. s T
FiTs LLLLL | =+ = (66)
6:2;2;2;2;2;

3.5 Log-sine integrals with fourth power of x

Here are the results we prove on the family of integrals fo% 2*{In(2sin £)}"da; n € {1,2,3}.

2 T 1517171; 1717171a171;
/ z*{In(2 sin§)}dx = —3271% , I3 1 | +487 ¢ F5 1 |. (67
0 2,2,2; 2,2,2,2,2;

Y

In a particular instance, the integral (67) reduces to:

2w
/ #*{In(2sin g)}dx = 3273 ((3) + 487 ((5). (68)
0
/ z*{In(2sin =) }?dr = + 8T 1,1 | —
; 2 105 1
3,3:2;2;
2,2,2,2:1,1;1,1;
— 3nFy 1,1 . (69)

3,3,3,3:2;2;
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In a particular instance, the integral (69) reduces to:

2,2,2.2:1,1: 1, 1;
 647° 29670

F22 1,1 | = — — 16[¢(3)]2. 70
3,3,3,3:2;2;
2 17171a1; 1a1717171a1;
X
/ *{In(2sin §)}3d:c = —1927° 4 F} 1 | +6487° ¢ F% 1| -
0 2,2,2; 2,2,2.2,2;
[1,1,1,1,1,1,1,1; 2,2,2:1,1;1,1;
~10807 s F 1| —on® FT 1,1 |+
| 2,2,2,2,2,2,% 3,3,3:2:2;
[ 2:1,1:1,1; . 2,2:1,1;1,1;
+127° Py 1,1 5+ 6m° Fyiy 1,1 | -
30232 3,3:2:2;

2,2,2,2:1,1;1,1; 3,3:1,1;1,1; 1, 1;

913 0. 321% 0.
- Fi2 L1 | == Py 1,1,1 | +
3,3,3,3:2;2; 4,4:2;2;2;
16 3,3,3,3:1,1;1,1; 1, 1;
T .9.9.
+o Fio 1,1,1 . (71)

4,4,4,4: 22,2,

In a particular instance, the integral (71) reduces to:

3,3,3,3:1,1;1,1; 1, 1;

4:2;2:2 . 40571'2 18971'4 3337‘(7
F4:1;1;1 ]-7 17 1 - 2025C(7) 4 C<5) 4 C(B) 280
4,4,4,4:2;2;2;
24372 9
R E) ) 7

3.6 Log-sine integrals with fifth power of «

Here are the results we prove on the family of integrals fOQW 2*{In(2sin £)}"dz; n € {1,2}.

o 1,1,1,1; 1,1,1,1,1,1;
/ 2°{In(2sin g)}da: = 321" 4 F} 1 | +487% ¢F5 1|+
0 2,2,2; 2,2,2,2)2;
2,2,2:1,1; 1, 1; 2:1,1;1,1;
67 Fypy 1,1 | — 8l 1,1 |. (73)
3,3,3:2;2; 3:2:2;
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In a particular instance, the integral (73) reduces to:

2,2,2:1,1;1,1; 4072
9. T
2 L1 | =382((5) - ——((3). (74)
3,3,3:2;2;
2 11978 [ 2,2:1,1;1, 1;
s T 9.
/ 2°{In(2sin 5)}2dx = 105 + 87 ]7221212 1,1 | —
0 3,3:2:2;
2,2,2,2:1,1: 1, 1; 2072 [ 3,3,3:1,1;1,1; 1, 1;
9. N .9.9.
—3n? Fiit 1,1 | - 71?;-12;12;12 1,1,1 | +
3,3,3,3:2:2; 4,4,4:2:2:2;
3:1,1;1,1; 1, 1;
392 4 . )y by Sy Ty
+TWF11:'1%’12;’3 1,11 |. (75)
4: 2525 2;

In a particular instance, the integral (75) reduces to:

3,3,3:1,1;1,1; 1, 1;
oo | T T 1537%  111x°
iy LL1 | ==+ T — 162[¢(3)]% (76)
4,4,4:2;2;2;

3.7 Log-sine integrals with sixth power of =

Here are the results we prove on the family of integrals f027r 2%{In(2sin £)}"dw; n = {1}.

2 T 17171a1; 17171a17171;
/ 2°{In(2sin E)}dm = —1927° 4 F} 1| + 9607 gF 1| -
0 2.2.92 222292

Y ) ) Y )= Y I

L,1,1,1,1,1,1,1;
2,2,2,2,2,2,2;

Y = Y Y =D

In a particular instance, the integral (77) reduces to:

2
/ 2°{In(2sin g)}dx = —1927° ((3) + 9607° (5) — 14407 (7). (78)
0

3.8 Mixed summation formulas and relations

Here are the results we prove on mixed summation formulas and relations:

L1 1
7T4 2
— =27 3F2 1 . (79)

3
2, 2
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From equation (79), we get a mixed relation

7T4

5= 21% ((2). (80)
1,1,1; 1,1,1,1,1;
71_4_7T2F 7aa1 _3F 5 Ly Ly by X (81)
5= 5 32 5 51 :
2,2 3 2727272;
From equation (81), we get a mixed relation
I 3
— = —((2) — =C(4). 82
L= T0@) - 5@ (82
6 1,1,1; 1,1,1,1,1; 1,1,1,1,1,1, 1;
437 4 9
— = 647" 3 F, 1| —4807* 5Fy 1| + 1440 7 F 1.
2,2 ; 2,2,2,2; 2,2,2,2,2,2;
(83)
From equation (83), we get a mixed relation
487" 4 9
- = 647" ((2) — 4807~ ((4) + 1440 (6). (84)

4 Proofs of the results in Subsections 3.1-3.8
Proof of the results (77), (78), (83) and (84). Consider,

/:ﬂ 2° {In(1 — €™) }dx.

Applying the result (7), we derive
27 2m 2w
/ 2% {In(1 — ) }do = / 2%{In(2sin = )}d:}c +3 / 2%(x — m)dr. (85)
0 0 0

Also consider, ,
/ 25{In(1 — ")} dz.
0
Using the result (8), we obtain

o - (1), (1), [ .
/ 2%{In(1 — ") }dx = — Z M/ 26 eii+m)z g
0 A

m=0
Evaluating the inner integral yields
2 ) o 1) (1)
5{In(1 — e®\Vdr = — E <—7”7”
/0 x{In( e ) }dx @) m!x

m=

[1927r5 96073 14407 [ 4807? 6476 144072 (86)
( (

Trmp2  (G+mp  Q+mp  \T+mpP T+m  (d+mp
Now, by comparing the real and imaginary components of equations (85) and (86), we obtain

/ #{in(2sin )} = Ti(g;ﬁ% H{ffjj;—{196+0:f}4+{fi4%}6}]

—192n 52 +960 32 m,{ —1440 i m,{ L }}66,
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and applying the definition of the generalized hypergeometric function of one variable, we
arrive at the desired result (77).
Further, substituting the result (23) into the right-hand side of equation (77), we find the result

(78).
| = ,i a1 {14?;:}3 SN ]

48_ _ ) 1)m Yo (1)m} 25~ (D (Wm{ (1)}
4807 Z m} +647 Z oW +1440 ;_0(2)mm!{(2) v

48” — 4807 QZ m,{ +64 f: m’f{ )’"}+14402 m,{{((>) }]:,,5,

and by employmg once again the definition of the generahzed hypergeometnc function of one

variable, we reach the required result (83).

Finally, substituting result (23) into the right-hand side of equation (83), we derive a mixed
relation corresponding to (84). 0

Proof of the results (67), (68), (81) and (82). Consider,

/0% * fln(1 — )} da.

Applying the result (7), we derive

21 2 . 2
/ z* {In(1 — ) }dw = / r*{In(2sin = )}dx + ; / o' (z — 7)d. (87)
0 0 0
Also consider, ,
/ r*{In(1 — ) }dz.
0

Using the result (8), we obtain

/0 ’ v {In(1 — ™) }dx = — Z —((12))”;(27”/0 ﬂa:4 eIz gy

Evaluating the inner integral yields

/0 7r:UA‘{ln(l — ™) }dr = Z ((12))—(77)1'><

m=0

x{ 3273 M8 -I—'( 4872 _16%4)] (88)
A+rmp2 (+mi  \Q+mpP 1+m/|

Now, by comparing the real and imaginary components of equations (87) and (88), we obtain

/ PHinsing ”d“‘i%);% H{lgfi}? -]

m=0

5% (D 2 (D 4
—327 Z( }2 +487TZ( m'{ )) }}4,
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and applying the definition of generalized hypergeometric function of one variable, we arrive at
the desired result (67).
Further, substituting the result (23) into the right-hand side of equation (67), we obtain the

result (68).
oo SR

m=0

3 = (Dm
— 487 Z }3+16 Z( m,{ )}}

T __Z m‘{ %Z m'{ )}}7

and by employing once again the definition of generalized hypergeometric function of one variable,

we have the required result (81).

Finally, substituting result (23) into the right-hand side of equation (81), we derive a mixed
relation (82). ]

Proof of the results (69), (70), (73) and (74). Consider,

2m
/ ' {In(1 — ™) }?dx.
0
Applying the result (7), we derive

2w ] 2 1 2

/ gt {In(1 — ™) }?dx = / 2*{In(2sin = )}de - Z_L/ 2tz — 7)’da+
0 0 0
2w 2w
+i {/ 2°{In(2sin = )}da: - 7r/ z*{In(2sin = )}dx} (89)
0 0
Also consider, ,
/ r*{In(1 — e™)}?du.
0
Using the result (8), we obtain

2T 1) ( ) 2T ]
4 In(1 — 2d _ / 4 z(2+m+n)xd
/0 z*{In( VW dr = E E @ m' 2l " e x

m=0 n=0

Evaluating the inner integral yields

/wa‘l{ln(l N2 dr = ZZ 2 73; 5 n( Jn X

m=0 n=0

3273 A8 , 4872 1674
x [{2+(m+n)}2 Tt minp ({2+(m+n)}3 - 2+(m+n)>} - OO
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Now, by separating the real and imaginary components from equations (89) and (90), we obtain

o 2 L[ 2 1 (Dm(D)m(D)n(1)n
/0 z*{In(2sin = )} dm_é_i/o z*(r —7) dm:ZZ((;)mm'((Q))n(n)' X

. Hm ffﬂ DI {2+ éii n>}4}]

27 o 2 887" 3 Dn(Dnf(2)mn}?
/0 {In(2sin = )} dr — 105 e Zo% (2 ) Jn nH{2(3)min}?
) ( ) {( )m+n}4
— 487rmzonzo 2)n nH2(3)min

o 4 2 _ 88_7T 3 1 1)m (1)n{(2)m+n}2_
/0 {In(2sin - )} dr = 08 + 87 mz:()n @ 1l @) (Bl ]?

D (2) i}
o ZZ T (n)'{ﬁ(ﬁm}i’

and using the definition (1) of the multiple hypergeometrlc functions of Kampé de Fériet type,
the desired result (69) is established.

Moreover, by applying the value of the integral (18) of Choi and Srivastava on the left-hand
side and substituting the new summation relation (52) in the right-hand side of equation (69), we
derive a potentially new summation identity (70) involving double hypergeometric functions of
the Kampé de Fériet.

[ e[ ron- SO0

m=0 n=0

: Hm ?:11 DI {2+i§i n)} H

|t mizsin D)o = » / o {In(2sin 3)}de-+487° ZZ S

m=0 n=0

4 1 n 2 m—+n
o ZZ o

and by employing the integral (67) together with the definition (1) of the multiple hypergeometric

functions of the Kampé de Fériet, the desired expression (73) is achieved.

Furthermore, utilizing the result (23), the newly derived summation formula (42) in the
right-hand side and the value of integral (20) of Choi and Srivastava in the left-hand side
of equation (73), we can establish a new summation formula (74) concerning the double
hypergeometric functions of Kampé de Fériet. U

Proof of the results (71), (72), (75) and (76). Consider,

/0% 4 fln(1 — ) Yda.

69



Applying the result (7), we derive

/0% 2t {In(1 — %) 3dz = /% z*{In(2sin = )}3dx — Z/O% 25 {In(2sin = )}dx+

_/ 5{ln 2sin = )}d{[—g% i 4{1n(251n )}d:l?—I—

3 [ 25 2 3w 7" 24 2 1 [ 4 3
+i4= {In(2sin - )} de — — {In(2sin - )} dr — = ¥ (x —7m)°dep. (91)
2 Jo 2 Jo 8Jo
Also consider, ,
/ zH{In(1 — ) }3da.
0
Using result (8), we obtain

o 4 3 O 1 17111711) o 4 _i(3+m4n+p)x
/Ox{ln(l NPde = — ZZZ (3571)!22313(]?!)/0 zt el % dy

m=0 n=0 p=0

Evaluating the inner integral yields

4 s o e (1) (D) (1) (1) (1),(1),,
/0 {In(1 - e™)Pdr=->"3"%" )2 371!():72!22§p(]o!)x

m=0 n=0 p=0

3273 487 4872 1674 ﬂ

. [{3+(m+n+p)}2 a {3+(m+n+p)}4H<{3+(m+n+p)}3 3+ (m+n+p) .

Now, by separating the real and imaginary components from equations (91) and (92), we obtain

2m 2m 2m
/ *{In(2sin = )}3dx _3 / 2°{In(2sin z)}dx + o / 2°{In(2sin z)}dx—
; 1/, 2 2 J, 2

oo oo 0

B e (D10, (V1)
- @l = =3 3 S e

m=0 n=0 p=0

Navosaror - wro o)) 9

2T 3 2T 2T
/ z*{In(2sin = )}3das =1 / 2%{In(2sin ;)}das — 37#/ 2°{In(2sin g)}daﬂ—
0 0

Ll 3 )n(Dn(D)p(Dp{ (3)m-rn+p}
—i—T i {ln(2sm ) pdx — 327 ZZZ nn!( o B men i} +

m=0 n=0 p=0

L I3 (U DDV (D (D { By}
+487 Z ZO p;o (2)m m! (2)n 0! (2), P{3(D)manipt?

and employing the relations (77), (73) and (67), along with the definition (1) of the multiple
hypergeometric functions of the Kampé de Fériet, the desired relation (71) is obtained.

Furthermore, by applying the result (23) together with our newly established summation
formulas (74), (42), (52), (70) and (54) on the right-hand side and by substituting the integral
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(19) of Choi and Srivastava into the left-hand side of equation (71), we derive a potentially new
summation identity (72) involving triple hypergeometric functions of the Kampé de Fériet.

27 1 27
§/ 2°{In(2sin = )}de - BW/ z*{In(2sin = )}de — —/ vt (x — 7)3da
2 Jo 2 Jo 8.Jo

o v WD (W (Dn(1),(1), 487 _ 167"
ZZZ m! (2), n! (2), p! [{{3+(m+n+p)}3 {3+(m+n+p)}H’

m=0 n=0 p=0

hence,

g / 5 n(2sin © )y

0

— 4872 i i

. U (D (D10 (D (DB}
+16”ZZZ< L@ 1! D 213 minrp) |

by substituting the relation (69) and again invoking the definition (1) of multiple hypergeometric

37T

" M In(2sin & )¥da {96” } -

35
(D (D (D (D (1) (1)p{ (3)mn4p}
= (2)m m! 2)n 0! (2)p PH{3(H)mintp}?

o0

+

m=0 n=0 p=0

functions of Kampé de Fériet, we arrive at the required identity (75).

Moreover, applying the summation relations (52), (70) and (62) on the right-hand side and
incorporating the integral (21) of Choi and Srivastava into the left-hand side of equation (75), we
derive another new summation formula (76) corresponding to triple hypergeometric functions of
Kampé de Fériet. 0

Proof of the results (49), (50) and (79): Consider the auxiliary integral fO%xQ{ln(l — ) }dx.
Employing the results (7) and (8) and equating the real and imaginary components, we obtain

the desired expression. Using the definition of the generalized hypergeometric function of one
variable, we derive the required result (49). Furthermore, substituting the result (23) into the
right-hand side of equation (49), we obtain the result (50).

Next, using the definition of generalized hypergeometric function of one variable, we get the
required result (79). O

Proof of the results (51),(52),(59) and (60): Consider the auxiliary integral fozﬂxQ{ln(l—e”) }2dx.
Employing the results (7) and (8) and equating the real and imaginary components, we obtain the

desired expression. Using the definition (1) of multiple hypergeometric functions of Kampé de
Fériet, we have the required result (51). Again using the result (11) in the left-hand side of
equation (51), we obtain the result (52).

Next, using equation (49) and the definition (1) of multiple hypergeometric functions of
Kampé de Fériet, we obtain the required result (59). Furthermore, by substitute the equation
(23) and our new summation formula (42) in the right-hand side of equation (59), we get the
required result (60). U

Proof of the results (53),(54),(61) and (62): Consider the auxiliary integral fO%xQ{ln(l—e”) }3dx.
Employing the results (7) and (8) and equating the real and imaginary components, we obtain the

desired expression. Using the equations (67), (49) and (59) and also using the definition (1) of
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multiple hypergeometric functions of Kampé de Fériet, we obtain the required result (53). Again
using the equation (23), our new summation formula (42) and equation (12) in the equation (53),
we obtain the result (54).

Next, using equation (51) and the definition (1) of multiple hypergeometric functions of
Kampé de Fériet, we have the required result (61). Furthermore, by applying our new summation
formula (52) and equation (15) in the equation (61), we derive result (62). U

Proof of the results (55),(56),(63) and (64): Consider the auxiliary integral f027rx2{1n(1—e”) Hdx.
Employing the results (7) and (8) and equating the real and imaginary components, we obtain the

desired expression. Using equations (69), (61) and (51), along with the definition (1) of multiple
hypergeometric functions of Kampé de Fériet, we obtain the required result (55). Furthermore, by
applying the new summation formulas (52), (70) and (62) together with equation (13) in equation
(55), we obtain the result (56).

Next, using equations (53), (73), (67), (59) and (49), along with the definition (1) of multiple
hypergeometric functions of Kampé de Fériet, we obtain the required result (63). Finally, by
substituting equation (23) and the new summation formulas (42), (54), and (74) together with
equation (16) in equation (63), we obtain the result (64). ]

Proof of the results (57), (58), (65) and (66): Consider the auxiliary integral f02ﬂx2{ln(1 —e™) }od.
Employing the results (7) and (8) and equating the real and imaginary components, we obtain the
desired expression. Using the equations (71), (63), (53), (77), (73), (67), (59), (49), along with the
definition (1) of multiple hypergeometric functions of Kampé de Fériet, we obtain the required

result (57). Furthermore, by using the equation (23) and new summation formulas (74), (42),
(52), (70), (54), (72) and (64) together with equation (14) in the equation (57), we obtain the
result (58).

Next, using equations (55), (75), (69), (61), (51), along with the definition (1) of multiple
hypergeometric functions of Kampé de Fériet, we obtain the required result (65). Finally, by
applying our new summation formulas (52), (70), (62), (56) and (76) together with equation (17)
in equation (65), we obtain the result (66). ]

Proof of the results (26) and (27): Consider the auxiliary integral fo%{ln(l — e'®)}dx. Employing
the results (7) and (8) and equating the real and imaginary components, we obtain the required
result (26) and (27). U

Proof of the results (28) and (39): Consider the auxiliary integral fo%{ln(l—e”) }2dz. Employing
the results (7) and (8) and equating the real and imaginary components, we obtain the required
result (28).

Next, using equation (26), we obtain the result (39). l

Proof of the results (29), (30) and (40): Consider the auxiliary integral fo%{ln(l — ") }3dx.
Employing the results (7) and (8) and equating the real and imaginary components, we obtain

the desired expression. Using the equations (49), (26) and (39), we get the required result (29).
Further, by using the equation (23) in the equation (29), we get the required result (30).
Next, using equation (28), we obtain result (40). ]
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Proof of the results (31), (32), (41) and (42): Consider the auxiliary integral fo% {In(1—e™)}*dx.
Employing the results (7) and (8) and equating the real and imaginary components, we obtain

the desired expression. Using the equations (51), (40), (28), we get the required result (31).
Furthermore, by applying the new summation formula (52) in the equation (31), we obtain the
result (32).

Next, using equations (29), (59), (49), (39) and (26), we get the required result (41). Finally,
using the equations (23) and (10) in the equation (41), we obtain the result (42). ]

Proof of the results (33), (34), (43) and (44: Consider the auxiliary integral fOQW {In(1—¢")}°dx.
Employing the results (7) and (8) and equating the real and imaginary components, we obtain the
desired expression. Using the equations (53), (41), (29), (67), (59), (49), (39), (26), we get the
required result (33). Again using the equation (23) and our new summation formula (42) and (54)

in the equation (33), we obtain the result (34).

Next, using equations (31), (61), (51), (40) and (28), we get the required result (43). Finally,
using the summation formula (52) and (62) in the equation (43), we obtain the required result
(44). O

Proof of the results (35), (36), (45) and (46): Consider the auxiliary integral f027r {In(1—€™)}5dzx.
Employing the results (7) and (8) and equating the real and imaginary components, we obtain the
desired expression. Using the equations (55), (43), (31), (69), (61), (51), (40), (28), we get the
required result (35). Furthermore, by substituting the summation formulas (52), (70), (62) and
(56) in the equation (35), we obtain the result (36).

Next, using equations (33), (63), (53), (41), (29), (73), (67), (59), (49), (39) and (26), we get
the required result (45). Finally, using the equation (23) and our new summation formulas (42),
(54), (74) and (64) in the equation (45), we obtain the result (46). ]

Proof of the results (37), (38), (47) and (48): Consider the auxiliary integral fo% {In(1—e®)}"dx.
Employing the results (7) and (8) and equating the real and imaginary components, we obtain the
desired expression. Using the equations (57), (45), (33), (71), (63), (53), (41), (29), (77), (73),
(67), (99), (49), (39) and (26), we get the required result (37). Further, using the equation (23)
and our summation formulas (74), (42), (52), (70), (54), (72), (64) and (58) in the equation (37),
we obtain the result (38).

Next, using equations (35), (65), (55), (43), (31), (75), (69), (61), (51), (40) and (28), we get
the required result (47). Finally, using the summation formulas (52), (70), (62), (56), (76) and
(66) in the equation (47), we obtain the result (48). ]

5 Conclusion

In this work, explicit analytical evaluations of several families of log-sine integrals of the form
fo% 2™{In(2sin 5)}"dx, (m € Ny and n € N), the study presents new closed-form expressions,
several previously unreported summation formulas and mixed relations linking generalized
hypergeometric functions 3F3(1), 5F4(1) and 7Fg(1) with the zeta values ((3),((5) and (7).

An auxiliary integral discussed in Section 2 (see last paragraph) provides a unified framework
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connecting these results and demonstrating the deep interrelation between log-sine integrals,

hypergeometric functions and number-theoretic constants. The method developed here can be

further extended to other classes of special integrals arising in analytic number theory and

mathematical analysis.
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