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1 Introduction

Graph theory is a significant branch of mathematics that explores the connections between pairs of
objects through the representation of graphs. Presently, graph theory finds extensive applications
in engineering, computer science, social networking, and various scientific disciplines [3, 26,
33]. The fusion of graph theory with algebraic structures has spurred fresh investigations in
mathematics, delving into the interplay between the structures of algebraic objects and graphs.
This concept involves examining how properties of both graphs and algebraic structures interact.
Historically, researchers have linked graphs with diverse algebraic structures, contributing to a
rich tapestry of mathematical exploration [21, 32, 35, 39]. The extensively explored concepts
within this domain include the Cayley graph, nilpotent graphs, and the zero-divisor graph [2,
20, 25,27]. Recently, Binyamin et al. [1,6,7,30] introduced a graph associated with numerical
semigroups and ideals of numerical semigroups, investigating various properties of this graph. In
[28], Poonkuzhali ef al. obtained the dominated chromatic number for various networks. Biswas
et al. identified the rings R for which the graph G(R) exhibits planarity in [8]. Additionally, they
characterize the class of rings for which G(R) is toroidal. Researchers have been linking graphs
to a variety of algebraic structures over the past 20 years, which has opened up several avenues for
studying algebraic structures using graph-theoretical features and vice versa. The term “clique”
in graph theory is credited to the work of Duncan Luce and Albert D. Perry, as presented in their
1949 publication, “A method of matrix analysis of group structure”. In this paper, they employed
the term to refer to a complete subgraph within social networks, indicating a group of individuals
who are all acquainted with one another (a “clique” in the conventional social context). Classical
graph theoretical descriptors, such as the Atom-Bond Connectivity (ABC) index, have proven
effective in correlating molecular structure with thermodynamic stability and chemical behavior.
In this context, graphs of numerical semigroups represent a distinctive and structurally rich family
of graphs with significant potential for chemical modeling.

A graph is an ordered pair of a vertex set V() and an edge set E(G); their cardinality is
said to be the order and size of the graph, respectively. Two vertices are said to be neighbors of
each other if they are connected by an edge, and the set of all neighbors of v; is said to be the
neighborhood of v;. The number of edges incident on a vertex v; is known as the degree of v;,
denoted by d,,. Moreover §(G) and A(G) denote the minimum and maximum degree of a graph
G. If there is an edge connecting every pair of unique vertices in a graph, then the graph is said
to be complete. In a graph G, a clique ¢l(G) is a complete subgraph; the maximum clique is the
largest possible clique in G [31]. The clique number, w(G), is the size of the largest clique in
G. It holds significance across various fields due to its diverse applications in social network
analysis, bioinformatics, combinatorial optimization, communication networks, cryptography,
chemoinformatics, computer vision, and image processing.

Chemical graph theory is a field within mathematical chemistry that utilizes graph theory
to mathematically model various chemical phenomena. Recent studies in graph theory and
chemical graph analysis highlight structural parameters such as mean subtree order, subtrees with
bounded diameter, and subpath numbers, which capture connectivity and branching patterns in
trees and molecular graphs [11, 36, 38]. Research on subtree enumeration [37,38] and subpath
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numbers [23, 24] illustrates how local structures influence global graph invariants. Motivated by
these developments, we study the graphs G g associated with symmetric numerical semigroups,
analyzing clique numbers and connectivity indices, thereby linking algebraic structures to broader
combinatorial and chemical graph-theoretic contexts. The graph invariants utilized for chemical
investigations are referred to as topological indices [9, 10, 13]. A chemical compound can be
conceptualized as a graph where atoms are represented by vertices and bonds by edges. These
graphs are commonly referred to as chemical graphs.
In 1975, Randi¢ [29] proposed the branching index

1
RG) = >, |7
v1v2€E(G) V172

which is also called connectivity index and Randi¢ index of a graph G. Estrada et al. [16] defined
the atom-bond connectivity index of a graph G as:

dy, +d,, — 2

ABC(G)= ) i

v12€E(G)

Many authors work on atom-bond connectivity index [5, 12, 14, 15, 22]. Two type of Randié
connectivity indices are defined as [34]

1
dy,dyy

v1v2€E(G)

and !
R1(G)=R-1 = _—
+(9) ! 2 (dvydy,)

vi2€E(G)

The first Zagreb index is denoted by M;(G) and is defined as [19]

M{(G)=My= Y (dy +dy,)

v12€E(G)

The second Zagreb index is denoted by M, (G) and is defined as [19]

My(G)=My= Y dydy,.

v12€E(G)

A numerical semigroup & is a cofinite submonoid of the additive monoid of nonnegative integers
N. The smallest positive integer belonging to set G is termed the multiplicity of &, represented
as 7. The complement set N \ & is termed the gap set of &, denoted as g(&). The numerical
semigroup & is symmetric if and only if the greatest element § (Frobenius number) of ¢(&)
satisfies the condition that for every a € ¢g(&), the element § — a € &.

The remainder of this paper is organized as follows. In Section 2, we associate graphs
with symmetric numerical semigroups and find the maximal possible clique of &(m, 3)-graphs.
In Section 3, we compute the minimum degree of &(7, ¢)-graphs and give some bounds for the
atom bound connective index. The paper concludes in Section 4.
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2 Maximal clique of graphs of symmetric cofinite submonoids

Throughout this section, we associate graphs with an arbitrary class of symmetric numerical
semigroups (for details see [8]) and compute the clique number of S(7, 3)-graphs.

Lemma 2.1 ([18]). Let & = (1,7 + 1,...,7 + t) be a numerical monoid with 1 < t < 7. Then
u € Sifandonly ifu = kT + i withk € Nandi € {0, ..., kt}.

Proposition 2.2. The induced subgraphs G 4, G ,Gc of Gg are cliques, where S = (1,7 + 1,
ht4+2h+2,... ht + (1 — 1)), withT = 2h + 3, h > 1 and,

A={F—pr:0<p<h},
B={F— (ht+2h+2)},

Cz{&—(:pT—Fy(T—i—l)):ngSfg],lgyghorx:h,lgygh—l,m“

h h
Proof. We have to show that the elements of A, B and C are the gaps of &, and the sum of
elements of A, B and C, respectively, is an element of &. For this, we have the following cases:

* Case 1: Note that for any 7 > 0, j7 € &, therefore for 0 < p < h, pr € &. Since G is
symmetric, therefore § — pr ¢ &. Note that for maximum value of p,

S—pr=hr+2h+1>0,

therefore for any values of p, § — p7 > 0. This implies A C V(Gg), and G 4 is induced
subgraph of Gg. To prove that G 4 is clique, we need to show that r; 4+ ry € &, for all
ri,re € A.

Letr; =§ — pi7and ro = § — po7, where 0 < p; # ps < h then

T+ 1y =28 — (p1 +p2)T = 4hT +4h + 2 — (p1 + p2)T.

Now, 4hT+4h+2—(p1+p2)T—F = (2h—(p1+p2))7+2h+1. Since 1 < p1+ps < 2h—1,
therefore (2h — (p1 + p2))7 + 2h + 1 > 0. This implies 4h7 + 4h + 2 — (p1 + p2)7 > §.
So, r1 + 19 € &. Hence (G4 is a complete subgraph.

* Case 2: Note that for any x, y > 0, 27 + y(7 + 1) € &, therefore for 0 < x < ((%1),
1<y<horz=h1<y<h-1, ora::(%—i—l,1§y§h—l7l:1,_.‘,L%J_1,
xT +y(T + 1) € &. Since & is symmetric, therefore § — (z7 + y(7 + 1)) ¢ &. Note that

for maximum values of = and v,

§— (o y(r+ 1) = §— (T3 + () +1) = (h— [2])7 +h+150

S—((h)r+(h-1)(t+1)=7+h+2>0,

g_(([g1+z)7+(h_l)(r+1)):(h—(%1)r+h+l+1>o.
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Therefore for any values of  and y, § — (27 + y(7 + 1)) > 0. This implies C C V(Gg),
and G¢ is induced subgraph of Gg. To prove that G¢ is clique, we need to show that
ri+1ry € &, forall rq, 7 € C.

Letr; =§ — (x17 +y1(7 + 1)) and ro = §F — (227 + y2(7 + 1)), then

(1)

ri+ 1y =28 — (21 +22)T — (Y1 Fy2)(T+1) = (3¢ — (21 + 22+ Y1+ y2))T
+h7 +2h + 2+ 2h — (y1 + 1o2).

fFO<z<[4],1<y<h

Note that 3h — (x1 + 22 + y1 + y2) > 0, because 3 < (1 + x2 +y1 + y2) < 3h — 1.
Therefore (3h — (z1 + o + y1 + y2))7 € &. If 2h — (y; + y2) < 7 — h — 1, then
consider

2h — (y1+y2) =7 —h—1—wv, where 0 <v < h+1.
This implies
(ht +2h+2)+ (2h — (y1 +y2)) = (h+ )7+ (h+ 1 —v).

From Lemma 2.1, we get (h + 1)7 + (h+1 —v) € &. So, 1 + ry € &. Now, if
2h — (y1 + y2) > 7 — h — 1, then consider

2h — (y1 +y2) — (T —h—1)=3h+1—7— (y; + vo).
We can write
ri4ry = [(3h—(z142a4y1+y2)) T+ (3h4+1—7—(y14y2) ) |+ [(hT+2h+2)+(T—h—1)].
Note that
Bh—(r1+ze+y1+y2) —Bh+1—7—(y1+y2) =7 — (21 + 22+ 1).

Since 4 < z1 + 23+ 1 < h+1 < 2h + 3, therefore 7 — (z1 + 25 + 1) > 0. By
Lemma 2.1, (3h — (z1 + 22+ 1 + y2))T + Bh+1 =7 — (11 + y2)) € &. Also
(htr+2h+2)+(t—h—-1) = (h+1)7+ (h+ 1) € &. Consequently, we get
r+ry € 6.

Ifo=[8+11<y<h-1l1=1,... [ -1:

Since 1 + x9 + y1 + Yo < %,therefore

3h— (1 + x4+ 11 +32) >0,
which implies (3h — (x1+ 22+ y1+y2))7 € &, and hr+2h+2+2h— (11 +1y2) € S
in a similar way used in (1). Consequently | + 15 € &.

Ifzy =x0="h, y1 £y €[l h—1]:
‘We can write

ri+ry = 28 —7(v1+22) = (T+1)(y1+y2) = (2h—(21+22))7+(2h—1—(y1 +y2) )T+

2(1+ 1)+ (2h — 3 — (y1 + 1))
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Since z1 + x5 = 2h and y; + yo € [3 2h — 3], therefore, 2h — (z7 + x3) = O,
(2h — 1 — (y1 + y2)) > 0. Now it is easy to see that 0 < 2h — 3 — (y; + 1) <
2h —1—(y1 +y2). By Lemma 2.1, (2h — 1 — (y1 +v2))7 + (2h —3 — (y1 + y2)) € 6.
Since 7 + 1 is a generator of &, therefore 2(7 + 1) € &. This implies 1 + 75 € &.

Consequently G is a clique.

* Case 3: Since h7 + 2h + 2 € G, and & is symmetric, therefore § — (h7 +2h + 2) ¢ &.
Also

§—(hr+2h+2)=hr—1>0.

This implies B C V(Gg), and G is induced subgraph of Gg. Since B is a singleton set,
therefore Gz is a clique.

This completes the proof. ]

In Proposition 2.2, we prove that the graphs corresponding to the sets .4, B and C are complete
graphs. The following example provides us with an intuitive explanation of Proposition 2.2.

Example 2.3. Let Gg be a graph of & = (7,8, 20), then V(Ges) = {1,2,3,5,6,9,10,11,12, 13,
17,18,19, 25,26, 33}. By Proposition 2.2, A = {33,26,19}, B = {13} and C = {25,18,17,11, 10}.
The corresponding graphs G 4, Gg, G¢ are shown in Figure 1.

33
18 17 10

@ 13
19

(b) Gs

26

(@) G4 *
11

(c) Ge
Figure 1. Illustrations of the graphs G 4, G, and G¢.

Proposition 2.4. The induced subgraphs G s, Gpuc, and G auc are cliques of G, where
S=(r,7+1L,hr+2h+2,... ,hr + (71— 1)), withT = 2h + 3, and h > 1.

Proof. To prove that G 4,5, Gguc, and G 4 ¢ are cliques, we need to show that the sum of
elements of A with elements of 5 and C is an element of &. Similarly, the sum of elements
of B with elements of C is an element of &. For this, we have the following cases:

e Case 1: If t; € Aandty, € B, then
th+to=2F—pr— (ht+2h+2)=h(t+1)+ (2h —p)T + h.

Since 0 < h < 2h —p, therefore by Lemma 2.1, 1 +t, € &. This implies G 4.5 is a clique.
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e Case2:Ift; € Aand ty, € C, then
L4ty=2F—(x+p)T—y(t+1)=Bh—(x+y+p)T+hr+2h+2+2h—1.

Note that 3h — (x +y + p) > 0, because x + y + p € [1 3h].
If 2h — y < 7 — h — 1, then consider

2h—y=17—h—1—v, where 0 <v<h+1.

This implies
(ht+2h+2)+2h—y)=(h+1)7+ (h+1—0).

By Lemma 2.1, (h+1)7+ (h+1—v) € &. So, we gett; +t, € G.
Now if 2h — y > 7 — h — 1, then consider

2h—y—(r—h—-1)=3h+1—7—y.
We can write
ti+tyo=[Bh—(x+y+p)r+ Bh+1—7—y)] +[(h7 +2h+2)+ (1 —h —1)].
Note that
3h—(x4+y+p)—Bh+1l—7—9y)=7—(r+p+1) >0,
because ] <z +p+1<2h+1< 2h+ 3. By Lemma 2.1,
Bh—(x+y+p)T+Bh+1—-7—y) €G.

Also (ht +2h+2)+(1—h—1)=(h+1)T+h+ 1 € &. Hence, we gett; + t, € .
Consequently, G 4 ¢ is a clique.

* Case 3:Ift; € C and t, € B, then
th+te=2F— (e +y(r+1)) = (b7 +2h+2)= 2h —y)(1+ 1)+ (h — )T
Note that 2h —y, h —x > 0. This implies ¢; +t, € &. Consequently, G ¢ is a clique. [J

Corollary 2.5. If the induced subgraphs G 45, Gguc, and G 4 ¢ are cliques of G, then G a5,
is a clique of Gg, where & = (1,7 + 1, h7 + 2h + 2), with T = 2h + 3, and h > 1.
Proof. The proof of this corollary follows from Propositions 2.2 and 2.4. [

An intuitive explanation of Proposition 2.4 can be found in the following example.
Example 2.6. Let G be a graph of & = (7,8, 20), then

V(Gs) =11,2,3,5,6,9,10,11,12,13,17,18, 19, 25, 26, 33}.

By Proposition 2.2, AU B = {33,26,19,13}, BUC = {25,18,17,13,11,10}, and AU C =
{33,26,25,19,18,17,11,10}. The corresponding graphs G a g, Gpuc, Gauc are shown in
Figure 2, respectively.
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(@) Gaus (b) Gpie 25
(©) Gaue

Figure 2. The graphs G 45, Gpuc, G.auc

Proposition 2.7. Let Gg be a graph of the cofinite submonoid S. Then G 4 5.c is a maximal
clique of Gs.

Proof. From Corollary 2.5, it follows that G 4u5_c 1s a clique of Gs. To prove that this is a
maximal clique, we need to show that for every gap g outside the A U B U C there exists some
g1 € AUBUCsuchthatg+¢; ¢ S. Let§ — (e7+y(7+1) +ct) € g(6)\ (AUBUC), where
x,y > 0.

e Case I: Ifx #0, y=0, c=0,thenz =h+ 2z, 2z € [1 h| and for § — (h7 +2h + 2) €
(AUBUC), we have

S—((h+2)1)+F—(hr+2h+2)=(h—2z)T+h(t+1)+h ¢ 6,
because § — ((h — 2)7 + h(r + 1)+ h) =72+ 1 € & (by Lemma 2.1).

e Case2:If 2 #£0, y#0, c=0,then (1) z =h—2,2z€ [0hl,andy =h+7r, r € [1 A,
and for § — h(7+ 1) € (AUBUC), we have

S—(h+2)7+h+r)r+1)+F—h(r+1)=(h+2z—-1)T+2h+2—-1¢ &,

because by Lemma 2.1, § — (h+z—7)7+2h+2—7r)=(h+r—2)71+(r—1) € 6.
(2)x = h+z, z € [1 h—1], y = h—r, r € [0 h—1], then for §—(h7+2h+2) € (AUBUC),
we have

F—((h+2)1+(1r+1)(h=7)4+0)+F—(ht+2h+2)=(h+7r)(1+1)—712¢ &,
because by Lemma 2.1, § — ((h+7)(t+1)—72)=(h+z—r)7+(h+1—-1) € S.

e Case3:Ifz #0,y#0,andc=1,thenz =h—z,2€ [0 h],y=h—r,r € [0 h — 1],
andt = h7 4+ 2h + 2+ u, u € [0 h — 1], then for § — h7 € (AU BUC), we have

S—((h=2)r+(h—r)(T+1)+ht+2h+2+u)+F—hr =712+7r(T+1)+2h—u ¢ S,
because by Lemma 2.1, § — (tz+r(t+1)+2h—u) = 2h—z—r)7+(u+1—1) € 6.

This completes the proof. [
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Theorem 2.8. Let G be a graph of the cofinite monoid &.
h=2
1. If his even, then w(Gg) = % +%,2 (h=1).
2 h—3
2. If his odd, then w(Gg) = 2442 4+ 5, 2 (b — 1).

Proof. To compute the clique number, we have to show that A, B,C sets are all disjoint. For
this we suppose that ANC # ¢, ANB # ¢,and BNC # ¢. f ANC # ¢, then § — pr =
§— (x7+y(T+1)), this implies (p—z)7 = y(7+1). If p < x, then (x —p)7+y(7+1) = 0, this
gives z — p = 0 and y = 0, which is a contradiction. If p > z, then (p — z)7 = y(7 + 1). Since
ged(r, 7+ 1) = 1, therefore, (74 1)|(p — x). This gives 7+ 1 < (p — x), which is a contradiction
because 0 < (p—2) < h <2h+4. I BNC # ¢, then § — (ht +2h+2) = F— (z7 +y(T+ 1)),
this implies hT +2h+2 = 72+ y(7+ 1), which is not possible because h7+2h+ 2 is a generator.
If ANB # ¢, then § — pr = § — (hT + 2h + 2), this implies pr = (h7 + 2h + 2), which is a
contradiction. Hence all sets are disjoint. so,

h
2

4]-1
h
AUBUC| = A+ Bl +[C] = h+1+1+ (5] +1)(h) +h—1+ > (h-1).
=1

If / is even, then

[Ny

1 h—2

h 24+ 6h+2 L~
|AUBUC|_2h+1+(§+1)(h)+;(h—l)_TJrlz:l:(h—l).

If h is odd, then
h*l_l h—3

h+1 < R+ Th+2 O
\AuBuC|:2h+1+(T+1)(h)+ Z (h—l):TJrZ(h—l).

=1 =1

This completes the proof. []
Example 2.9. Let G be a graph of & = (7,8, 20), then
V(Gs) =11,2,3,5,6,9,10,11,12,13,17,18, 19, 25, 26, 33}.
Proposition 2.2 and Theorem 2.8 implies
c(Gg) = {10,11,13,17,18,19, 25, 26, 33}

and so,

W(GG) =9.

The graph G's and its maximal clique are given in Figure 3(a) and Figure 3(b), respectively.
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Figure 3. The graph G (a) and its maximal clique (b)

3 Atom bond connectivity index of graphs

of symmetric cofinite submonoids

In this section, we compute the minimum degree of &(7, 3)-graphs. Moreover, we give some
bounds for atom bond connectivity index of &(7, 3)-graphs in term of different graph invariants.

Lemma 3.1. Let G be a graph of cofinite submonoid S. Then dy = 2h + 1. Moreover, 6(Gg) =
dy.

Proof. Ttis easy to see that V' (Gg) of the graph G is the partition of the following sets:
A={1,2,3,...,7 — 1},

B={{r+1)+1L,Fr+)+2,....,04+ D)+ (=2 H2(r+ )+ 1,2(r+ 1)+ 2,...,

20+ D)+ (r =3B+ )+ 1,3(r+1)+2,...,3(r+ 1)+ (1 —4)},...,
T+1

{(h—1)(r+1)+1,(h—1)(r+1)+2,...,(h—1)(r+1)+(T+1)}},
C= ({h(r+ 1)+ Lh(r+ 1)+ 2, h(r+ 1) +3,....h(r + 1) + (1 1),

{4 D+ D) 4L+ D+ D +2 (4 D+ 1)+ (T - 2)),

((h+2r+ D)+ L (h+ 2D+ 1) 2, (h+ 2+ 1)+ (L 3y,

2
2 -D)(F+1)+1L,2h-1)(t+1)+22(h—-1)(7+1)+3,...,

2(h— 1)+ 1) + (ot — (h— 1))},
D={(r—-4Hr+1)+1,(r—-4)(r+1)+2,(r=3)(r+ 1)+ 1}.
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Let
T={teGs:t+1€g(6)}.

Note that

From the sets A, B, C and D it is clear that,

+1 +1 +1
T =r=3+{r =3+ -4+ + —}+ {5 =D+ (5 =3+
T+1
+( 5 —h)}+ 1.
Moreover,
+1 h—1 +1 h—1)(3h+2
{(7—3)+(T—4)+---+T } = (r—14+7 ):< I ).
2 2 2
and
T+1 T4+ 1 T+1 h—1 7+1 T4+ 1
-2 — - = -2 —
(- + (= =9+ + (=W} = (5 ——h)
_(h—l)(h—|—2)
N 2
Therefore,
\T\:2h+(h_l);3h+2)+(h_l>2(h+2)+1:2h2—1+2h.
Hence

dy = 2h* + 4h — (2 — 1+ 2h) = 2h + 1.
From the partition of G(&) it is clear that
(Gg) = d;. O

Lemma 3.2 ( [35]). Let G be a connected K, -free graph of order |V (G)| and size |E(G)|.
Then

- 2w

Lemma 3.3. Let Gg be a graph associated with numerical semigroup S.

1. If h is even, then

(B2 4+ 6h+2+ 2053 (h— D) (A2 + 6k +2(5,2 (h— 1))
8

(202 + 4h + 12 (? + 6h + 2517 (h — 1))
2h2 + 6h+2 + 250 (h— 1))

<size(Gg) <
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2. If his odd, then

(B2 4 Th+ 242052, (h— D) (B2 + Th + 2052, (h— 1))
3

(202 1 4h + 120 4+ Th + 2507 (h— 1))
202+ Th+ 2+ 25,7 (1))

Proof. This Lemma’s proof follows from Lemma 3.2 and Theorem 2.8. [l

< size(Gg) <

Example 3.4. Let Gg be a graph of & = (7,8, 20), then
V(Gs) = {1,2,3,4,5,6} U {9,10,11,12,13} U {17, 18, 19} U {25, 26, 33}.

By Lemma 3.1, T = {2,3,4,5,9,10,11,12,17,18,25}. Since /A = 2h* + 4h, therefore
)(Ge) =dy = A —|T| = 16 — 11 = 5. From Theorem 2.8, w(Gg) = 9. By Lemmas 3.2
and 3.3, 36 < size(Gg) < %. The graph G is shown in Figure 4.

13

y

3 %
3 1
19

26 25

Figure 4. The graph associated with the numerical semigroup G.

Lemma 3.5 ( [28]). Let f(i,7) = \/% = \/% + % — % with i,j > 1. Moreover if j > 2 is

fixed, then f(i, j) is decreasing for i.

Theorem 3.6. Let G's be a graph of cofinite submonoid S. Then one of the following inequalities
hold:

1. If h is even, then

@W+4h+w2ﬁﬂﬁﬁ+2§%w—o—n
ABC(Ge) < Qi\iﬁl 2 ( 2 = =1 >
2 (Mtght2 5 2 (h - 1))

— (2R + 4h)

+\/zh(Qh?» + 10h% 4+ 11h — 2)
2h +1 '
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2. If his odd, then

) h—3
oT | (2h2 4 4k v 1) (% FY 2 (h—1) — 1)

ABC(Gg) < _ _ (212 + 4h)
2h 1 2 T3
! 2 (M 4 555 (h - 1))
+\/2h(2h3 +10h2 + 11h — 2)
2h +1 )
Proof. If x;, is the maximum degree vertex in G, then dj, = 2h? + 4h. Also if d, > 2h + 1, we
obtain
Tad - (= )
2h2 + 4h 2
Tarr€E(Gs) dida s CB(G) 2h* + 4h do 2h* + 4h
3 2 _
< \/2h(2h +10h2 + 11h — 2) 0
2h +1

Since 2h + 1 > 2, therefore by Lemma 3.5, we have f(d,, dg) < f(2h+1,2h+ 1) for each edge
in Gs. Hence

ds +do —2 _ 2vh

dgd, ~ 2h+1
for any edge. Therefore, we have
dg+do —2 | ) 2vh
- < — (2 4 2
> T < (size(Ce) = (20° + 4h) 5pm )

l‘al‘BEE(GC
with a # 8 # k. Since G is a K, (g4)+1 free graph, therefore by Lemma 3.2, we have that if 7

is even, then

(202 + 4h + 1)2(B% + 6h + 2(3,2, (h— 1)) _ R 44+ 1P (w(Ge) — 1)

— (3)
h
2(h2 + 6h+2+2(3,2 (h— 1)) 2w(Ge)
If A is odd, then
h—3
(2R%+4h + 1)2(W2 +Th +2(>.,2 (h—1))) < (2R 4+ 4h 4+ 1)*(w(Gs) — 1) @)
h— = .
(R + Th+ 2+ 205, (h— 1)) 20(Ge)
Since
dy, +dy, — 2
ABC = L B
(Gs) = Z do do,
viv2€ E(G(6))
B Z /dk+d —2 [dg +do — 2
zarL€E(Gg) dkd :L"a:rBGE (Gs) dﬁda
Now by using the above results in (1) and (2), we obtain
2h(2h3 + 10k2 + 11h —2) | ) 2vh
AB < — (2h° +4h
C(Ge < ([ 2CIEIWL N2 | (oG - (21 + ) o
The rest of the proof follows from the above expressions in (3), (4), by Lemma 3.3 and from
Theorem 2.8. [
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Corollary 3.7. Let G be a graph of cofinite submonoid &. Then one of the following inequalities
hold:

1. If h is even, then

9 h=2
oy < BV | (B2 4 2 7 (h - 1) —1)
ABC(Gg) <
—2h+1 2 h2
* 2 (B2 4 573 (h - 1))

2. If his odd, then

h—3
o< 2V (207 + 4h + 17 (B2 152 2 (h — 1) — 1)
ABC(Gg) <
=t B
y 2 (42 4 33T (R 1))

Proposition 3.8. Let Gg be a graph of cofinite submonoid of S. Then

1. if h is even, then

h—2
ABO(Ga) < J (212 + 4h 1202+ 6h+ A5 (=) s g 1 o )

2(h2+6h+2+2(>_,2 (h—1)))

2. If his odd, then

2 2 4 1 2 2 2 % _
ABC(Ge) < | B2 AR DR Th 4 20005 (D)) g0 | py 41— 2R ).
2h2 4+ Th+2+2(3,2 (h—1)))
Proof. Since
dy + dy, — 2

’U1U2€E(GG)

Therefore by the Cauchy—Schwarz inequality and by Lemma 3.3, if A is even, then

ABC(Ge) <

h=2
(2h2 +4h +1)2(R2 + 6L +2(>_, 2 (h—1))) Z dy, + dy, — 2
h=2 I a—
2h? +6h +2+ 2,25 (h 1) wwmebiee) 1%
If A is odd, then

h—3
(2h2 +4h +1)2(R2 +Th+2(>_,2 (h—1))) Z dy, + dy, — 2

ABC(Gg) < = 1 d
22 +Th+2+2(3,2 (h—1))) viv2€E(Gs) v
Moreover,
d’U1 + dy2 - 2 o 1 1 2
Z dvl dvg B Z (/Ul * V2 dvldvg)
’U11}2€E(G(6)) ’UlvzeE(G@)
1
= Y ——d, —2R;=2"+4h+1-2R_,.

1€V (Ge,dp, >1

which completes our proof. [
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Theorem 3.9. Let G be a graph of cofinite submonoid S. Then
1. If h is even, then

ABC(Ge) < J (2 4 +1— ((2h% 4+ 4h + 1)%(h? +6h+2(2;§(h — l))))z)x

2(h2 + 6h+ 2+ 2(3 2, (h—1)))2Ma(Ge)

(202 + 4h + 1)2(h2 + 6h + 2(3,2 (h — 1))
2(h2 +6h +2+ 23,2 (h—1)))
2. If his odd, then

(202 +4h + 12(W2 + Th+2(5, 2, (h— D,

ABC(Ges) < J (2h2 +4h + 1 —
2(h2+ Th+ 2+ 23,2, (h—1)2My(G)

\l (202 + 4h + 12(h2 + Th + 2(5,2 (h 1))
22+ Th+2+ 2507 (h—1)))

Proof. We know that the Arithmetic Mean is greater than or equal to the Harmonic Mean,

therefore,
Z 1 > (SiZG(GG))2
nv2€E(Gs) oy v, vaz € E(Ge)dy, do,
The rest of the proof follows from Proposition 3.8 and by Lemma 3.3. ]

Lemma 3.10 ( [20]). Let o and 3 are real number such that o« > [ > 0. Then \/Ja— [ >
Vo — /B, the equality holds if and only if o = (3 or 3 = 0.
Theorem 3.11. Let G be a graph of cofinite submonoid S. Then

V2h +1— 1)
ABC(Gg) > V2 | Y———— ) R-1(Ge).
( 6)_ ( \/m T< 6)
Proof. We know that
ABC(Ge) = > T/, + o, =2
v12€E(Ge) V12

By Lemma 3.10, we obtain

v1v2€E(Gs)
1 1)° 2 5

- (7))~ 7= = 2

v1v2€E(Ge) v vz vz v112€E(Gg) v Uog
> V2 N )

v1v2€E(Gg) (dvldv2)4 (dvldv2)4

vV2h+1—-1
> V2 < - ) R (Ge) [
2h +1 1



Theorem 3.12. Let G be a graph of cofinite submonoid &. Then

1. If h is even, then

ABC(Ga) < <M1 (2R 4 AR 122 1 6h AL (- zm) -
a (h? 4 6h +2+2(3,2, (h—1)))

2. If his odd, then

ABC(G) < <M1 @R 4 AR L2 1 Th A (- zm) -

(h2 4+ Th+ 24 205,23, (h— 1))

Proof. We know that
dy, + dy, — 2

ABC(Ge)= .

v12€E(Gg)

Using the Cauchy—Schwarz inequality we have,

ABC(GG) < Z (dm + dv2 - 2> Z 1

U1 d’U2
nv2€E(Gs) nv2€E(Ge)
1

= Z (dm + dv2) —2 Z (1) Z d. d

_UI’U2EE(G6) v12€E(Ge) v12€E(Ge) V12
= | [Mi(Gs)=2 > (1] R

L ’U1UQEE(G6)

The rest of the proof follows from Lemma 3.3. [

A numerical and graphical comparison of different bounds is given in Table 1 and Figure 5.

Table 1. Comparison of ABC index bounds for G

h | Exact Theorem 3.6 Proposition 3.8 Theorem 3.9
2 5.7 71.38 133.05 10.11
3| 6.5 220.32 526.08 20.21
41 75 508.83 1356.8 31.82
5] 85 990.39 2969.4 46.95
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Comparison of ABC Index Bounds for Gg

3000 1 —e— Actual ABC(G)
Theorem 3.6

—&— Proposition 3.8

25001 —g— Theorem 3.9

2000

1500 +

ABC Index

1000 +

500 4

Figure 5. Comparision of different bounds of G's.

4 Conclusion

In this paper, we find the minimum degree, maximal clique, and bounds for the clique number of
graphs associated with a symmetric cofinite submonoid. Also, we find upper and lower bounds
for the atom-bond-connectivity index of graphs related to symmetric numerical semigroups in
terms of different graph invariants. In the future, we can extend these results to broader classes
of numerical semigroups, develop sharper bounds for topological indices, and explore additional
graph invariants, such as spectral properties and metric dimension, to better understand the
structural behavior of these algebraically defined graphs.
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