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Abstract: Let 7(n) (respectively, 74(n)) be the number of divisors (respectively, square free
divisors) of natural number n, and let [t] be the integral part of real number ¢. In this short note,
we prove that for any € > 0 the asymptotic formula
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holds for x — oo, where g = 7 or 7 and
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This improves and generalises the corresponding results of Feng—Wu for 7(n) and of Zhang for
73(n) with ¢ = 1, respectively.
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1 Introduction

As usual, denote by 7(n) the classic divisor function and by [t] the integral part of ¢ € R. The
well-known divisor problem of Dirichlet states as follows

ZT(TZ) = Z [%} =zlogz + (2y — Dz + O(z'?) (z — c0),

where 7 is the Euler constant. In [2], Bordelles, Dai, Heyman, Pan and Shparlinski considered a
more general function of summation:

-SA([2)

by establishing its asymptotic formula under some simple assumptions of f. Subsequently, Wu
[11] and Zhai [13] improved their results independently. In particular, if f(n) <. n° for any
e > 0andalln > 1, then [11, Theorem 1.2(i)] or [13, Theorem 1] yields the following asymptotic

G d 1/24-¢
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as x — oo. Many authors are interested in breaking the %-barrier for the error term of (1) for

formula

some classical arithmetic functions [1,6,8-10, 14]. In particular, Ma and Sun [8] showed that

S.(x) = (; %) z+ O (VP (2= o0). 2)

Subsequently, the exponent L has been improved to by Bordelles [1] and to 15 by Liu, Wu and
Yang [6]. Finally Stucky [10] observed that the bound for exponential sum Wlth the coefficients
7(n) of Jutila [5] (see also Lemma 2.2 below) allows to obtain a better exponent %

Recently Feng [3] investigated a more general problem than (2):
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where ¢ > 0 is a fixed real number,
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Following Stucky’s idea [10], Wu [12] applied Jutila’s bound for exponential sum mentioned
above to get a better error term
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This gives an improvement of (3) for ¢ > % Noticing that 87V = %, Wu’s (4) generalises the
work of Stucky [10].
The first aim of this short note is to propose better exponent than (3) and (4).

Theorem 1.1. For any £ > 0 and x — oo, we have

—_— FW
Sre(z) = Zp a4+ O(2% " ), (5)
where
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Note that
2 2c+2 2 5 242
c>0 = 375 < e and 0<c<3 = 55 < eane

Theorem 1.1 improves Feng’s (3) and Wu’s (4) for g <c < £
Denote by 74(n) the number of square free d1v1s0rs of n. In [1], Bordelles proved the following
asymptotic formula

= (7)) = (Saaey )“06“9””3“)'

n<x

Subsequently the exponent o= = 0.47783 has been reduced to % ~ 0.47368 by Liu-Wu—Yang

[7] and 197 ~ 0.46724 by Zhang [14]. The second aim of this short note is to consider a more

S = 3 w([])

general sum
n<gl/e

Our result is as follows.

Theorem 1.2. For any ¢ > 0 and x — oo, we have

Srpe(r) = B, o2V + Op o (2% ), ()
where 0¥V is given by (6) and
_ - 1 1
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01"V = & = 0.45454, a special case of Theorem 1.2 with ¢ = 1 improves
107

Zhang’s exponent 555 ~ 0.46724. It is worth noticing that

Noticing that

oFw ) 2c

I ~ 1 _
50t (1/¢)  eo* 3¢+ 2

This means that the error term is very small with respect to the main term when c is small. Such
a situation is rather rare in the analytic number theory. Maybe it should be an interesting aspect

of Src(z) and Sy, ().

2 Bilinear forms

The aim of this section is to establish good bound for the bilinear forms
g xl/c
)= 3 o) ®
D<d<2D

where g = 7 or 7y and ¢(t) := ¢ — [t] — 3. For this, we need two preliminary lemmas.
The first one is [4, Theorem A.6].

Lemma 2.1. For x > 1 and H > 1, we have

o 5 )

1<|h|<H

where e(t) := *™, ®(t) := wt(1 — |t|) cot(7t) + |t| and the second term Ry (x) satisfies

1 h
Ra(@)| < 555 2 (1—H|—+|1>e(hx). 11

0<|h|<H
The second one is due to Jutila [5, Theorem 4.6].

Lemma 2.2. Let D > 2 and D < D' < 2D. Let f be a holomorphic function in the domain
D:={z: |z — x| <nD for some x € [D,D']},
where 1 > 0 is a positive constant. Suppose that f(x) is real for D < x < D’ and that
f(z) = B2{1+O(F%)}  (:eD),
where o # 0, 1 is a fixed real number and F = |B|D®. Suppose that
D¥* <« F < D*2. (12)
Then for any € > 0, we have

> r(d)e(f(d) < F3HeD2, (13)

D<d<D’
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The following proposition gives the desired bound for Gg s(z, D). It will play a key role in
the proof of Theorems 1.1 and 1.2.

Theorem 2.1. Let g = 7 or 7. For any € > 0, we have
&% (x, D) <. (a2 D ?) 18y (14)
uniformly for x%/3ct2) < D < g% Getd) gpnd 0 < § < e~ L.

Proof. First consider the case of g = 7. Applying (10) and (11), for # > 1 we have

5(z,D) < {% +> % > ﬂd)e(%) ‘}x (15)

h<H ' D<d<2D

We would like to use Lemma 2.2 to bound the last sum over d. Clearly we can write

xl/eh
(2 +§)1/e

Thus we have o = —1/c, B = z'/°h and F = z'/°hD~"/¢, Under the condition

f(z) = = a'/hz {1+ O(D™ )}

(CC_4D30+4)1/4C < h < ($_2D36+2)1/2C, (16)

the assumption (12) of Lemma 2.2 is satisfied and D~' < F~'/3, Thus using this lemma, we
have

z/°h 2 y3c—2\1/6¢11/3, ¢
d~D

Since 1 < h < H, the condition (16) is satisfied provided
22/Bet?) < P < g4 Bett) and 1 < H < (z-2D3+2)1/2%, (18)
Assuming (18), we can insert (17) into (15) to get
r5(, D) < (DH™' + (z* D* )0 Y3 2. (19)
Taking H = (x72D3+2)1/8¢ ¢ [1, (272 D3*+2)1/2¢], we obtain the inequality (14) for g = 7.

Next consider the case of g = 4. Let £4(n) be the Mobius function and

. wu(m), ifd=m?
fi(d) := .
0, otherwise.

In view of the relation 7 = 7 * [i, we can write (‘525(x, D) as follows
- l.l/c
60,6(x7 D)= Z p(m)T(n)y (W)

= x/m?2 1/c
>, oG e

= Y um)

m<(2D)1/2 D/m2<n<2D/m?

= Y um)& s, (x/m?, D/m?).
(D)1/2
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In order to prove (14) for g = 73, we divide the last sum of (20) into two parts:
m < (x72D36+2)1/6c or (x72D30+2)1/6c <m < 2D'2,

In the first case, we have (z/m?)%/G+2) < D/m? < (x/m?)G+4), Thus we can use (14)

with g = 7 to derive that the contribution of m < (x=2D3¢+2)1/6¢ jg

< Z ((x/m2>2(D/m2)5c—2)1/85w5

m§($72D36+2)1/6C

< Z (1’2D5C_2m_106)1/80$8

mg(x72D3c+2)1/66

< (1}2D5C_2)1/8CZE6.
Trivially, the contribution of (z~2D3*2)1/6c < m < (2D)"? s

< Z Dm_2x€ < ({[‘2D36_2)1/60$6 < ($2D5c_2)1/861'8,

m>(z—2D3ct2)1/6c

since (22D3¢=2)1/6¢ < (22DPe2)1/8¢ for D > x2/°+2)_ Inserting these into (20), we obtain the

inequality (14) for g = 7. []

3 Proof of Theorems 1.1 and 1.2

Let N € [1, 21/(+Y)] be a parameter to be chosen later and g = 7 or 7;. First we write

) 9([%) = Sye(w) + O(N?), 1)

nC
TLSII/C
where
. x
Sl = 32 of[5])
N<7’L§:El/c
Noticing that z/n° — 1 < d = [z/n°] < x/n° < (v/(d + 1))/¢ < n < (x/d)"/°, we can derive
that R
Spelz) =Y g(d) > 1
d<z/N¢ (z/(d+1))V/e<n<(z/d) /¢
l.l/c :L,l/c ZL’l/C xl/c
- 3 s (G o) - e o)) @
d<z/N¢

= Eg,c.f - Rg,O(I7 N) + Rg,l(‘T? N) + O(N‘TE>7
where we have used the following bounds
gl/e Z g(d) L _ ! < Naz*
dt/c <d+ 1)1/8 ’

d>x/N¢
1/c

o) () =
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and the notation y
g?* yp— —x C
Ry, N) = Z ‘g(d)w<(d+§)1/c>'
N<d<z/Ne¢

When ¢ > %, we take N = 25/(>+6) In this case, it is easy to check that

5 2

516 = 3oq2 and 1— 2= o< 2 (23)

T Bct6  Betb6 — 3ctd

Thus for ¢ > % we can apply Theorem 2.1 to derive that

RIF(x, 2% CH9) « 2°  max
’ N<D<z/N¢

(‘5575(1’, D)’

< (xZ(foc)ScfQ)l/Scms (24)
< xS/(Sc—‘rG)-‘ra'

If0 < ¢ < 2, wetake N = 2?/(*2)_ It is easy to check that

_ 2c __ cH+2 4 2,
-3 =%z S3a @ ¢c<3 (25)

Thus for ¢ < %, we can apply Theorem 2.1 to derive that

REj(@,a® ) <af | max  |6](z, D)
< ((m2N5C—2)1/SC + (1’2N_C_2)1/2C) ° (26)
< £C2/(36+2)+€.
Now the required results (5) and (7) follow from (21), (22), (24) and (26). ]
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