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the corresponding characteristic polynomials. The determinants and combinatorial and exponential
representations of these new sequences are given. As an application, we provide two algorithms
using these new sequences with self-invertible matrices and the Affine–Hill cipher.
Keywords: Mersenne numbers, m-balancing numbers, Fibonacci p-numbers, Cryptography,
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1 Introduction

Integer sequences have numerous applications in various fields [5–7, 9–11, 13–16]. In particular,
the Fibonacci p-numbers represent an important class, defined as follows.

Definition 1.1. For integer p ≥ 0, the Fibonacci p-numbers, denoted by {Fp(n)}∞−p, are defined
as

Fp(n) = Fp(n− 1) + Fp(n− p− 1), n ≥ 0,

with initial conditions Fp(−p) = · · · = Fp(0) = 0 and Fp(1) = Fp(2) = · · · = Fp(p) = 1

(see [21]).
For example, if p = 1, then we have the Fibonacci sequence [4] and if p = 3 we have

F3(n) = F3(n− 1) + F2(n− 4), n ≥ 0,

so {F3(n)}∞0 = {0, 1, 1, 1, 1, 2, 3, . . .}.

One of the generalizations of the Mersenne sequence is as follows:

Definition 1.2. For integer k ≥ 3, the generalized Mersenne numbers, denoted by {M(k, n)}∞0 ,
are defined as

M(k, n) = kM(k, n− 1)− (k + 1)M(k, n− 2), n ≥ 0,

with initial conditions M(k, 0) = 0 and M(k, 1) = 1.

If k = 3, then
M(3, n) = 3M(3, n− 1)− 4M(3, n− 2), n ≥ 0,

so {M(3, n)}∞0 = {0, 1, 3, 5, . . .}. Balancing numbers were introduced by Behera and Panda in
1999 [2]. The m-balancing numbers can be defined as follows.

Definition 1.3. For m ≥ 1, the m-balancing numbers, denoted by {Bm,n}∞0 , are

Bm,n+1 = 6kBm,n −Bm,n−1, n ≥ 1,

with initial conditions Bm,0 = 0 and Bm,1 = 1 (see [17, 18]).
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For example, if m = 1 we have

B1,n+1 = 6B1,n −B1,n−1, n ≥ 1,

so {Bm,n}∞0 = {0, 1, 6, 35, . . .}.
The characteristic polynomials of the Fibonacci p-numbers, generalized Mersenne numbers,

and m-balancing numbers are xp+1 − xp − 1, x2 − kx+ k + 1 and x2 − 6mx+ 1, respectively.

Definition 1.4. A matrix M is called self-invertible matrix if M = M−1 (see [1]).

The Hill cipher is a polygraphic block cipher [12]. The Affine cipher [22] is based on linear
algebra and can be described as follows.

Encryption:
Ci ≡ PiK +B (mod m),

where K is an n× n key matrix, and Pi, Ci and B are 1× n matrices over Zm. It should satisfy

gcd(detK (mod m),m) = 1.

Decryption:
Pi ≡ (Ci −B)K−1 (mod m).

In 2016, a key matrix of order 3 that reflects an arbitrary line y = ax + b was used to
overcome the noninvertible matrix problem in the Affine–Hill cipher when it is modulo a prime
number [20]. In [19], a public key cipher was obtained using the generalized Fibonacci matrices
with the Affine–Hill cipher. Here, the Fibonacci p-numbers, generalized Mersenne numbers, and
m-balancing numbers are used to obtain new sequences and create a public key for the Affine–Hill
cipher.

The remainder of this paper is organized as follows. In Sections 2 and 3, we present the
Fibonacci–Mersenne p-sequences and Fibonacci-balancing p-sequences, respectively. Then, the
Fibonacci–Mersenne p-matrix and Fibonacci-balancing p-matrix are used in Section 4 as a key in
the Affine–Hill cipher.

2 The Fibonacci–Mersenne p-sequences

In this section, we define new sequences and obtain some interesting results. The Fibonacci–
Mersenne p-sequences, p an integer, are defined as follows.

Definition 2.1. For integers k ≥ 3 and p ≥ 3, the Fibonacci–Mersenne p-sequences, {FMk
n(p)}∞0 ,

are defined by

FMk
n+p+3(p) = (k + 1)FMk

n+p+2(p)− (2k + 1)FMk
n+p+1(p) + (k + 1)FMk

n+p(p) + FMk
n+2(p)

− kFMk
n+1(p) + (k + 1)FMk

n(p), n ≥ 0, (1)

where FMk
0 (p) = FMk

1 (p) = · · · = FMk
p+1(p) = 0 and FMk

p+2(p) = 1.
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Example 2.1. (i) For k = 3 and p = 4 we have

FM3
n+7(4) = (4)FM3

n+6(4)− (7)FM3
n+5(4) + (4)FM3

n+4(4) + FM3
n+2(4)

− 3FM3
n+1(4) + (4)FM3

n(4), n ≥ 0,

so {FM3
n(4)}∞0 = {0, 0, 0, 0, 0, 0, 1, 4, 9, 12, 1,−43, . . .}.

(ii) For k = 4 and p = 5 we have

FM4
n+8(5) = (5)FM4

n+7(5)− (9)FM4
n+6(5) + (5)FM4

n+5(5) + FM4
n+2(5)

− 4FM4
n+1(5) + (5)FB4

n(5), n ≥ 0,

so {FM4
n(5)}∞0 = {0, 0, 0, 0, 0, 0, 0, 1, 5, 16, 40, 81, 155, . . .}.

The recurrence relation (1) gives


FMk

n+p+3(p)

FMk
n+p+2(p)

...
FMk

n+2(p)

FMk
n+1(p)

 =



k + 1 −(2k + 1) k + 1 0 · · · 0 1 −k k + 1

1 0 0 0 · · · 0 0 0 0

0 1 0 0 · · · 0 0 0 0
...

...
...

... . . . ...
...

...
...

0 0 0 0 · · · 1 0 0 0

0 0 0 0 · · · 0 1 0 0

0 0 0 0 · · · 0 0 1 0




FMk

n+p+2(p)

FMk
n+p+1(p)

...
FMk

n+1(p)

FMk
n(p)

 .

Lemma 2.1. For p = 3, k = 3 and n ≥ 6, we have

(M3(3))
n =


FM3

n+5(3) −3FM3
n+4(3) + 4FM3

n+3(3) 4FM3
n+4(3)

FM3
n+4(3) −3FM3

n+3(3) + 4FM3
n+2(3) 4FM3

n+3(3)
... M∗

3 (3)
...

...
FM3

n+1(3) −3FM3
n(3) + 4FM3

n−1(3) 4FM3
n(3)

FM3
n(3) −3FM3

n−1(3) + 4FM3
n−2(3) 4FM3

n−1(3)

 := T n(3, 3),

M∗
3 (3) =


−7FM3

n+4(3) + 4FM3
n+3(3) + F3(n− 2) 4FM3

n+4(3) + F3(n− 1) F3(n)

−7FM3
n+3(3) + 4FM3

n+2(3) + F3(n− 3) 4FM3
n+3(3) + F3(n− 2) F3(n− 1)

...
...

...
−7FM3

n(3) + 4FM3
n−1(3) + F3(n− 6) 4FM3

n(3) + F3(n− 5) F3(n− 4)

−7FM3
n−1(3) + 4FM3

n−2(3) + F3(n− 7) 4FM3
n−1(3) + F3(n− 6) F3(n− 5)

 ,

where

M3(3) =



4 −7 4 1 −3 4

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0


.
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Proof. By induction on n. For k = 3, p = 3, and n = 6 we have

(M3(3))
6 =



−121 282 −154 3 125 −156

−39 35 9 2 42 8

2 −47 49 1 0 48

12 −46 37 1 −11 36

9 −24 17 1 −8 16

4 −7 4 1 −3 4


=



FM3
11(3) 4FM3

10(3)

FM3
10(3) 4FM3

9 (3)

FM3
9 (3) M∗

3 (3) 4FM3
8 (3)

FM3
8 (3) 4FM3

7 (3)

FM3
7 (3) 4FM3

6 (3)

FM3
6 (3) 4FM3

5 (3)


,

where
M∗

3 (3) =

−7FM3
10(3) + 4FM3

9 (3) + F3(4) 4FM3
10(3) + F3(5) F3(6) −3FM3

10(3) + 4FM3
9 (3)

−7FM3
9 (3) + 4FM3

8 (3) + F3(3) 4FM3
9 (3) + F3(4) F3(5) −3FM3

9 (3) + 4FM3
8 (3)

...
...

...

−7FM3
6 (3) + 4FM3

5 (3) + F3(0) 4FM3
6 (3) + F3(1) F3(2) −3FM3

6 (3) + 4FM3
5 (3)

−7FM3
5 (3) + 4FM3

4 (3) + F3(−1) 4FM3
5 (3) + F3(0) F3(1) −3FM3

5 (3) + 4FM3
4 (3)


,

Now, assume that the statement holds for n. Then, for n+ 1 we have

(M3(3))
n+1 =

4 −7 4 1 −3 4

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0


×



FM3
n+5(3) −3FM3

n+4(3) + 4FM3
n+3(3) 4FM3

n+4(3)

FM3
n+4(3) −3FM3

n+3(3) + 4FM3
n+2(3) 4FM3

n+3(3)

... M∗
3 (3)

...
...

FM3
n+1(3) −3FM3

n(3) + 4FM3
n−1(3) 4FM3

n(3)

FM3
n(3) −3FM3

n−1(3) + 4FM3
n−2(3) 4FM3

n−1(3)


= T n+1(3, 3),

where

M∗
3 (3) =



−7FM3
n+4(3) + 4FM3

n+3(3) + F3(n− 2) 4FM3
n+4(3) + F3(n− 1) F3(n)

−7FM3
n+3(3) + 4FM3

n+2(3) + F3(n− 3) 4FM3
n+3(3) + F3(n− 2) F3(n− 1)

...
...

...

−7FM3
n(3) + 4FM3

n−1(3) + F3(n− 6) 4FM3
n(3) + F3(n− 5) F3(n− 4)

−7FM3
n−1(3) + 4FM3

n−2(3) + F3(n− 7) 4FM3
n−1(3) + F3(n− 6) F3(n− 5)


,

and the proof is complete.

Corollary 2.1. For p = 3, k ≥ 3 and n ≥ 6, we have

(M3(k))
n =



FMk
n+5(3) −kFMk

n+4(3) + (k + 1)FMk
n+3(3) (k + 1)FMk

n+4(3)

FMk
n+4(3) −kFMk

n+3(3) + (k + 1)FMk
n+2(3) (k + 1)FMk

n+3(3)

... M∗
3 (k)

...
...

FMk
n+1(3) −kFMk

n(3) + (k + 1)FMk
n−1(3) 4FMk

n(3)

FMk
n(3) −kFMk

n−1(3) + (k + 1)FMk
n−2(3) (k + 1)FMk

n−1(3)


,
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M∗
3 (k) =

−(2k+1)FMk
n+4(3)+(k+1)FMk

n+3(3)+F3(n−2) (k+1)FMk
n+4(3)+F3(n−1) F3(n)

−(2k+1)FMk
n+3(3)+(k+1)FMk

n+2(3)+F3(n−3) (k+1)FMk
n+3(3)+F3(n−2) F3(n−1)

...
...

...

−(2k+1)FMk
n(3)+(k+1)FMk

n−1(3)+F3(n−6) (k+1)FMk
n(3)+F3(n−5) F3(n−4)

−(2k+1)FMk
n−1(3)+(k+1)FMk

n−2(3)+F3(n−7) (k+1)FMk
n−1(3)+F3(n−6) F3(n−5)


,

where

M3(k) =



k + 1 −(2k + 1) k + 1 1 −k k + 1

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0


.

Let Mp(k) = [mi,j](p+3)×(p+3) be the companion matrix for the Fibonacci–Mersenne p-sequences.
It can easily be established by induction on n that for p ≥ 4 and n ≥ p+ 3

(Mp(k))
n =



FMk
n+p+2(p) −(2k + 1)FMk

n+p+1(p) + (k + 1)FMk
n+p(p) + Fp(n− p+ 1)

FMk
n+p+1(p) −(2k + 1)FMk

n+p(p) + (k + 1)FMk
n+p−1(p) + Fp(n− p)

...
...

FMk
n+1(p) −(2k + 1)FMk

n(p) + (k + 1)FMk
n−1(p) + Fp(n− 2p)

FMk
n(p) −(2k + 1)FMk

n−1(p) + (k + 1)FMk
n−2(p) + Fp(n− 2p− 1)

(k + 1)FMk
n+p+1(p)

(k + 1)FMk
n+p(p)

M∗
p (k)

...

(k + 1)FMk
n(p)

(k + 1)FMk
n−1(p)


,

where M∗
p (k) is a (p+ 3)× p matrix given by

Mp(k)
∗ =



(k + 1)FMk
n+p+1(p) + Fp(n− p+ 2) Fp(n− p+ 3) Fp(n− p+ 4) · · ·

(k + 1)FMk
n+p(p) + Fp(n− p+ 1) Fp(n− p+ 2) Fp(n− p+ 3) · · ·

...
...

... . . .

(k + 1)FMk
n(p) + Fp(n− 2p+ 1) Fp(n− 2p+ 2) Fp(n− 2p+ 3) · · ·

(k + 1)FMk
n−1(p) + Fp(n− 2p) Fp(n− 2p+ 1) Fp(n− 2p+ 2) · · ·

Fp(n) −kFMk
n+p+1(p) + (k + 1)FMk

n+p(p)

Fp(n− 1) −kFMk
n+p(p) + (k + 1)FMk

n+p−1(p)

...
...

Fp(n− p− 1) −kFMk
n(p) + (k + 1)FMk

n−1(p)

Fp(n− p− 2) −kFMk
n−1(p) + (k + 1)FMk

n−2(p)


.
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It can easily be determined that

detMp(k) =

{
k + 1, if p is even,

−(k + 1), if p is odd,

so then

det(Mp(k))
n =

{
(k + 1)n, if p is even,
(−k − 1)n, if p is odd.

Lemma 2.2. The characteristic equation of the Fibonacci–Mersenne p-sequences given by

xp+3 − (k + 1)xp+2 + (2k + 1)xp+1 − (k + 1)xp − x2 + kx− (k + 1) = 0,

does not have multiple roots for p ≥ 3.

Proof. It is clear that xp+3 − (k + 1)xp+2 + (2k + 1)xp+1 − (k + 1)xp − x2 + kx − (k + 1) =

(xp+1 − xp − 1)(x2 − kx+ k+ 1). We show that for p ≥ 3, xp+1 − xp − 1 = 0 has distinct roots.
Let β be a root of h(x) = 0 where h(x) = xp+1−xp−1 = 0 so that β /∈ {0, 1}. If β is a multiple
root, then h(β) = h

′
(β) = 0. In this case, h′

(β) = 0 and β ̸= 0 give β =
p

p+ 1
, while h(β) = 0

means βp(β−1)−1 = 0, but then (
p

p+ 1
)p.(− 1

p+ 1
) = 1, which is impossible since the left-hand

side is less than 1 for p ≥ 3. This is a contradiction.
On the other hand, the equations for k = 3 and k = 4 do not have real roots. For k ≥ 5, the

roots of x2 − kx+ k + 1 = 0 are

+k +
√

k2 − 4(k + 1)

2
and

+k −
√

k2 − 4(k + 1)

2
.

Since (
+k +

√
k2 − 4(k + 1)

2

)p+1

−

(
+k +

√
k2 − 4(k + 1)

2

)p

+ 1 ̸= 0,

and (
+k −

√
k2 − 4(k + 1)

2

)p+1

−

(
+k −

√
k2 − 4(k + 1)

2

)p

+ 1 ̸= 0,

the result follows.

For the Fibonacci–Mersenne p-sequences, {FMk
n(p)}, we have

Mp(k) =



k + 1 −(2k + 1) k + 1 0 · · · 0 1 −k k + 1

1 0 0 0 · · · 0 0 0 0

0 1 0 0 · · · 0 0 0 0

...
...

...
... . . . ...

...
...

...

0 0 0 0 · · · 0 1 0 0

0 0 0 0 · · · 0 0 1 0


.
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Let β1, β2, . . . , βp+3 be the roots of xp+3 − (k+1)xp+2 + (2k+1)xp+1 − (k+1)xp − x2 + kx−
(k + 1) = (xp+1 − xp − 1)(x2 − kx + k + 1) = 0 and Up be the following (p + 3) × (p + 3)

Vandermonde matrix

Up =



(β1)
p+2 (β2)

p+2 · · · (βp+3)
p+2

(β1)
p+1 (β2)

p+1 · · · (βp+3)
p+1

...
... . . . ...

β1 β2 · · · βp+3

1 1 · · · 1


.

Now let Up(i, j) be the (p + 3) × (p + 3) matrix obtained from Up by replacing the j-th column
of Up by VP (i) where VP (i) is the following (p+ 3)× 1 matrix

Vp(i) =


(β1)

n+p+3−i

(β2)
n+p+3−i

...

(βp+3)
n+p+3−i

 .

Theorem 2.1. For p ≥ 3, k ≥ 3, and (Mp(k))
n = f

(p,n)
i,j , we have

f
(p,n)
i,j =

detUp(i, j)

detUp

·

Proof. For p ≥ 3 and k ≥ 3, the matrix Mp(k) is diagonalized, since the eigenvalues of it are
distinct. Let Bp = diag(β1, β2, . . . , βp+3) so that MpUp = UpBp. Since Up is invertible, we have

f
(p,n)
i,1 (β1)

p+2 + f
(p,n)
i,2 (β1)

p+1 + · · ·+ f
(p,n)
i,p+3 = (β1)

n+p+3−i,

f
(p,n)
i,1 (β2)

p+2 + f
(p,n)
i,2 (β2)

p+1 + · · ·+ f
(p,n)
i,p+3 = (β2)

n+p+3−i,

...

f
(p,n)
i,1 (βp+3)

p+2 + f
(p,n)
i,2 (βp+3)

p+1 + · · ·+ f
(p,n)
i,p+3 = (βp+3)

n+p+3−i.

so it can be concluded that

f
(p,n)
i,j =

detUp(i, j)

detUp

,

for 1 ≤ i, j ≤ p+ 3.

Lemma 2.3. Let t(x) be the generating function of the Fibonacci–Mersenne p-sequences. Then

t(x) =
xp+2

1− (k + 1)x+ (2k + 1)x2 − (k + 1)x3 − xp+1 + kxp+2 − (k + 1)xp+3
· (2)

Proof. We have

t(x) =
∞∑
n=1

FMk
n(p)x

n

= FMk
1 (p)x+ FMk

2 (p)x
2 + · · ·+ FMk

p+1(p)x
p+1 + FMk

p+2(p)x
p+2 +

∞∑
n=p+3

FMk
n(p)x

n
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= xp+2 +
∞∑

n=p+3

[(k + 1)FMk
n+p+2(p)− (2k + 1)FMk

n+p+1(p) + (k + 1)FMk
n+p(p) + FMk

n+2(p)

− kFMk
n+1(p) + (k + 1)FBk

n(p)]x
n

= xp+2 +
∞∑

n=p+3

(k + 1)FMk
n+p+2(p)x

n −
∞∑

n=p+3

(2k + 1)FMk
n+p+1(p)x

n

+
∞∑

n=p+3

(k + 1)FMk
n+p(p)x

n +
∞∑

n=p+3

FMk
n+2(p)x

n −
∞∑

n=p+3

kFMk
n+1(p)x

n

+
∞∑

n=p+3

(k + 1)FMk
n(p)x

n

= xp+2 + (k + 1)x
∞∑
n=1

FMk
n(p)x

n − (2k + 1)x2

∞∑
n=1

FMk
n(p)x

n + (k + 1)x3

∞∑
n=1

FMk
n(p)x

n

+ xp+1

∞∑
n=1

FMk
n(p)x

n − kxp+2

∞∑
n=1

FMk
n(p)x

n + (k + 1)xp+3

∞∑
n=1

FMk
n(p)x

n

= xp+2 + (k + 1)xt(x)− (2k + 1)x2t(x) + (k + 1)x3t(x) + xp+1t(x)− kxp+2t(x)

+ (k + 1)xp+3t(x).

Theorem 2.2. The Fibonacci–Mersenne p-sequences {FMn(k, p)} have the following exponential
representation

t(x) = xp+2 exp
∞∑
i=1

(x)i

i
((k + 1)− (2k + 1)x+ (k + 1)x2 + xp − kxp+1 + (k + 1)xp+2)i,

where p ≥ 3.

Proof. Using (2), we have

ln t(x) = ln xp+2 − ln(1− (k + 1)x+ (2k + 1)x2 − (k + 1)x3 − xp+1 + kxp+2 − (k + 1)xp+3).

Since

− ln(1− (k + 1)x+ (2k + 1)x2 − (k + 1)x3 − xp+1 + kxp+2 − (k + 1)xp+3)

= −[−x((k + 1)− (2k + 1)x+ (k + 1)x2 + xp − kxp+1 + (k + 1)xp+2)

− 1

2
x2((k + 1)− (2k + 1)x+ (k + 1)x2 + xp − kxp+1 + (k + 1)xp+2)2

− · · · − 1

i
xi((k + 1)− (2k + 1)x+ (k + 1)x2 + xp − kxp+1 + (k + 1)xp+2)i − · · · ],

the result follows.

Let K(k1, k2, . . . , kv) be the following v × v companion matrix

K(k1, k2, . . . , kv) =


k1 k2 · · · kv−1 kv
1 0 · · · 0 0

0 1 · · · 0 0
...

... . . . ...
...

0 0 · · · 1 0

 .
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Theorem 2.3 ([3]). The (i, j)-th entry, kn
i,j(k1, k2, . . . , kv), of the matrix kn(k1, k2, . . . , kv) is

given by

kn
i,j(k1, k2, . . . , kv) =

∑
(k1,k2,...,kv)

tj + tj+1 + · · · + tv
t1 + t2 + · · · + tv

×
(
t1 + t2 + · · · + tv

t1, t2, . . . , tv

)
kt1
1 · · · ktv

v , (3)

where the sum is over the nonnegative integers satisfying t1 + 2t2 + · · · + vtv = n− i+ j,(
t1 + t2 + · · ·+ tv

t1, t2, . . . , tv

)
=

(t1 + t2 + · · ·+ tv)!

t1!t2!· · · tv!
is a multinomial coefficient, and the coefficients in (3) are defined as 1 if n = i− j.

Lemma 2.4. For the Fibonacci–Mersenne p-sequences, {FMk
n(p)}, we have

(i) FMk
n(p) =

∑
(t1,t2,...,tp+3)

(
t1 + t2 + · · ·+ tp+3

t1, t2, . . . , tp+3

)
(k+1)t1(−2k−1)t2(k+1)t3(−k)tp+2(k+1)tp+3 ,

where the sum is over the nonnegative integers satisfying t1 + 2t2 + · · · + (p + 3)tp+3 =

n− p− 2,

(ii) FMk
n(p) = −

∑
(t1,t2,...,tp+3)

tp+3

t1 + t2 + · · ·+ tp+3

(
t1 + t2 + · · · + tp+3

t1, t2, . . . , tp+3

)
(k + 1)t1(−2k − 1)t2

(k + 1)t3(−k)tp+2(k + 1)tp+3 ,

where the sum is over the nonnegative integers satisfying t1+2t2+· · ·+(p+3)tp+3 = n+1.

Proof. (i) Let i = p+ 3 and j = 1, and the result follows.

(ii) Let i = p+2 and j = p+1. The result then follows from Theorem 2.3 and (Mp(k))
n.

3 The Fibonacci-balancing p-sequences

Here, we introduce the Fibonacci-balancing p-sequences, p an integer, and provide some results.
The Fibonacci-balancing p-sequences are defined as follows.

Definition 3.1. For integers m≥1 and p≥3, the Fibonacci-balancing p-sequences, {FBm
n (p)}∞0 ,

are defined as

FBm
n+p+3(p) = (6m+ 1)FBm

n+p+2(p)− (6m+ 1)FBm
n+p+1(p) + FBm

n+p(p)− FBm
n+2(p)

− 6mFBm
n+1(p) + FBm

n (p), n ≥ 0, (4)

where FBm
0 (p) = FBm

1 (p) = · · · = FBm
p+1(p) = 0 and FBm

p+2(p) = 1.

Example 3.1. (i) For m = 1 and p = 3, we have

FB1
n+6(3) = 7FB1

n+5(3)− 7FB1
n+4(3) + FB1

n+3(3)− FB1
n+2(3)

− 6FB1
n+1(3) + FB1

n(3), n ≥ 0,

so the sequence is {FB1
n(3)}∞0 = {0, 0, 0, 0, 0, 1, 7, 42, 246, 1434, 8345, 48540, . . .}.
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(ii) For m = 1 and p = 4, we have

FB1
n+7(4) = 7FB1

n+6(4)− 7FB1
n+5(4) + FB1

n+4(4)− FB1
n+2(4)

− 6FB1
n+1(4) + FB1

n(4), n ≥ 0,

so the sequence is {FB1
n(4)}∞0 = {0, 0, 0, 0, 0, 0, , 1, 7, 42, 246, 1435, 8364, 48736, . . .}.

From the recurrence relation (4) we have



FBm
n+p+3(p)

FBm
n+p+2(p)

...

FBm
n+2(p)

FBm
n+1(p)


=



(6m+ 1) −(6m+ 1) 1 0 · · · 0 −1 −6m 1

1 0 0 0 · · · 0 0 0 0

0 1 0 0 · · · 0 0 0 0
...

...
...

... . . . ...
...

...
...

0 0 0 0 · · · 1 0 0 0

0 0 0 0 · · · 0 1 0 0

0 0 0 0 · · · 0 0 1 0





FBm
n+p+2(p)

FBm
n+p+1(p)

...

FBm
n+1(p)

FBm
n (p)


.

Lemma 3.1. For p = 3, m = 1, and n ≥ 6, we have

(B1(3))
n =

FBn+5(3) −(7FBn+4(3)− FBn+3(3) + FBn+2(3) + 6FBn+1(3)− FBn(3)) FBn+4(3)

FBn+4(3) −(7FBn+3(3)− FBn+2(3) + +FBn+1(3) + 6FBn(3)− FBn−1(3)) FBn+3(3)

...
... B∗

1(3)
...

FBn+1(3) −(7FBn(3)− FBn−1(3) + FBn−2(3) + 6FBn−3(3)− FBn−4(3)) FBn(3)

FBn(3) −(7FBn−1(3)− FBn−2(3) + FBn−3(3) + 6FBn−4(3)− FBn−5(3)) FBn−1(3)


:= W1(3)

n,

B∗
1(3) =

FBn+4(3)− (FBn+3(3) + 6FBn+2(3)− FBn+1(3)) −(FBn+4(3) + 6FBn+3(3)− FBn+2(3))

FBn+3(3)− (FBn+2(3) + 6FBn+1(3)− FBn(3)) −(FBn+3(3) + 6FBn+2(3)− FBn+1(3))

...
...

FBn(3)− (FBn−1(3) + 6FBn−2(3)− FBn−3(3)) −(FBn(3) + 6FBn−1(3)− FBn−2(3))

FBn−1(3)− (FBn−2(3) + 6FBn−3(3)− FBn−4(3)) −(FBn−1(3) + 6FBn−2(3)− FBn−3(3))

−6FBn+4(3) + FBn+3(3)

−6FBn+3(3) + FBn+2(3)

...

−6FBn(3) + FBn−1(3)

−6FBn−1(3) + FBn−2(3)


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where

B1(3) =



7 −7 1 −1 −6 1

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0


.

Proof. By induction on n. Suppose that m = 1, p = 3 and n = 6. We then have

(B1(3))
6 =



48540 −57472 5477 −16703 −48636 8345

8345 −9875 947 −2868 −8358 1434

1434 −1693 163 −491 −1434 246

246 −288 29 −83 −245 42

42 −48 6 −13 −41 7

7 −7 1 −1 −6 1



=



FB11(3) −(7FB10(3)− FB9(3) + FB8(3) + 6FB7 − FB6) FB10(3)

FB10(3) −(7FB9(3)− FB8(3) + FB7(3) + 6FB6 − FB5) FB9(3)

FB9(3) −(7FB8(3)− FB7(3) + FB6(3) + 6FB5 − FB4) B∗
1(3) FB8(3)

FB8(3) −(7FB7(3)− FB6(3) + FB5(3) + 6FB4 − FB3) FB7(3)

FB7(3) −(7FB6(3)− FB5(3) + FB4(3) + 6FB3 − FB2) FB6(3)

FB6(3) −(7FB5(3)− FB4(3) + FB3(3) + 6FB2 − FB1) FB5(3)


B∗

1(3) =

FB10(3)− (FB9(3) + 6FB8(3)− FB7(3)) −(FB10(3) + 6FB9(3)− FB8(3)) −6FB9(3) + FB8(3)

FB9(3)− (FB8(3) + 6FB7(3)− FB6(3)) −(FB9(3) + 6FB8(3)− FB7(3)) −6FB9(3) + FB8(3)

FB8(3)− (FB7(3) + 6FB6(3)− FB5(3)) −(FB8(3) + 6FB7(3)− FB6(3)) −6FB8(3) + FB7(3)

FB7(3)− (FB6(3) + 6FB5(3)− FB4(3)) −(FB7(3) + 6FB6(3)− FB5(3)) −6FB7(3) + FB6(3)

FB6(3)− (FB5(3) + 6FB4(3)− FB3(3)) −(FB6(3) + 6FB5(3)− FB4(3)) −6FB6(3) + FB5(3)

FB5(3)− (FB4(3) + 6FB3(3)− FB2(3)) −(FB5(3) + 6FB4(3)− FB3(3)) −6FB5(3) + FB4(3)


Now, assume that the statement holds for n. Then for n+ 1 we have

(B1(3))
n+1 =



7 −7 1 −1 −6 1

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0



×



FBn+5(3) −(7FBn+4(3)− FBn+3(3) + FBn+2(3) + 6FBn+1(3)− FBn(3)) FBn+4(3)

FBn+4(3) −(7FBn+3(3)− FBn+2(3) + +FBn+1(3) + 6FBn(3)− FBn−1(3)) FBn+3(3)

...
... B∗

1(3)
...

FBn+1(3) −(7FBn(3)− FBn−1(3) + FBn−2(3) + 6FBn−3(3)− FBn−4(3)) FBn(3)

FBn(3) −(7FBn−1(3)− FBn−2(3) + FBn−3(3) + 6FBn−4(3)− FBn−5(3)) FBn−1(3)


:=W1(3)

n+1,
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where

B∗
1(3) =

FBn+4(3)− (FBn+3(3) + 6FBn+2(3)− FBn+1(3)) −(FBn+4(3) + 6FBn+3(3)− FBn+2(3))

FBn+3(3)− (FBn+2(3) + 6FBn+1(3)− FBn(3)) −(FBn+3(3) + 6FBn+2(3)− FBn+1(3))

...
...

FBn(3)− (FBn−1(3) + 6FBn−2(3)− FBn−3(3)) −(FBn(3) + 6FBn−1(3)− FBn−2(3))

FBn−1(3)− (FBn−2(3) + 6FBn−3(3)− FBn−4(3)) −(FBn−1(3) + 6FBn−2(3)− FBn−3(3))

−6FBn+4(3) + FBn+3(3)

−6FBn+3(3) + FBn+2(3)

...

−6FBn(3) + FBn−1(3)

−6FBn−1(3) + FBn−2(3)

.


,

and we have the result.

Corollary 3.1. For p = 3, m ≥ 1, and n ≥ 6 we have

(Bm(3))
n =

FBn+5(3) −((6m+ 1)FBn+4(3)− FBn+p(3) + FBn+2(3) + 6mFBn+1(3)− FBn(3))

FBn+4(3) −((6m+ 1)FBn+p(3)− FBn2(3) + FBn+1(3) + 6mFBn(3)− FBn−1(3))

...
...

FBn+1(3) −((6m+ 1)FBn(3)− FBn−1(3) + FBn−2(3) + 6mFBn−3(3)− FBn−4(3))

FBn(3) −((6m+ 1)FBn−1(3)− FBn−2(3) + FBn−3(3) + 6mFBn−4(3)− FBn−5(3))

FBn+4(3)

FBn+3(3)

B∗
m(3)

...

FBn(3)

FBn−1(3)


:= Wm(3)

n,

where B∗
m(3) =

FBn+4(3)−(FBn+3(3)+6mFBn+2(3)−FBn+1(3)) −(FBn+4(3)+6mFBn+3(3)−FBn+2(3))

FBn+3(3)−(FBn+2(3)+6mFBn+1(3)−FBn(3)) −(FBn+3(3)+6mFBn+2(3)−FBn+1(3))

...
...

FBn(3)− (FBn−1(3)+6mFBn−2(3)−FBn−3(3)) −(FBn(3)+6mFBn−1(3)−FBn−2(3))

FBn−1(3)−(FBn−2(3)+6FBn−3(3)−FBn−4(3)) −(FBn−1(3)+6FBn−2(3)−FBn−3(3))

−6FBn+4(3) + FBn+3(3)

−6mFBn+3(3) + FBn+2(3)

...

−6mFBn(3) + FBn−1(3)

−6FBn−1(3) + FBn−2(3)


,
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where

Bm(3) =



6m+ 1 −(6m+ 1) 1 −1 −6m 1

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0


.

Suppose that Bm(p) = [mi,j](p+3)×(p+3) is the companion matrix for the Fibonacci-balancing
p-sequences. It can be readily established by mathematical induction on n that for p ≥ 3 and
n ≥ p+ 3.

(Bm(p))
n =

FBn+p+2(p) −((6m+ 1)FBn+p+1(p)− FBn+p(p) + FBn+2(p) + 6mFBn+1(p)− FBn(p))

FBn+p+1(p) −((6m+ 1)FBn+p(p)− FBn+p−1(p) + FBn+1(p) + 6mFBn(p)− FBn−1(p))

...
...

FBn+1(p) −((6m+ 1)FBn(p)− FBn−1(p) + FBn−p+1(p) + 6mFBn−p(p)− FBn−p−3(p))

FBn(p) −((6m+ 1)FBn−1(p)−FBn−2(p) + FBn−p(p) + 6mFBn−p−1(p)−FBn−p−2(p))

FBn+p+1(p)

FBn+p(p)

B∗
m(p)

...

FBn(p)

FBn−1(p)


:= Wm(p)

n,

B∗
m(p) =

FBn+p+1(p)− (FBn+p(p) + 6mFBn+2(p)− FBn+1(p)) −(FBn+4(p) + 6mFBn+3(p)− FBn+2(p))

FBn+p(p)− (FBn+p−1(p) + 6mFBn+1(p)− FBn(p)) −(FBn+3(p) + 6mFBn+2(p)− FBn+1(p))

...
...

FBn(p)− (FBn−1(p) + 6mFBn−2(p)− FBn−3(p)) −(FBn−p+3(p) + 6mFBn−p+2(p)− FBn−p+1(p))

FBn−1(p)− (FBn−2(p) + 6FBn−3(p)− FBn−4(p)) −(FBn−p+2(p) + 6mFBn−p+1(p)− FBn−p(p))

· · · −(FBn+p+1(p) + 6mFBn+p(p)− FBn+p−1(p)) −6mFBn+p+1(p) + FBn+p(p)

· · · −(FBn+p(p) + 6mFBn+p−1(p)− FBn+p−2(p))− 6m FBn+p(p) + FBn+p−1(p)

. . .
...

...

· · · −(FBn(p) + 6mFBn−1(p)− FBn−2(p)) −6mFBn(p) + FBn−1(p)

· · · −(FBn−1(p) + 6mFBn−2(p)− FBn−3(p)) −6mFBn−1(p) + FBn−2(p)


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where

Bm(p) =



6m+ 1 −(6m+ 1) 1 0 · · · 0 −1 −6m 1

1 0 0 0 · · · 0 0 0 0

0 1 0 0 · · · 0 0 0 0
...

...
...

... . . . ...
...

...
...

0 0 0 0 · · · 0 1 0 0

0 0 0 0 · · · 0 0 1 0


.

It can easily be determined that detBm(p) = (−1)p, so

det(Bm(p))
n =

{
1, if np is even,
−1, if np is odd.

Lemma 3.2. The characteristic equation of the Fibonacci-balancing p-sequences

xp+3 − (6m+ 1)xp+2 + (6m+ 1)xp+1 − xp + x2 + 6mx− 1 = 0,

does not have multiple roots for p ≥ 3.

Proof. It is clear that

xp+3 − (6m+ 1)xp+2 + (6m+ 1)xp+1 − xp + x2 + 6mx− 1 = (xp+1 − xp − 1)(x2 − 6mx+ 1).

Based on Lemma 2.3, xp+1−xp−1 = 0 has distinct roots for p ≥ 3. On the other hand, the roots
of x2 − 6mx+ 1 = 0 are 3m+

√
9m2 − 1 and 3m−

√
9m2 − 1.

Since (3m +
√
9m2 − 1)p+1 − (3m +

√
9m2 − 1)p + 1 ̸= 0 and (3m −

√
9m2 − 1)p+1 −

(3m−
√
9m2 − 1)p + 1 ̸= 0, the result follows.

For the Fibonacci-balancing p-sequences, {FBm
n (p)}, we have

Bm(p) =



6m+ 1 −(6m+ 1) 1 0 · · · 0 −1 −6m 1

1 0 0 0 · · · 0 0 0 0

0 1 0 0 · · · 0 0 0 0
...

...
...

... . . . ...
...

...
...

0 0 0 0 · · · 0 1 0 0

0 0 0 0 · · · 0 0 1 0


.

Let α1, α2, . . . , αp+3 be the roots of xp+3−(6m+1)xp+2+(6m+1)xp+1−xp+x2+6mx−1 = 0

and Np be the following (p+ 3)× (p+ 3) Vandermonde matrix

Np =


(α1)

p+2 (α2)
p+2 · · · (αp+3)

p+2

(α1)
p+1 (α2)

p+1 · · · (αp+3)
p+1

...
... . . . ...

α1 α2 · · · αp+3

1 1 · · · 1

 .
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Now let Np(i, j) be the (p+ 3)× (p+ 3) matrix obtained from Np by replacing the j-th column
of Np by WP (i) where WP (i) is the following (p+ 3)× 1 matrix

Wp(i) =


(α1)

n+p+3−i

(α2)
n+p+3−i

...
(αp+2)

n+p+3−i

(αp+3)
n+p+3−i

 .

Theorem 3.1. For p ≥ 3,m ≥ 1, and (Bm(p))
n = f

(p,n)
i,j we have

b
(p,n)
i,j =

detNp(i, j)

detNp

·

Proof. The proof is similar to that for Lemma 2.1 and so is omitted.

Lemma 3.3. Let g(x) be the generating function of the Fibonacci-balancing p-sequences. Then

g(x) =
xp+2

1− (6m+ 1)x+ (6m+ 1)x2 − x3 + x(p+1) + 6mxp+2 − xp+3
· (5)

Proof. We have

g(x) =
∞∑
n=1

FBm
n (p)xn

= FBm
1 (p)x+ FBm

2 (p)x2 + · · ·+ FBm
p+1(p)x

p+1 + FBm
p+2(p)x

p+2 +
∞∑

n=p+3

FBm
n (p)xn

= xp+2 +
∞∑

n=p+3

[(6m+ 1)FBm
n+p+2(p)− (6m+ 1)FBm

n+p+1(p)

+ FBm
n+p(p)− FBm

n+2(p)− 6mFBm
n+1(p) + FBm

n (p)]xn

= xp+2 +
∞∑

n=p+3

(6m+ 1)FBm
n+p+2(p)x

n −
∞∑

n=p+3

(6m+ 1)FBm
n+p+1(p)x

n

+
∞∑

n=p+3

FBm
n+p(p)x

n −
∞∑

n=p+3

FBm
n+2(p)x

n −
∞∑

n=p+3

6kFBm
n+1(p)x

n +
∞∑

n=p+3

FBm
n (p)xn

= xp+2 + (6m+ 1)x
∞∑
n=1

FBm
n+p+2(p)x

n − (6m+ 1)x2

∞∑
n=1

FBm
n+p+1(p)x

n

+ x3

∞∑
n=1

FBm
n+p(p)x

n − xp+1

∞∑
n=1

FBm
n+2(p)x

n − 6mxp+2

∞∑
n=1

FBm
n+1(p)x

n

+ xp+3

∞∑
n=1

FBm
n (p)xn

= xp+2 + (6m+ 1)xt(x)− (6m+ 1)x2t(x) + x3t(x)− x(p+1)t(x)

− 6mxp+2t(x) + xp+3t(x).
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Theorem 3.2. The Fibonacci-balancing p-sequences {FBm
n (p)} have the following exponential

representation

g(x) = xp+2 exp
∞∑
i=1

(x)i

i
((6m+ 1)− (6m+ 1)x+ x2 − xp − 6mxp+1 + xp+2)i,

where p ≥ 3.

Proof. Using (5), we have

ln g(x) = ln xp+2 − ln(1− (6m+ 1)x+ (6m+ 1)x2 − x3 + xp+1 + 6mxp+2 − xp+3).

Since

− ln (1− (6m+ 1)x+ (6m+ 1)x2 − x3 + xp+1 + 6mxp+2 − xp+3)

= −[−x((6m+ 1)− (6m+ 1)x1 + x2 − xp − 6mxp+1 + xp+2)

− 1

2
x2((6m+ 1)− (6m+ 1)x1 + x2 − xp − 6mxp+1 + xp+2)2

− · · · − 1

i
xi((6m+ 1)− (6m+ 1)x1 + x2 − xp − 6mxp+1 + xp+2)i − · · · ],

the result follows.

Lemma 3.4. For the Fibonacci-balancing p-sequences, {FBn(k, p)}, we have

(i) FBm
n (p) =

∑
(t1,t2,...,tp+3)

(
t1 + t2 + · · ·+ tp+3

t1, t2, . . . , tp+3

)
(6m+1)t1(−6m−1)t2(6m)tp+2(−1)tp+1 ,

where the sum is over the nonnegative integers satisfying t1 + 2t2 + · · · + (p + 3)tp+3 =

n− p− 2,

(ii) FBm
n (p) = −

∑
(t1,t2,...,tp+3)

tp+3

t1 + t2 + · · ·+ tp+3

(
t1 + t2 + · · ·+ tp+3

t1, t2, . . . , tp+3

)
(6m+ 1)t1(−6m− 1)t2(6m)tp+2(−1)tp+1 ,

where the sum is over the nonnegative integers satisfying t1+2t2+· · ·+(p+3)tp+3 = n+1.

Proof. (i) Let i = p+ 3 and j = 1, and the result follows.

(ii) Let i = p+2 and j = p+1. The result then follows from Theorem 2.3 and (Bm(p))
n.

4 A public key cipher using the Fibonacci– Mersenne
p-sequences and the Fibonacci-balancing p-sequences

In this section, a public key for the Affine–Hill cipher is obtained by considering the Fibonacci–
Mersenne p-sequences and Fibonacci-balancing p-sequences. The key matrix has a large space
so it can provide sufficient security. The algorithm is given below. For illustration purposes, an
alphabet of 37 symbols is considered which contains the letters A−Z with numerical equivalents
0− 25, the digits 0 − 9 with numerical equivalents 26− 35, and space with numerical equivalent
36 as shown in Table 1.
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Table 1. A 37-symbol alphabet

A B C D E F G H I J K
0 1 2 3 4 5 6 7 8 9 10

L M N O P Q R S T U V
11 12 13 14 15 16 17 18 19 20 21

W X Y Z 0 1 2 3 4 5 6
22 23 24 25 26 27 28 29 30 31 32

7 8 9
33 34 35 36

Algorithm 1

First, Bob sends n ≥ p + 3, k ≥ 3, and p ≥ 3 to Alice. Then, Alice employs the encryption
algorithm to get the ciphertext.

Encryption:

Step 1. Divide the plaintext into blocks of size 1× 4.

Step 2. Construct a self-invertible matrix M using FMk
n+p, FMk

n+p+1, FMk
n+p+2, FMk

n+p+3 and
the key matrix is K := M [?]. Construct B := [FMk

n+p, FMk
n+p+1, FMk

n+p+2, FMk
n+p+3].

We have that K ≡ K (mod 37) and B ≡ B (mod 37).

Step 3. Construct Ci ≡ (PiK +B) (mod 37).

Step 4. Obtain the ciphertext.

Decryption:

Step 1. Using K (K is self-invertible so K=K−1) and B, construct P ≡(C −B)K−1 (mod 37).

Step 2. Using Table 1, obtain the plaintext.

The algorithm is illustrated in the following example.

Example 4.1. Bob sends p = 3, k = 4, and n = 3 to Alice. Alice then creates the ciphertext for
the plaintext

SPRING IS BEAUTIFUL

B = [FM4
6 (3), FMk

7 (3), FM4
8 (3), FM4

9 (3)] = [5, 16, 40, 82] ≡ [5, 16, 3, 8] (mod 37),
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and

M =


FM4

6 (3) FM4
7 (3) 1− FM4

6 (3) −FM4
7 (3)

FM4
8 (3) FM4

9 (3) 1− FM4
8 (3) −FM4

9 (3)

1 + FM4
6 (3) FM4

7 (3) −FM4
6 (3) −FM4

7 (3)

FM4
8 (3) 1 + FM4

9 (3) −FM4
8 (3) −FM4

9 (3)

 =


5 16 −4 −16

40 82 −40 −81

6 16 −5 −16

40 83 −40 −82



≡


5 16 33 21

3 8 34 30

6 16 32 21

3 9 34 29

 (mod 37).

Now, calculate Ci ≡ (PiK +B) (mod 37) :

C1 = [S,P,R,I],

C1 = [N,G, ,I],

C3 = [S, ,B,E],

C4 = [A,U,T,I],

C5 = [F,U,L, ].

Thus

C1 =
[
18 15 17 8

]
5 16 33 21

3 8 34 30

6 16 32 21

3 9 34 29

+
[
5 16 3 8

]
≡
[
7 28 36 19

]
(mod 37),

C2 =
[
13 6 36 8

]
5 16 33 21

3 8 34 30

6 16 32 21

3 9 34 29

+
[
5 16 3 8

]
≡
[
32 32 25 6

]
(mod 37),

C3 =
[
18 36 1 4

]
5 16 33 21

3 8 34 30

6 16 32 21

3 9 34 29

+
[
5 16 3 8

]
≡
[
36 15 28 12

]
(mod 37),

C4 =
[
0 20 19 8

]
5 16 33 21

3 8 34 30

6 16 32 21

3 9 34 29

+
[
5 16 3 8

]
≡
[
18 34 9 18

]
(mod 37),

C5 =
[
5 20 11 36

]
5 16 33 21

3 8 34 30

6 16 32 21

3 9 34 29

+
[
5 16 3 8

]
≡
[
5 16 19 27

]
(mod 37).
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The resulting ciphertext is
H2 T66ZG P2MS8JSFQT1

Bob receives the ciphertext and using k, n, and p calculates K−1 := K. Therefore

P1 = (C1 −B)K−1 = (
[
7 28 36 19

]
−
[
5 16 3 8

]
)

×


5 16 33 21

3 8 34 30

6 16 32 21

3 9 34 29

 ≡
[
18 15 17 8

]
(mod 37),

P2 = (C2 −B)K−1 = (
[
32 32 25 6

]
−
[
5 16 3 8

]
)

×


5 16 33 21

3 8 34 30

6 16 32 21

3 9 34 29

 ≡
[
13 6 36 8

]
(mod 37),

P3 = (C3 −B)K−1 = (
[
36 15 28 12

]
−
[
5 16 3 8

]
)

×


5 16 33 21

3 8 34 30

6 16 32 21

3 9 34 29

 ≡
[
18 36 1 4

]
(mod 37),

P4 = (C4 −B)K−1 = (
[
18 34 9 18

]
−
[
5 16 3 8

]
)

×


5 16 33 21

3 8 34 30

6 16 32 21

3 9 34 29

 ≡
[
0 20 19 8

]
(mod 37),

P5 = (C5 −B)K−1 = (
[
5 16 19 27

]
−
[
5 16 3 8

]
)

×


5 16 33 21

3 8 34 30

6 16 32 21

3 9 34 29

 ≡
[
5 20 11 36

]
(mod 37),

and the plaintext is obtained.

We now consider encryption using the Fibonacci-balancing p-sequence. The approach is
similar to that for the Fibonacci–Mersenne p-sequence, but Bob sends m ≥ 1 instead of k ≥ 3

and B = [FBm
n+p, FBm

n+p+1, FBm
n+p+2, FBm

n+p+3].
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Example 4.2. Bob sends m = 1, p = 3 and n = 3 to Alice. Using the plaintext in Example 4.1
gives

B = [FB6(3), FB7(3), FB8(3), FB9(3)] = [7, 42, 246, 1434] ≡ [7, 5, 24, 28] (mod 37),

and

M =


FB6(3) FB7(3) 1− FB6(3) −FB7(3)

FB8(3) FB9(3) 1− FB8(3) −FB9(3)

1 + FB6(3) FB7(3) −FB6(3) −FB7(3)

FB8(3) 1 + FB9(3) −FB8(3) −FB9(3)

 =


7 42 −6 −42

246 1434 −246 −1433

8 42 −7 −42

246 1435 −246 −1434



≡


7 5 31 32

24 28 13 8

8 5 30 32

24 29 13 9

 (mod 37).

Now, calculate Ci ≡ (PiK +B) (mod 37) :

P1 = [S,P,R,I],

P1 = [N,G, ,I],

P3 = [S, ,B,E],

P4 = [A,U,T,I],

P5 = [F,U,L, ].

Thus

C1 =
[
18 15 17 8

]
7 5 31 32

24 28 13 8

8 5 30 32

24 29 13 9

+
[
7 5 24 28

]
≡
[
6 18 22 8

]
(mod 37),

C2 =
[
13 6 36 8

]
7 5 31 32

24 28 13 8

8 5 30 32

24 29 13 9

+
[
7 5 24 28

]
≡
[
20 21 24 14

]
(mod 37),

C3 =
[
18 36 1 4

]
7 5 31 32

24 28 13 8

8 5 30 32

24 29 13 9

+
[
7 5 24 28

]
≡
[
28 3 22 35

]
(mod 37),

C4 =
[
0 20 19 8

]
7 5 31 32

24 28 13 8

8 5 30 32

24 29 13 9

+
[
7 5 24 28

]
≡
[
17 4 33 17

]
(mod 37),
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C5 =
[
5 20 11 36

]
7 5 31 32

24 28 13 8

8 5 30 32

24 29 13 9

 +
[
7 5 24 28

]
≡
[
31 24 16 25

]
(mod 37).

The resulting ciphertext is
GSWIUVYO2DW9RE7R5YQZ

Bob receives the ciphertext and using m,n, and p calculates K−1 := K. Therefore

P1 = (C1 −B)K−1 = (
[
6 18 22 8

]
−
[
7 5 24 28

]
)

×


7 5 31 32

24 28 13 8

8 5 30 32

24 29 13 9

 ≡
[
18 15 17 8

]
(mod 37),

P2 = (C2 −B)K−1 = (
[
20 21 24 14

]
−
[
7 5 24 28

]
)

×


7 5 31 32

24 28 13 8

8 5 30 32

24 29 13 9

 ≡
[
13 6 36 8

]
(mod 37),

P3 = (C3 −B)K−1 = (
[
28 3 22 35

]
−
[
7 5 24 28

]
)

×


7 5 31 32

24 28 13 8

8 5 30 32

24 29 13 9

 ≡
[
18 36 1 4

]
(mod 37),

P4 = (C4 −B)K−1 = (
[
17 4 33 17

]
−
[
7 5 24 28

]
)

×


7 5 31 32

24 28 13 8

8 5 30 32

24 29 13 9

 ≡
[
0 20 19 8

]
(mod 37),

P5 = (C5 −B)K−1 = (
[
31 24 16 25

]
−
[
7 5 24 28

]
)

×


7 5 31 32

24 28 13 8

8 5 30 32

24 29 13 9

 ≡
[
5 20 11 36

]
(mod 37),

and the plaintext is obtained.
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We now introduce a new algorithm by using Fibonacci–Mersenne p-matrix.

Algorithm 2

First, Bob sends n ≥ 6, k ≥ 3, k ̸= 36q(q ∈ Z), and p ≥ 3 to Alice. Then, Alice employs the
encryption algorithm to get the ciphertext.

Encryption:

Step 1. Divide the plaintext into blocks of size 1× (p+ 3).

Step 2. Construct the key matrix K := (Mp(k))
n and B := [FMk

n+p(p), FMk
n+p+4(p), . . . ,

FMk
n+2p+2(p)]. We have that K ≡ K (mod 37) and B ≡ B (mod 37).

Step 3. Calculate Ci ≡ (PiK +B) (mod 37).

Step 4. Obtain the ciphertext.

Decryption:

Step 1. Using K and B, calculate P ≡ (C −B)K−1 (mod 37).

Step 2. Using Table 1, obtain the plaintext.

The algorithm is illustrated in the following example.

Example 4.3. Bob sends p = 4, k = 3, and n = 7 to Alice. Using the plaintext in Example 4.1
gives

(M4(3))
7 =



−214 739 −519 2 3 218 −520

−130 306 −171 1 2 133 −172

−43 42 5 1 1 45 4

1 −47 49 1 1 0 48

12 −47 37 1 1 −11 36

9 −24 16 1 1 −8 16

4 −7 4 1 1 −3 4



≡



8 36 36 2 3 33 35

18 10 14 1 2 22 13

31 5 5 1 1 8 4

1 27 12 1 1 0 11

12 27 0 1 1 26 36

9 13 16 1 1 29 16

4 30 4 1 1 34 4


(mod 37),

B = [FM3
11(4), FM3

12(4), FM3
13(4), FM3

14(4), FM3
15(4), FM3

16(4), FM3
17(4)]

= [−43,−130,−214,−177, 511, 2009, 3994] ≡ [31, 18, 8, 2, 30, 11, 35] (mod 37).
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Now, calculate Ci ≡ (PiK +B) (mod 37):

P1 = [S,P,R,I,N,G, ],

P2 = [I,S, ,B,E,A,U],

P3 = [T,I,F,U,L, , ],

so

C1 =
[
18 15 17 8 13 6 36

]


8 36 36 2 3 33 35

18 10 14 1 2 22 13

31 5 5 1 1 8 4

1 27 12 1 1 0 11

12 27 0 1 1 26 36

9 13 16 1 1 29 16

4 30 4 1 1 34 4


+
[
31 18 8 2 30 11 35

]

≡
[
1 36 29 29 9 32 22

]
(mod 37),

C2 =
[
8 18 36 1 4 0 20

]


8 36 36 2 3 33 35

18 10 14 1 2 22 13

31 5 5 1 1 8 4

1 27 12 1 1 0 11

12 27 0 1 1 26 36

9 13 16 1 1 29 16

4 30 4 1 1 34 4


+
[
31 18 8 2 30 11 35

]

≡
[
36 32 6 29 3 4 3

]
(mod 37),

C3 =
[
19 8 5 20 11 36 36

]


8 36 36 2 3 33 35

18 10 14 1 2 22 13

31 5 5 1 1 8 4

1 27 12 1 1 0 11

12 27 0 1 1 26 36

9 13 16 1 1 29 16

4 30 4 1 1 34 4


+
[
31 18 8 2 30 11 35

]

≡
[
29 10 13 14 26 4 14

]
(mod 37),

Therefore, the ciphertext is
B 33J6W 6G3DED3KNO0EO

For the decryption, using K−1 := (M4(3))
(−7) and B, calculate P ≡ (C −B)K−1 (mod 37).
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P1 = (C1 −B)K−1 = (
[
1 36 29 29 9 32 22

]
−
[
31 18 8 2 30 11 35

]
)

×



8 36 36 2 3 33 35

18 10 14 1 2 22 13

31 5 5 1 1 8 4

1 27 12 1 1 0 11

12 27 0 1 1 26 36

9 13 16 1 1 29 16

4 30 4 1 1 34 4



−7

≡
[
18 15 17 8 13 6 36

]
(mod 37),

P2 = (C2 −B)K−1 = (
[
36 32 6 29 3 4 3

]
−
[
31 18 8 2 30 11 35

]
)

×



8 36 36 2 3 33 35

18 10 14 1 2 22 13

31 5 5 1 1 8 4

1 27 12 1 1 0 11

12 27 0 1 1 26 36

9 13 16 1 1 29 16

4 30 4 1 1 34 4



−7

≡
[
8 18 36 1 4 0 20

]
(mod 37),

P3 = (C3 −B)K−1 = (
[
29 10 13 14 26 4 14

]
−
[
31 18 8 2 30 11 35

]
)

×



8 36 36 2 3 33 35

18 10 14 1 2 22 13

31 5 5 1 1 8 4

1 27 12 1 1 0 11

12 27 0 1 1 26 36

9 13 16 1 1 29 16

4 30 4 1 1 34 4



−7

≡
[
19 8 5 20 11 36 36

]
(mod 37),

and the plaintext obtained is
SPRING IS BEAUTIFUL

Now, we consider encryption using the Fibonacci-balancing p-sequences. The approach is
similar to that for the Fibonacci–Mersenne p-sequences, but Bob sends m ≥ 1 instead of k and
Step 1 put K = Bm(p)

n, and B = [HBm
n+p(p), HBm

n+p+1(p), . . . , HBm
n+2p+2(p)].

Here, we study security strength and analysis for these algorithms.
The order of the general linear group, denoted by GLλ(Fp), is

| GLλ(Fp) |= (pλ − pλ−1)(pλ − pλ−2) · · · (pλ − 1).

This group consists of all invertible matrices of order λ×λ over F37 [8]. In this method, matrices
Mn

p and Bn
p are used to construct the Affine–Hill cipher encryption key. Note that these matrices
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are over Fp. Therefore, the matrices Mn
p and Bn

p are needed to obtain the cipher key. We have

| GLp+3(F37) |= (37p+3 − 37p+2)(37p+3 − 37p+1) · · · (37p+3 − 1),

so to obtain the key an attacker needs to check a large number of matrices which confirms that
the key is strong. For example, if p = 47 we have

| GL50(F37) |= (3750 − 3749)(3750 − 3748) · · · (3750 − 1) = 3.105165707300569× 103920.

Therefore, an attacker needs to check 103920 matrices which is intractable.

5 Conclusion

In this paper, two new sequences were defined using the Fibonacci p-numbers, the generalized
Mersenne numbers, and m-balancing numbers. A public key cipher was developed which use
three parameters k, n, n and p which are known only to Alice and Bob. It was shown that breaking
this system is intractable which ensures the security of the data.
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