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Abstract: In this paper, we define two new sequences using the Fibonacci p-numbers, the
generalized Mersenne numbers, and m-balancing numbers. These sequences are obtained from
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the corresponding characteristic polynomials. The determinants and combinatorial and exponential
representations of these new sequences are given. As an application, we provide two algorithms
using these new sequences with self-invertible matrices and the Affine—Hill cipher.
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1 Introduction

Integer sequences have numerous applications in various fields [5-7,9-11, 13—16]. In particular,
the Fibonacci p-numbers represent an important class, defined as follows.

Definition 1.1. For integer p > 0, the Fibonacci p-numbers, denoted by {F},(n)}>, are defined

as
F,(n)=F,(n—1)+ Fy(n—p—1), n >0,

with initial conditions F,(—p) = --- = F,(0) = 0 and F,(1) = F,(2) = --- = F,(p) =1

(see [21]).

For example, if p = 1, then we have the Fibonacci sequence [4] and if p = 3 we have
Fs(n)=F;(n—1)+ Fo(n—4), n >0,
so {F3(n)}yr ={0,1,1,1,1,2,3,...}.
One of the generalizations of the Mersenne sequence is as follows:

Definition 1.2. For integer k > 3, the generalized Mersenne numbers, denoted by { M (k,n)}g°,

are defined as
M(k,n)=kM(k,n—1)— (k+1)M(k,n—2), n >0,

with initial conditions M (k,0) = 0 and M (k,1) = 1.

If £ = 3, then
M(3,n)=3M(3,n—1)—4M3,n—2), n >0,

so {M(3,n)}5° = {0,1,3,5,...}. Balancing numbers were introduced by Behera and Panda in
1999 [2]. The m-balancing numbers can be defined as follows.

Definition 1.3. For m > 1, the m-balancing numbers, denoted by { B, ,,}&°, are
Bm,n+1 = 6kBm,n - Bm,n—h n = 17

with initial conditions B,, o = 0 and B,,,; = 1 (see [17,18]).
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For example, if m = 1 we have
Bipy1 =6By, — Bip_1,n > 1,

so {Bm.} =1{0,1,6,35,...}.
The characteristic polynomials of the Fibonacci p-numbers, generalized Mersenne numbers,
and m-balancing numbers are 27" — 2 — 1, 22 — kx + k + 1 and 2% — 6max + 1, respectively.

Definition 1.4. A matrix M is called self-invertible matrix if M = M~ (see [1]).

The Hill cipher is a polygraphic block cipher [12]. The Affine cipher [22] is based on linear
algebra and can be described as follows.

Encryption:
C; = P,K + B (mod m),

where K is an n X n key matrix, and P;, C; and B are 1 X n matrices over Z,,. It should satisfy
ged(det K (mod m),m) = 1.

Decryption:
P, = (C; — B)K™! (mod m).

In 2016, a key matrix of order 3 that reflects an arbitrary line y = ax + b was used to
overcome the noninvertible matrix problem in the Affine—Hill cipher when it is modulo a prime
number [20]. In [19], a public key cipher was obtained using the generalized Fibonacci matrices
with the Affine—Hill cipher. Here, the Fibonacci p-numbers, generalized Mersenne numbers, and
m-balancing numbers are used to obtain new sequences and create a public key for the Affine—Hill
cipher.

The remainder of this paper is organized as follows. In Sections 2 and 3, we present the
Fibonacci—-Mersenne p-sequences and Fibonacci-balancing p-sequences, respectively. Then, the
Fibonacci—-Mersenne p-matrix and Fibonacci-balancing p-matrix are used in Section 4 as a key in
the Affine—Hill cipher.

2 The Fibonacci-Mersenne p-sequences

In this section, we define new sequences and obtain some interesting results. The Fibonacci—
Mersenne p-sequences, p an integer, are defined as follows.

Definition 2.1. Forintegers k > 3 andp > 3, the Fibonacci-Mersenne p-sequences, { F M*(p)}&,
are defined by

FMy,,5(p) = (k+ 1) FMy,(0) — 2k + 1) FM, 0 (p) + (K + 1) FMy,,(p) + F M, 5(p)
— kFMY,  (p) + (k+ 1)FM}(p), n >0, (1)
where FMg(p) = FM{f(p) = --- = FM;?H(p) = 0 and FM;,:LQ(p) =1
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Example 2.1. (i) For k = 3 and p = 4 we have

FM; 7(4) = (A)F M) o(4) — (T)F M, 5(4) + (4)F M,y (4) + FM 5(4)
—3F M, (4) + (4)FM;(4), n >0,

so {FM3(4)}5 ={0,0,0,0,0,0,1,4,9,12,1, —43,...}.
(ii) For k = 4 and p = 5 we have

FM$+8(5) - (5)FM7§+7<5) - (Q)FM3+6(5) + (5)FM§+5(5) + FM3+2<5)
—4FM; ., (5) + (5)FBL(5), n >0,

so {FM4(5)} = {0,0,0,0,0,0,0, 1,5, 16,40, 81, 155, .. .}.

The recurrence relation (1) gives

k+1 —(2k+1) k+1 0 - 0 1 —k k+1]
FMﬁ+p+3(p) 1 0 O 0 .- 00 0 0 FMﬁ+p+2(p)
FMrlf—i-p—i-Q(p) 0 1 O 0 .- 00 0 0 FMr]f+p+1(p)
FM7lf+2(p) 0 0 o 0 .- 10 0 0 FM7lf+1(p)
_FMffH(p)_ 0 0 0O 0 -+~ 01 0 0 i FMk(p)
0 0 0O 0 -+~ 00 1 0
Lemma 2.1. Forp =3, k = 3 and n > 6, we have
(FM,5(3) —3FM;,4(3) + AF M} 5(3) AFM;,,(3)]
FM;,4(3) —3F M, 5(3) +4F M, 5(3) AFM; 5(3)
(Ms(3))" = : Mz (3) : : =1T1"(3,3),
FM?.,(3) —3FM3(3) +4FM3 [ (3)  4FM3(3)
i FM3(3) —3F M3 _,(3) +4FM?_,(3) 4FMS’_1(3)_

(—TFM},,(3) + 4F M} 5(3) + Fy(n —2) 4FM},,(3)+ Fs(n—1)  Fy(n)
—TFMy, 5(3) + 4FM; 5(3) + F3(n — 3) AFM; 5(3) + F3(n —2) Fs(n—1)

M;(3) = : : : ;

—TFM3(3) + 4F M3 _|(3) + F3(n — 6) A4FM3(3) + F3(n —5) F3(n —4)
_—7FMS?1(3) +AFM3 ,(3)+ F3(n—7) 4FM3 [ (3) + F3(n —6) Fs(n — 5)_

where -~ _

4 -7 4 1 -3 4

1 0 00 0 O

My(3) = 0O 1 00 0 O

0O 0 1.0 0 O

0O 0 01 0 O

0O 0 00 1 0
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Proof. By induction on n. For k = 3, p = 3, and n = 6 we have

[—121 282 —154 3 125 —156]| [FM3(3)
-39 35 9 2 42 8 FM3,(3)
2 —47 49 1 0 48 FM3(3) M;(3
(M3(3))6: — %( ) 3( )
12 —46 37 1 —11 36 FM3(3)
9 -—24 17 1 -8 16 FM3(3)
4 -7 4 1 =3 4 | |[FM(3)
where
M3 (3) =

[ —TEM3,(3) + 4FM3(3) + F3(4)

—TFMZ(3) + AFM3(3) + F3(3) AFM3(3) + F3(4) Fs(5)
—TEM2(3) + AFM3(3) + F3(0)  AFM3(3) + F3(1) F5(2)
| —TFM3(3) + AFM3(3) + Fy(—1) 4FM2(3) + F5(0) Fy(1)

4FM3\(3) + F3(5)

Now, assume that the statement holds for n. Then, for n + 1 we have

(M3(3))"+" =
[4 -7 4 1 -3 4] -FMS+5(3) _3FMS+4(3) +4FMS+3(3) 4FM3+4(3)-
1 0 00 0 0 FM; . ,(3) —3F M3 5(3) +4F M7, ,(3) 4FM; 5(3)
0O 1 00 0 O » ) i}
0O 0 1.0 0 O ) M3 (3)
0 0 01 0 O FMSH(S) —SFM;;)(S) + 4FMT?;_1(3) 4FMT?;(3)
0 0 00 1 0] | FMim) “SFME_(3) + AFM?_y(3) AFM?,(3).

=T""1(3,3),

where

M (3)

__7FMS+4(3> +AFM; 5(3) + Fy(n —2) 4FMg, (3) + F3(n —
—TFM3 5(3) + 4F M2 . ,(3) + Fs(n —3) 4FM?3 4(3) + F3(n —

—TFM3(3) + 4FM?_,(3) + F3(n —6)  AFM3(3) + Fy(n — 5)
| —TFM3_(3) +4F M3 ,(3) + Fy(n—7) 4FM?_,(3) + F3(n — 6)

and the proof is complete.

Corollary 2.1. Forp =3, k > 3 and n > 6, we have

(Ms(k))"

[FM},5(3) —kFM} 4(3) + (k+1)FMp5(3) (k+ 1)FM,(3)]

FM} 4(3) —kFM) 5(3) 4+ (k+ 1) FM} ,(3) (k+1)FM; 5(3)
= M3 (k)

FMT’f+1(3) —kFM*3) + (k+ 1)FMF_(3)

M) CRFMEL(3) + (b DEME,(3) (h+ )M (3)]
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F3(6) —3FM3,(3) + AFM3(3)
—3FM3(3) + 4F M3(3)

—3FM3(3) + 4F M3(3)
—3FM3(3) + 4F M3(3)

4F MF(3)

Fs(n —4)
F3(n —5)]|




M3 (k) =
[ (2k+1)FME,(3)+(k+1)FME, 4 (3)+ F3(n—2)  (k+1)FMF, (3)+Fs(n—1)

where -~ ~
k+1 —(2k4+1) k+1 1 —k k+1

1 0 0 0 0 0

0 1 0 0 0 0

Ms(k) =

0 0 1 0 O 0

0 0 0 10 0
i 0 0 0 0 1 0 |

Fg(n)

—(2k+1)FME 4 (3)+(k+1)FME,(3)+ Fs(n—3)  (k+1)FMF4(3)+F3(n—2) Fy(n—1)

—(2k+1)FMF3)+(k+1)FMEF (3)+ F3(n—6)  (k+1)FMEF(3)+F3(n—5) F3(n—4)
| —(2k+ 1) FMy (3)+(k+ 1) FMy(3)+ Fs(n—7)  (k+1)FM},(3)+F5(n—6) F3(n—>5)

Let My, (k) = [mi j](p+3)x(p+3) be the companion matrix for the Fibonacci-Mersenne p-sequences.

It can easily be established by induction on n that forp > 4andn > p + 3

VL
FM

FM*

(k+1)FME . (p) ]
(k+1)FME,,(p)
M* (k) :
(k +1)F M (p)
(k+1)FME | (p)

where M (k) is a (p + 3) x p matrix given by

F,(n) —kFME,(p)+ (k+ 1) FMF_(p)
Fy(n—1)  —kFMF _(p)+ (k+1)FMF, ., \(p)

Fy(n—p—1)  —kFM}(p)+ (k+ 1)FM;_(p)
Fy(n—p—2) —kFM}_(p)+ (k+1)FM} ,(p)
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(k+1)FMy 0 (p) + Fy(n—p+2) F(n—p+3) F(n—p+4)
(k+1)FMy (p)+ Fy(n—p+1) F(n—p+2) Fy(n—p+3)

n+p+2(p) —(2k + 1)FM7I:+p+1(p) + (k + 1)FMr]f+p(p) + Fp(n—p+1)
T]::-‘rp-i-l (p) —(Qk + 1)FM£:+p(p) + (k + 1)FMT]L€+p_1(p) + Fp(n - P)

ni1(P) —(2k + )FM;(p) + (k + 1) FMg_,(p) + Fy(n — 2p)
FMg(p) =2k +1)FM;(p) + (k+1)FMg ,(p) + Fy(n — 2p — 1)

(k+1)FMFp)+ F,(n—2p+1) Fy(n—2p+2) F,(n—2p+3)
(k+1)FM) (p)+ Fy(n—2p)  Fy(n—2p+1) F,(n—2p+2)



It can easily be determined that

k+1, ifpiseven,

det M, (k) =
et My (k) {—(k;+1), if pis odd,

so then
(k+1)", if piseven,

det(M,(k))" = { (—k — 1), if pis odd.

Lemma 2.2. The characteristic equation of the Fibonacci—Mersenne p-sequences given by
2P — (k4 1)2P " + (2k + D™ — (b + D)a? — 2* + ko — (k+ 1) = 0,

does not have multiple roots for p > 3.

Proof. It is clear that 2773 — (k + 1)aP™2 + (2k + 1)aP™ — (k + Da? — 2 + ko — (k+ 1) =
(xPt1 — 2P — 1)(2* — kx + k + 1). We show that for p > 3, P! — 2P — 1 = 0 has distinct roots.
Let 3 be aroot of h(x) = 0 where h(z) = 2P — 2P — 1 = 0 so that 8 ¢ {0, 1}. If 3 is a multiple
root, then h(3) = h'(B) = 0. In this case, ' (3) = 0 and 3 # 0 give § = Z%’ while h(5) =0
means P(f —1) —1 = 0, but then (#)p. (—]ﬁ) = 1, which is impossible since the left-hand
side is less than 1 for p > 3. This is a contradiction.

On the other hand, the equations for £ = 3 and k£ = 4 do not have real roots. For k£ > 5, the

roots of 22 — kx + k+1 =0 are

k+ k2 —a(k+1 k— B —ak+1
+k + 2(+)and+ (k+1)

2

Since . ,
+k+ \k?> —4(k+ 1) +k+ k2 —4(k+1)
— +1#£0,
2 2
and
p+1 p
+k— k2 —4(k+1) +k— k2 —4(k+1)
— +1#0,
2 2
the result follows. L]

For the Fibonacci-Mersenne p-sequences, { FMF¥(p)}, we have

k+1 —(2k+1) k+1 0 - 0 1 —k k+41]
1 0 0 0 -~ 00 0 0
0 1 0O 0 -~ 00 0 0
Mp(k):
0 0 0O 0 -~ 01 0 0
| 0 0 0 0 - 0 1 0 |
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Let 1, Ba, . .., Byys be the roots of 2?3 — (k + 1)aP2 + (2k + 1)aPt — (k+ 1)a? — 2? + ka —
(k+1) = (2Pt — 2P — 1)(2* — kx + k + 1) = 0 and U, be the following (p + 3) X (p + 3)
Vandermonde matrix

_(51)p+2 (B2)P 2 .- (ﬁp+3)p+2-
(BoPH (Bo)P Tt e (Bpys)P !

51 52 6p+3
1 1 1

Now let U, (4, j) be the (p + 3) x (p + 3) matrix obtained from U, by replacing the j-th column
of U, by Vp(i) where Vp(i) is the following (p + 3) x 1 matrix

(ﬂl )n+p+3—i

52 n+p+3—1i
V(i) = ( >.

(ﬁp+3)n+p+3—i

Theorem 2.1. Forp > 3, k > 3, and (M,(k))" = fz-(g’n), we have

det U, (4, j)

(pn) _
f  det U,

Proof. For p > 3 and k > 3, the matrix M, (k) is diagonalized, since the eigenvalues of it are
distinct. Let B, = diag(f1, B, . - ., Bp+3) so that M, U, = U, B,. Since U, is invertible, we have

( n N n n —1i
FEm (B 4 FEV (B 44 f00 = (B,
JEP (B S5V (B e S5 = (BT,
[ SR B 4 L5 (Bpra) o+ L = (Bpaa) 77
so it can be concluded that o
fom _ et Uy, j)
” detU, '
forl <i,5<p+3. O

Lemma 2.3. Let t(x) be the generating function of the Fibonacci—-Mersenne p-sequences. Then
P2
o) =1 (k+ Dz + 2k + 1)a2 — (k + 1)a3 — aPt1 + kart2 — (k + 1)ap+3
Proof. We have

=S PV
n=1

= FM{(p)x + FMy (p)a® + -+ F M,

2

(D)a” + FMyo(p)a?™ + ) FMJ(p)a”

n=p+3
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= a4 Y [k + DMy, ,0(0) = 2k + DFM 0 (0) + (k+ DFM(p) + FMy 5 (p)

n=p+3

— kFM, o (p) + (k + 1) F By (p)]a"

=2 S (ke DEME ()" = Y (2 + DFME,,,, (p)a"
n=p+3 n=p+3
+ Y (kDM (p)a" + Y FMEL(p)" = Y kFM,(p)a"
n=p+3 n=p+3 n=p+3

+ i (k+1)FM"(p)a"

n=p+3

= 2" 4+ (k+ 1)z ZFM’c (p)z™ — (2k + 1)z ZFMk (p)a™ + (k + 1 ZFM’“

4P ST M) — ka2 ST FME)n + (ko Dart S AL ()a”

n=1 n=1 n=1
P (4 at(@) — (2K + 1)att(a) + (k4 1)a*t(a) + a7 () — ka4 (a)

+ (k + 1)aP (). O
Theorem 2.2. The Fibonacci—Mersenne p-sequences { F' M, (k,p)} have the following exponential
representation

t(z) = aP*? epo ((k+1) = 2k + Dz + (k+ 1)a® + 2% — k"™ + (k + 1)a?*?),
where p > 3.

Proof. Using (2), we have
Int(z) =z’ —In(1 — (k+ Dz + 2k + 1)2® — (k + 1)2® — 2P 4+ k2P — (k + 1)a?™?).
Since
—In(1 — (k+ Dz + 2k + 1)a® — (k + 1)2® — 22T + kaP™ — (k + 1)2P"?)
=—[-z((k+1)— 2k + Dz + (k + 1)a® + 2% — ka?™" + (k + 1)2P"?)

22((k+1) — 2k + Da + (k+ 1)z + 2 — kaP™ + (k + 1)2P™?)?

N[ —

1 ,
— "((k+1)— 2k + Da + (k+ 1)a® + 2 — ka?™' + (k + 1)a?™?)" — -],

the result follows. 0
Let K (ky, ko, ..., k,) be the following v X v companion matrix
-kl k2 e kvfl k"u-
1 0 -~ 0 0
K(ki,koy. .. k=10 1 - 0 0
10 0 1 0]




Theorem 2.3 ([3]). The (i, j)-th entry, k;fj(krl, ko, ..., ky), of the matrix k™(ky, ks, ..., k,) is
given by

tittint+-+t, (bt +i
Kk ko, ) = Y x (o Bk, )
7 t1+t2++tv t17t27"'atv
(k1 k2, k)
where the sum is over the nonnegative integers satisfying t, + 2to + -+ +vt, =n — i+ J,
titta+- )\ (B ttat o+ ty)
tr ta, ...ty n tlts)- - -ty

is a multinomial coefficient, and the coefficients in (3) are defined as 1 if n =1 — j.

Lemma 2.4. For the Fibonacci-Mersenne p-sequences, { FM"*(p)}, we have

trodto 4+ et

(i) FMF(p) = Z ( thtz et p+3) (k4-1)" (—2k—1)"2(k+1)" (—k)'+2 (k41)"e+3,

t17t27 s Jtp+3

(tl,tg ,,,,, tp+3)
where the sum is over the nonnegative integers satisfying t; + 2to + - -+ + (p + 3)t,43 =

n—p-—2

. t 3 t1+t2+‘..+t+3
i) FMF(p) = — = ( ' >k+1tl R
() n(p) Z t1+t2+"'+tp+3 t1>t27"'atp+3 ( ) ( )

(t1,t2,-5tp+3)
(k+1)%(=k)+2(k + 1)+,
where the sum is over the nonnegative integers satisfying t1+2to+- - - +(p+3)t,43 = n+1.

Proof. (1) Leti =p+ 3 and j = 1, and the result follows.

(i) Leti =p+2and j = p+ 1. The result then follows from Theorem 2.3 and (M, (k))". O

3 The Fibonacci-balancing p-sequences
Here, we introduce the Fibonacci-balancing p-sequences, p an integer, and provide some results.
The Fibonacci-balancing p-sequences are defined as follows.

Definition 3.1. For integers m>1 and p > 3, the Fibonacci-balancing p-sequences, { FB!"(p) }&°,

are defined as

FB?+p+3(p) = (6m + 1)FB:zn+p+2(p) — (6m + 1)FBZL+p+1(p) + FBZL-&-p(p) - FBZ:LQ(I))

—6mFB,",(p) + FB,'(p), n>0, 4)
where F'Bi'(p) = F'B*(p) = --- = FB}|(p) = 0 and F B} ,(p) = 1.
Example 3.1. (i) Form =1 and p = 3, we have
FB,.4(3) = TFB, 5(3) = TF B, 4(3) + F'B,,5(3) — FB,,5(3)
—G6FB,1(3) + FB,(3), n >0,

so the sequence is { F B} (3)}5° = {0,0,0,0,0,1,7,42, 246, 1434, 8345, 48540, . . .}.
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(ii) For m = 1 and p = 4, we have

FB711+7(4) = 7FB;+6(4) - 7FB711+5(4) + FB;+4(4) - FBrlz+2(4)
CGFBLL,(4) + FBL1), >0,

so the sequence is { F B} (4)}5° = {0,0,0,0,0,0,,1,7,42,246, 1435, 8364, 48736, . . . }.

From the recurrence relation (4) we have

) ~ [m+1) —6m+1) 1 0 0 -1 —6m 1| _ )
FBypis(p) 1 0 00 00 0 of [FBe@
FB ,5(p) 0 1 0 0 0 0 0 0 FB 1 (p)
m 0 0 00 1 0 0 0 m
FB,(p) 0 0 00 0 1 00 FB L (p)
L FB(p) L FB(p) |
0 0 00 0 0 1 0
Lemma 3.1. Forp =3, m = 1, and n > 6, we have
(B1(3))" =
(FBpi5(3) —(TFBpia(3) — FBnys(3) + FBuyo(3) + 6FByy1(3) — FB,(3)) FByia(3)
FByy4(3) —(TFByny3(3) — FByya(3) + +FBy1(3) + 6FB,(3) — FB,_1(3)) FByi5(3)
: : Bi(3)

FBus1(3) —(TFBy(3) = FBu1(3) + FBy_a(3) + 6F B, _y(3) — FBy_s(3)) FB,(3)
| FB,(3) —(TFB,_1(3) — FB,_2(3) + FB,_3(3) + 6FB,_4(3) — FB,_5(3)) FB,_1(3)]
= Wi(3)",

Bi(3) =

—GFBn+4(3) + FBn+3(3)
—GFBn+3(3) + FBn+2(3)

—6F By (3) + FBy_1(3)

—6F B, _1(3) + FB_2(3) |
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FBp(3) — (FBp_1(3) + 6F By_3(3) — FB,_3(3))
| FB,_1(3) — (FBy_2(3) + 6FB,_3(3) — FB,,_4(3))

[ FBpya(3) — (FBnys(3) + 6FBnya(3) — FBny1(3)) —(FBnya(3) + 6FBnys(3) — FBnia(3))

FByys(3) — (FBpi2(3) + 6F By (3) — FBu(3))  —(FBnys(3) + 6F Bpia(3) — FByy1(3))

—(FBu(3) + 6FBp_1(3) — FBy_(3))
—(FBn-1(3) + 6FB,_2(3) — FB,_3(3))



where

(7 -7 1 -1 —6 1]
1 0 0 0 0 0
0O 1 0 0 0 0
Bl (3) -
O 0 1 0 0 O
0O 0 0 1 0 O
_0 0O 0 O 1 O_
Proof. By induction on n. Suppose that m = 1, p = 3 and n = 6. We then have
(48540 —57472 5477 —16703 —48636 8345]
8345 —9875 947 —2868 —8358 1434
1434 —1693 163 —491 —1434 246
(Bi(3))° =
246 —288 29 —83 —245 42
42 —48 6 —13 —41
7 -7 1 —1 —6 1
[FBi1(3) —(TFBio(3) — FBy(3) + FBs(3) + 6FB; — FBﬁ) FBio(3)]
| FBy(3) —(7TFBs(3) — FB:(3) + FBs(3) + 6FBs — FBy) B;j(3) FDBs(3)
FBg(3) —(7TFBq(3) — FBs(3) + FB5(3) + 6By — FB3) FB:(3)
FB7(3) —(7TFBs(3) — F'B5(3) + FB4(3) + 6F'B; — I'Bs) FBg(3)
| FBs(3) —(TFBs(3) — FB4(3) + FBs(3) + 6F B, — FBy) FBs(3) |
B{(3) =
[FB1o(3) — (FBy(3) + 6F'Bg(3) — FB7(3)) —(FB10(3)+6FBg(3) — FBs(3)) —6FBg(3)+ FBs(3)]
FBy(3) — (FBs(3) + 6FB7(3) — FBg(3)) —(FBy(3) +6FBs(3) — FB:(3)) —6FBy(3) + FBs(3)
FBgs(3) — (FB7(3) + 6FBg(3) — FB5(3)) —(FBs(3) +6FB;(3) — FBs(3)) —6FBs(3) + FB:(3)
FB7(3) — (FBs(3) + 6FBs(3) — FB4(3)) —(FBz(3) +6FBs(3) — FB5(3)) —6FB7(3) + FBs(3)
FBs(3) — (FB5(3) + 6FB4(3) — FB3(3)) —(FBs(3) +6FBs(3) — FB4(3)) —6FBs(3) + FBs(3)
| FB5(3) — (F'B4(3) + 6FB3(3) — F'B2(3)) —(FBs(3) +6FBa(3) — FB3(3)) —6FDB5(3) + F'Ba(3)]
Now, assume that the statement holds for n. Then for n 4 1 we have
7 -7 1 -1 —6 1
1 0 0 O 0 O
o 1 0 0 0 O
B 3 n+l _
(B1(3)) 00 1 0 0 0
0 0 0 1 0 O
_O 0O 0 O 1 O_
(FBpi5(3) —(7TFBpia(3) — FBnys(3) + FBnya(3) + 6FByy1(3) — FBy(3)) FByi4(3)
FBpi4(3) —(TFBnys(3) — FBnya(3) + +FByy1(3) + 6FBy(3) — FB,_1(3)) FB,.3(3)
x : : Bi(3)
FBn-H (3) _(7FBn<3) - FBn—1(3) + FBn—2(3) + 6FBn—3(3) - FBn—4(3)) FBn(S)
| FB,(3) —(TFBp-1(3) — FBy—2(3) + FB,_3(3) + 6FB,_4(3) — FB,,_5(3)) FB,_1(3)]
= Wy (3)"H,
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where

Bi(3) =
[ FB,4(3) — (FByy3(3) + 6F By, 2(3) — FBn+1(3))

FBy13(3) — (FBpy2(3) + 6FB,y1(3) — FBL(3))

FBn(3) - (FBn—1(3) + 6FBn—2(3) - FBn—3(3>)
| FB,_1(3) — (FBn_2(3) + 6FB,_3(3) — FB,_4(3))

—6F Bpya(3) + FBpis(3) |
—6F Bp43(3) + FBy12(3)

—6FB,(3) + FB, 1(3)
—GFBn_1(3) + FBn_2(3) ]

and we have the result.

Corollary 3.1. Forp =3, m > 1, and n > 6 we have
(Bm(3))" =

FBis(3
FBn+4(3

FB,14(3) |
FByy5(3)
Bz, (3) : = Wn(3)",
FB,(3)
FB,1(3)
where B (3) =

[FB,.4(3)— (FByy3(3)+6mF B, 2(3)— FBW(S))
FB.3(3)—(FBp2(3)+6mF B, 1(3)—FB,(3))

FBy(3) = (FBp_1(3)+6mF B,_5(3)— F By_5(3))
| FB,_1(3)~ (FB,-5(3)+6FB,_3(3) ~ F B,_4(3))

—6FBpya(3) + FBpis(3) |
—6mF Bpy3(3) + FBpia(3)

—6mFB,(3) + FB,_1(3)
—6FB,_1(3) + FB,_»(3)
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—(FBy14(3) + 6F B, 13(3) —
—(FBy13(3) + 6F B, 12(3) —

—(F'Bn(3) + 6FBn-1(3)
—(FBp_1(3) + 6FBp_s(3) —

) —((6m + 1)FBpya(3) — FBuip(3) + FBuya(3) + 6mF By (3)
) —((6m + 1)FBpyp(3) — FBu(3) + FBpy1(3) + 6mFB,(3) — F

FBnii(3)  —((6m+ 1)FBy(3) — FBy_1(3) + FBy_s(3) + 6mFB,_5(3) —
| FBu(3)  —((6m+1)FB,_1(3) — FBy5(3) + FBy_3(3) + 6mF B,_4(3)

—<FBn+3<3) +6mFBn+2(3) —

—(FBo(3)+6mFB,_y(3)

—(FB,_

1(3)+6F B, _2(3)—

FBn-i—Q(B))
FBp1(3))

— FBy2(3))

FBn—3(3))

— FB,(3))

By-1(3))

FB,-4(3))
- FBn—5 (3))

FB;12(3))
FBn+1 (3>>

—FB,5(3))
FB,5(3))



where

(6m+1 —(6m+1) 1 -1 —6m 1]

m
1 0 0 0 0 0
B,.(3) = 0 1 00 0 0
e 0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0]

Suppose that By, (p) = [ ;] (p+3)x (p+3) is the companion matrix for the Fibonacci-balancing
p-sequences. It can be readily established by mathematical induction on n that for p > 3 and
n>p+3.

(Bm(p)" =
| FBipa(p) —((6m+ 1) FBuipi1(p) — FBusy(p) + FBya(p) + 6mF Boia (p) — FB.(p))
FBn+p+1(P) —((6m 4+ 1)FBy4p(p) — FBpyp-1(p) + FBut1(p) + 6mF By (p) — FBy-1(p))

FBuii(p) —((6m+ 1)FB,(p) — FBu_1(p) + FBy_pi1(p) + 6mFB,_,(p) — FB,_,3(p))
FB,(p) —((6m+1)FB,_1(p)—FBn_2(p) + FBn—p(p> + 6mFBn—p—1(p)_FBn—p—2(p))

FBuipia(p) |
FBner(p)
By, (p) : = Wa(p)",
FB,(p)
FB, 1(p) i
B.(p) =
[ FByyp+1(p) = (FBusp(p) + 6mEF By i2(p) — FBn+1(p)) —(FBnya(p) + 6mF By is(p) — FBni2(p))
FBn+P(p) - (FBnH?—l(p) +6mF By, 1(p) — FBn(p)) —(FBpny3(p) + 6mF By, 2(p) — FByy1(p))

FBn(p) - (Fanl(p) + GmFan2(p> - Fan3(p>) _(Fanp+3(p) + GmFanp+2( ) — FB,_ p+1(p))
FBr_1(p) — (FBn—2(p) + 6FBy_3(p) — F'Bn_4(p)) —(FBn—pt2(p) + 6mF By _pi1(p) = FBn_p(p))

*(FBn+p+1(p) + 6mFBn+p(p) - FBn+p—1(p)) 76mFBn+p+1(p) + FBn-‘rp(p) ]
—(FBnip(p) + 6mFBpip_1(p) — FBnip—2(p)) — 6m FBpip(p) + FBnip-1(p)

—~(FBp(p) +6mFB,_1(p) — FBy—2(p)) —6mF By(p) + FBn-1(p)
*(FBn—l(p) + GmFBn—Q(p) - FBn—S(p)) 76mFBn—1(p) + FBn—Q(p)
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where

[6m+1 —(6m+1) 1 0 --- 0 —1 —6m 1]
1 0 00 00 0 0
0 1 00 00 0 O
Bu(p) =
0 0 00 --0 1 0 0
0 0 00 --0 0 1 0

It can easily be determined that det B,,,(p) = (—1)?, so

1, if npiseven,

det(Bm(p))" = {

—1, ifnpis odd.
Lemma 3.2. The characteristic equation of the Fibonacci-balancing p-sequences
2P — (6m + 1)a?t? + (6m + )a?t — 2P + 2° + 6ma — 1 = 0,
does not have multiple roots for p > 3.
Proof. 1t is clear that
2P — (6m + )22 + (6m + 1)aP™ — 2P + 22 + 6ma — 1 = (2P — 2? — 1)(2® — 6ma + 1).

Based on Lemma 2.3, 27" — 27 — 1 = 0 has distinct roots for p > 3. On the other hand, the roots
of 22 — 6mxz + 1 = 0 are 3m + v9m?2 — 1 and 3m — v/9m?2 — 1.

Since (3m 4+ v/9m2 — 1)P*' — (3m + vV9Im2 — 1)? + 1 # 0 and (3m — VIm?2 — )P —
(3m — v/9m2 — 1)? + 1 # 0, the result follows. O

For the Fibonacci-balancing p-sequences, { F'B]*(p)}, we have

[6m+1 —(6m-+1) 1 0 --- 0 —1 —6m 1]
1 0 00 -- 0 0 0 O
0 1 00 -+ 0 0 0 0
Bn(p) = L
0 0 00 --- 0 1 0 O
0 0 00 -0 0 1 0
Let oy, g, . . ., 13 be the roots of zP+3 — (6m+1)aP ™2 + (6m+1)2? ™ — 2P+ 22 +6mzr—1 = 0

and N, be the following (p + 3) x (p + 3) Vandermonde matrix

()P (ao)P*2 oo (pya)P??]
()Pt ()Pt oo (apys)? ™!
Np =
(o7} (e % ‘e Oép+3
1 1 .. .

806



Now let N,,(7, j) be the (p + 3) x (p + 3) matrix obtained from /N, by replacing the j-th column
of N, by Wp(i) where Wp(7) is the following (p + 3) x 1 matrix

[ (al)n+p+3—i T

(a2)n+p+37i

(ap+2)n+p+3fz’
(Ocp+3)”+p+3_i

Theorem 3.1. Forp > 3,m > 1, and (B,,(p))" = F&m e have

1’7]

pom) _ 4et Ny 5).
" det N,
Proof. The proof is similar to that for Lemma 2.1 and so is omitted. [

Lemma 3.3. Let g(x) be the generating function of the Fibonacci-balancing p-sequences. Then

P t2

1— (6m + 1)z + (6m + 1)22 — 23 + 2@+D) + 6mapt? — gp 3

g(x) = 5)

Proof. We have

= FBl(p)x
n=1

= FB'(p)x + FBY(p)a* + -+ + FBIy, (p)a"™ + FB,(p)a**? + Y FB(p)a"

n=p+3

= P2 4 Z [(6m + 1)FB," ,..(p) — (6m +1)FB" . (p)
n=p+3

+ FB,(p) = FBo(p) — 6mEB(p) + F B, (p)la"

=a"2+ Y (6m+ D)FBY,,,(p)a" = > (6m+1)FBy,,.,(p)r"
n=p+3 n=p+3
+ Z FB™.(p) Z FBr,(p)a™ — Y 6kFBY, (p)a"+ Y FBI(p)a"
n=p+3 n=p+3 n=p+3 n=p+3
= o D3 L)~ ()23 B0
n=1
+x ZFBn—i-p z" —xp+1ZFBn+2 p)x” —GmSUPHZFBn+1 p)x”
n=1 n=1
+o79 S PED ()"

n=1
= 2?2 4 (6m + D)at(z) — (6m + 1)z*t(x) + 25 (x) — 2P V¢(2)
— 6maPt?t(x) + 2P (2).
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Theorem 3.2. The Fibonacci-balancing p-sequences { F' B™(p)} have the following exponential
representation

(13) ((6m + 1) — (6m + l)x + 3;2 — 2P — maPT? + xp—}-Z)i’
1

g(x) = a"exp )
=1

where p > 3.

Proof. Using (5), we have

Ing(z) =na?™ —In(1 — (6m + V) + (6m + 1)a* — 2° + 2P + 6maP™? — 2773,

Since
—In(1— (6m+ 1)z + (6m + 1)2* — 2° + 2P + 6maP™? — 2P13)
= —[—2((6m + 1) — (6m + 1)z' + 2% — 2 — 6maP™ + 2772)
1
- §x2((6m +1) — (6m + 1)z' + 2 — 2P — 6maPt! 4 2P12)?
1, ,
— o= =2 ((6m + 1) — (6m + D' + 2 — 2P — 6maPt 4 2P — ...
i
the result follows. [

Lemma 3.4. For the Fibonacci-balancing p-sequences, { F'B,,(k,p)}, we have

. tittat s
(l) FBn (p) = Z(tl,tg ..... tp+3) ( tla tQ, o 7tp+3

where the sum is over the nonnegative integers satisfying t; + 2ty + -+ + (p + 3)t,43 =

)<6m+1>“<—6m—1>t2<6m>tp+2<—1>fp+a

n—p-—2

. mro Ipt3 ittt +ips
(ll) FBn (p) - Z(tl,tg ..... tp+3) tl + tQ 4+t tp+3 ( tth’ o ;tp+3

(6m + 1) (—6m — 1)2(6m)te+2(—1)t+1,
where the sum is over the nonnegative integers satisfying t,+2to+- - -+ (p+3)tp13 = n+1.

Proof. (1) Leti =p+ 3 and j = 1, and the result follows.

(ii) Leti = p+2and j = p+ 1. The result then follows from Theorem 2.3 and (B,,(p))". O

4 A public key cipher using the Fibonacci—- Mersenne
p-sequences and the Fibonacci-balancing p-sequences

In this section, a public key for the Affine—Hill cipher is obtained by considering the Fibonacci—
Mersenne p-sequences and Fibonacci-balancing p-sequences. The key matrix has a large space
so it can provide sufficient security. The algorithm is given below. For illustration purposes, an
alphabet of 37 symbols is considered which contains the letters A — 7 with numerical equivalents
0 — 25, the digits 0 — 9 with numerical equivalents 26 — 35, and space with numerical equivalent
36 as shown in Table 1.
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Table 1. A 37-symbol alphabet

A|/B|C|D|E|F|G| H|TI|J|K
o142 345678910
LIM|N|JO|P|Q|R|S|T| U|V
11 112 13| 14 | 15 || 16 || 17 | 18 || 19 | 20 || 21
WIX[Y|[Z]|O|1]2]3|]|4|5]|°F6
22 1123 (|24 | 25| 26 || 27 || 28 | 29 | 30 | 31 || 32
7089 -
331341 35| 36

Algorithm 1

First, Bob sends n > p + 3,k > 3, and p > 3 to Alice. Then, Alice employs the encryption

algorithm to get the ciphertext.

Encryption:

Step 1.

Step 2.

Step 3.

Step 4.

Divide the plaintext into blocks of size 1 x 4.

Construct a self-invertible matrix M using FM},  FMF . FMF . FMF . . and
the key matrix is K := M [?]. Construct B := [F M}, FMy . FMF o, FM: .

We have that X' = K (mod 37) and B = B (mod 37).
Construct C; = (P, K + B) (mod 37).

Obtain the ciphertext.

Decryption:

Step 1.

Step 2.

Using K (K is self-invertible so K = K ') and B, construct P=(C — B)K~! (mod 37).

Using Table 1, obtain the plaintext.

The algorithm is illustrated in the following example.

Example 4.1. Bob sends p = 3, k = 4, and n = 3 to Alice. Alice then creates the ciphertext for
the plaintext

B =

SPRING IS BEAUTIFUL

[FM(3), FME¥(3), FMg(3), FM{(3)] = [5,16,40,82] = [5,16,3,8] (mod 37),
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and
FMA(3
FM(3
1+ FM;
| FMY3
[5 16
3 8
6 16
3 9

~— Y~ — ~—
w
~

21
30
21
29

1 — FM(3) —FM4(3) 5 16 —4 —16
1— FM{(3) —FM{(3)| |40 82 —40 —s81
—FMA3) —FMA(3) 6 16 —5 —16
—FMA3) —FM(3) 40 83 —40 —82

Now, calculate C; = (P;K + B) (mod 37) :

Thus

01:[18 15 17 8}

02:[13 6 36 8}

03:[18 36 1 4]

04:[0 20 19 8}

05:[5 20 11 36}

W O W Ot
w O W Ot LW O Lo ot

w O W Ot

W O W Ot

16

16

16

16

16

16

16

16

16

16

33
34
32
34

33
34
32
34

33
34
32
34

33
34
32
34

33
34
32
34

21
30
21
29

21
30
21
29

21
30
21
29

21
30
21
29

21
30
21
29

+[5 16 3 8] = [7 28 36 19} (mod 37),

+[5 16 3 8]5[32 32 25 6} (mod 37),

+[5 16 3 8} = [36 15 28 12} (mod 37),

+[5 16 3 8]5[18 34 9 18} (mod 37),

+[5 16 3 8| =[5 16 19 27| (moa37)
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The resulting ciphertext is
H2_.T66Z2G_P2MS8JSFQT1

Bob receives the ciphertext and using k,n, and p calculates K= := K. Therefore

P=(C - BE = ([7 28 36 19]—[5 16 3 8})

5 16 33 21
3 8 34 30
6 16 32 21
39 34 29

= [18 15 17 8} (mod 37),

sz(C’g—B)K_lz([32 32 25 6:—[5 16 3 8})

5 16 33 21
8 34 30
16 32 21
9 34 29

= [13 6 36 8} (mod 37),

W O W

Py=(Cy -~ B)K = ([36 15 28 12|~ [5 16 3 8))

16 33 21
8 34 30
16 32 21
9 34 29

= [18 36 1 4} (mod 37),

W O W Ut

P4=(C4—B)K*1:([18 34 9 18}—[5 16 3 8})

5 16 33 21
3 8 34 30
6 16 32 21
39 34 29

= [0 20 19 8} (mod 37),

P=(Cs—B)E"=([5 16 19 27]—[5 16 3 8})

16 33 21
8 34 30
16 32 21
9 34 29

5[5 20 11 36} (mod 37),

W O W Ot

and the plaintext is obtained.

We now consider encryption using the Fibonacci-balancing p-sequence. The approach is
similar to that for the Fibonacci-Mersenne p-sequence, but Bob sends m > 1 instead of £ > 3
and B = [FBZL—&-W FBZﬁL—&-p—H? FBZﬁL+p+27 FB1T+p+3]'

811



Example 4.2. Bob sends m = 1,p = 3 and n = 3 to Alice. Using the plaintext in Example 4.1
gives

B = [FBy(3), FB:(3), FBs(3), FBy(3)] = [7,42, 246, 1434] = [7, 5, 24, 28] (mod 37),

and
FBg(3) FB:(3) 1—FBg(3) —FB;(3) 742 -6 @ —42
v | FBsG) FBy(3) 1—FBg(3) —FDBy(3)| |246 1434 —246 —1433
|1+ FBs(3) FB;(3) —FBs(3) —FB,(3)| |8 42 -7 —42
FBs(3) 1+ FBy(3) —FBg(3) —FBy(3) 246 1435 —246 —1434
(7 5 31 32
24 28 1
= 5 138 (mod 37).
8 5 30
24 29 13 9

Now, calculate C; = (P;K + B) (mod 37) :

P, =1[s,pP,R,I],
PII[N7G7MJI]7
P3:[Sau>BaE]>
P, =1[nU,T, 1),
P5:[F7U7L7u]
Thus
7 5 31 32
24 28 13
C:[l 15 1 } [ 24 2}5[ 18 22 ] d37),
1 8578853032+75 8 6 18 8| (mod 37)
24 29 13 9
7 5 31 32
24 28 13 8
i3 6 3 EEEH ] o
>= |13 6 36 8| |' 0 L . .| +[7 5 24 28 20 21 24 14| (mod 37)
24 29 13 9
(7 5 31 32
24 28 13 8
o= s 3 14 15w = s 2 ] (i)
3= |18 36 1 4] |0 o o | T|T 5 24 28] =28 3 22 35] (mod37)
24 29 13 9|
[7 5 31 32
24 28 13 8
co=fom 10 5w =1 4w ] (o)
b=0020 19 8] | o | F|T 5 24 28| = (17 4 33 17] (mod 37)
24 29 13 9|
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7 5 31 32
24 28 13 8
8 o5 30 32
24 29 13 9

05:[5 20 11 36 +]7 5 24 28} = [31 24 16 25| (mod 37).

The resulting ciphertext is

GSWIUVYO2DWORET7R5YQZ

Bob receives the ciphertext and using m, n, and p calculates K~' := K. Therefore

Pi=(Ci-B)K ' =([6 18 22 8|~ [7 5 24 2s])

7 5 31 32
24 28 13 8
8 5 30 32
24 29 13 9

= [18 15 17 8} (mod 37),

P=(Co-B)K ' =([20 21 24 14) = [7 5 24 2s])

7 5 31 32
24 28 13 8
8 5 30 32
24 29 13 9

- [13 6 36 8} (mod 37),

Py=(Cy = B)K™ = (|28 3 22 35— [7 5 24 2s8))

7 5 31 32
24 28 13 8
8 5 30 32
24 29 13 9

- [18 36 1 4} (mod 37),

Pi=(Ci—B)E ' =([17 4 33 17]—[7 5 24 28])

7 5 31 32
24 28 13 8
8 5 30 32
24 °29 13 9

- [0 20 19 8} (mod 37),

P=(Cs— B)K'=([31 24 16 25}—[7 5 24 28])

7 5 31 32
24 28 13 8
8 5 30 32
24 29 13 9

- [5 20 11 36} (mod 37),

and the plaintext is obtained.
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We now introduce a new algorithm by using Fibonacci—-Mersenne p-matrix.

Algorithm 2

First, Bob sends n > 6, k > 3, k # 36¢(q € Z), and p > 3 to Alice. Then, Alice employs the
encryption algorithm to get the ciphertext.

Encryption:
Step 1. Divide the plaintext into blocks of size 1 x (p + 3).

Step 2. Construct the key matrix K := (M,(k))" and B := [FM}, _ (p), FM} . ,(p),...,
FM} ,, »(p)]. We have that K = K (mod 37) and B = B (mod 37).

Step 3. Calculate C; = (P;K + B) (mod 37).
Step 4. Obtain the ciphertext.
Decryption:
Step 1. Using K and B, calculate P = (C — B)K ! (mod 37).

Step 2. Using Table 1, obtain the plaintext.
The algorithm is illustrated in the following example.

Example 4.3. Bob sends p = 4,k = 3, and n = 7 to Alice. Using the plaintext in Example 4.1

gives
[—214 739 —519 2 3 218 —520]
—130 306 —171 1 2 133 —172
—43 42 5 11 45 4
(My(3)"' =] 1 —47 49 1 1 0 48

12 —47 37 1 1 —-11 36
9 -—24 16 11 -8 16
4 -7 4 11 -3 4
(8 36 36 2 3 33 35]
18 10 14 1 2 22 13
31 5 5 11 8 4

=|1 27 12 1 1 0 11| (mod 37),
12 27 0 1 1 26 36
9 13 16 1 1 29 16
4 30 4 11 34 4]

B = [FME)I(Zl)v FM132(4), FMf’3(4), FM134(4)7 FM?5(4)7 FM136(4)7 FM??(ZL)]
= [—43, —130, —214, —177,511,2009,3994] = [31, 18,8, 2, 30, 11,35] (mod 37).
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Now, calculate C; = (P;K + B) (mod 37):

Pl = [S7P7Ra17N7G7u]7
P2: I:I7S7‘—‘7B7E7A7Uj|7
P3 = [T7I7F7U7L7u7u]7

N

8 36 36 2 3 33 35

18 10 14 1 2 22 13

31 5 5 11 8 4
01:[181517813636} 1 2712 11 0 11 +311882301135]

12 27 0 1 1 26 36

9 13 16 1 1 29 16

(4 030 4 11 34 4]

= [1 36 29 29 9 32 22] (mod 37),

8 36 36 2 3 33 35

18 10 14 1 2 22 13

31 5 5 11 8 4
CQ:[8183614020} 1271211011+[311882301135]

12 27 0 1 1 26 36

9 13 16 1 1 29 16

(4030 4 11 34 4]

—~ [36 32 6 29 3 4 3} (mod 37),

[8 36 36 2 3 33 35

18 10 14 1 2 22 13

315 5 11 8 4
03:[198520113636} 1 2712 11 0 11| 4131 18 8 2 30 11 35

12 27 0 1 1 26 36

9 13 16 1 1 29 16

(430 4 11 34 4]

= [29 10 13 14 26 4 14} (mod 37),

Therefore, the ciphertext is
B_.33J6W_6G3DED3KNOOEO

For the decryption, using K~' := (M4(3))"") and B, calculate P = (C — B)K~! (mod 37).
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P=(C—B)K'=(1 36 29 20 9 32 22}—[31 18 8 2 30 11 35])

- q -7

8 36 36 2 3 33 35
18 10 14 1 2 22 13
315 5 11 8 4
x|1 271211 0 11 5[18 15 17 8 13636}(m0d37),
12 27 0 1 1 26 36
9 13 16 1 1 29 16
(4 030 4 11 34 4]
P=(Co—B)K1=(|36 32 6 29 3 4 3}—[31 18 8 2 30 11 35])
'8 36 36 2 3 33 35]
18 10 14 1 2 22 13
315 5 11 8 4
x|1 271211 0 11 5[8 18 3614020](m0d37),
12 27 0 1 1 26 36
9 13 16 1 1 29 16
4030 4 11 34 4]

P=(Cs—B)K ' =([29 10 13 14 26 4 14}—[31 18 8 2 30 11 35})

- -7

8 36 36 2 3 33 35
18 10 14 1 2 22 13
315 5 11 8 4
|1 271211 0 11 5[198520 11 36 36}(mod37),
1227 0 1 1 26 36
9 13 16 1 1 29 16
(430 4 11 34 4]

and the plaintext obtained is
SPRING IS BEAUTIFUL

Now, we consider encryption using the Fibonacci-balancing p-sequences. The approach is
similar to that for the Fibonacci—-Mersenne p-sequences, but Bob sends m > 1 instead of k£ and
Step 1 put K = B, (p)", and B = [HB, ,(p), HB}, ,11(P); - - - HB o 15(P)].

Here, we study security strength and analysis for these algorithms.

The order of the general linear group, denoted by G Ly (F},), is

| GLA\(F,) |= (0* = p* ) —p*7?) - (0" = 1).

This group consists of all invertible matrices of order A x A over F3; [8]. In this method, matrices
M} and B} are used to construct the Affine-Hill cipher encryption key. Note that these matrices
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are over F,. Therefore, the matrices M’ and B, are needed to obtain the cipher key. We have
| GLp+3(F37) |: (37p+3 . 37p+2)<37p+3 . 37p+1) . (37p+3 . 1)7

so to obtain the key an attacker needs to check a large number of matrices which confirms that
the key is strong. For example, if p = 47 we have

| GLso(F37) |= (3770 — 37*)(37°%° — 37%%) ... (37°" — 1) = 3.105165707300569 x 10392,

03920

Therefore, an attacker needs to check 1 matrices which is intractable.

5 Conclusion

In this paper, two new sequences were defined using the Fibonacci p-numbers, the generalized
Mersenne numbers, and m-balancing numbers. A public key cipher was developed which use
three parameters k, n, n and p which are known only to Alice and Bob. It was shown that breaking
this system is intractable which ensures the security of the data.
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