Notes on Number Theory and Discrete Mathematics
Print ISSN 1310-5132, Online ISSN 2367-8275
2025, Volume 31, Number 3, 639-645

DOI: 10.7546/nntdm.2025.31.3.639-645

Three versions of an inequality

Krassimir Atanassov

Department of Bioinformatics and Mathematical Modelling, Institute of Biophysics and
Biomedical Engineering, Bulgarian Academy of Sciences
Acad. G. Bonchev Str., Bl. 105, Sofia-1113, Bulgaria
e-mails: krat@bas.bg, k.t.atanassov@gmail.com

Received: 30 January 2025 Revised: 17 September 2025
Accepted: 22 September 2025 Online First: 25 September 2025

Abstract: Three versions of the inequality
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are formulated and proved, where aq, ..., a, > 0 are real numbers. An open problem is formu-

lated.
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1 Introduction

The areas of number theory and combinatorial analysis contain a lot of different inequalities (see,
e.g., [1-4]). In the present papers, three versions of an inequality are discussed with respect to
the values of the real positive numbers that participate in them. This is a generalization of the
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Inequality 21 in [1, p. 185], that is:

1 n 1 n 1 S 3
alb+1)  blc+1) cla+1) — 1+ abc’

where a, b, ¢ > 0 are real numbers.

2 Main results

Here, we will formulate three assertions, related to one inequality, but with different values of its
components.

Theorem 1. Let us have n > 3 real numbers a1 > ay > -+ > a,, > 1. Then

n—1
n 1

)21+ﬁai_a”(a1+1)' a

=1

1
P ai(ait1 +1

Proof. We see directly that for a;,as > 1

1 1 2 (1 + CL1(L2)(26L1(L2 +aj + CZQ) — 2&1&2(&1&2 + a1 + as + 1)

+ — —=
aj(as +1) as(a; +1) 1+ ajas ajaz(a; + 1)(as + 1)(1 4 ajas)

a; + ag — a%ag — ala%
alag(al + 1)((12 + 1)(1 + alag)

_ (1 —ajas)(ar + ag)
ayaz(ay + 1)(ag + 1)(1 + arag) —

and the equality exists only when a; = as = 1, i.e., (1) is not valid for arbitrary ay, as, i.e., the
condition n > 3 is important.

In [1] there is a proof of (1) for n = 3, but here we will give another proof (the author read
the book [1] after proving the theorem).

For n = 3 we check for the real numbers a4, as, a3 > 1 that

1 1 1 3
+ - -
Cll(ag -+ 1) GQ((Z;; -+ 1) a3<CL1 + 1) 1+ a1a9a3

because each of the denominators is a positive number and when we translate under a common
denominator all terms, we obtain that:

(14 ayagas)(araz(az + 1)(az + 1) + asaz(a; + 1)(az + 1) + ayaz(a; + 1)(az + 1))
— 3a1a2a3(a1 + 1)(&2 + 1)(&3 + 1)
= alag(alag — ].)2<CL2 — ].) + agag(a1a2 — 1)2(a3 — ].) + CL16L3(CL26L3 — 1)2(CL1 — 1)

>0

It is important to mention that the inequality for n = 3 is valid for arbitrary real numbers
ai,as,as > 0. This fact is valid for the next two theorems, too.
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Let us assume that (1) is valid and let a,, > a,,.1 > 1. Then, we obtain that:

n
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. . (nan+1—n—1)(1;[ a;) —1 )
= ap(ape1 + 1) + an1(ar + 1) + n ntl1 B an(a; + 1)
(14 [Ta)( + 1T a)
i=1 i=1
(nansr —n = ([ @) —
1 Qp — Ap, i=
_ n 2 S 1

an(anr +1)  apapii(a; +1) n n+1

1+ [Ta)(1+ T a)

1 (nanﬂ—n_l)(ﬁa")_l
+ - 1
an Qg1 + 1) (1+ H a;)(1+ ﬁ a;)

i=1 =1

v

Now, there are three cases to consider.

Case 1: If (na,y1 —n — 1) [] a; > 1, then, obviously, X > 0.
i=1

Case 2: If 0 < (nays1 —n — 1) [[ a; < 1, then from a,,,; > 1 it follows that:

=1

. (nan11 —n—l)(Hlai)—l
X > + —
ap(py1 +1 n ntl
U 1 a4+ T a)
i=1 i=1
1 1
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1 1
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> 0.
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Case 3: If (napy1 —n—1) ] a; <0,ie.,if na,;1 —n—1<0, then
i=1

n+1
1§a,n+1< + .
n

From a,,.; > 1 it follows that na,,; —n —1 > —1and

n

1+ H a;
X > L — =1
(1+ [T a1+ T] @)

=1 =1

B 1 1

~ a,(a, 1) n+l
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)
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because the denominators are positive numbers and

L+ a1apan41 — G — @pap1 2 1+ a10,0511 — @1 — Apapg

= (1 —anans1)(1 —ay)

> 0.
This proves Theorem 1. O]
Theorem 2. Let us have n > 2 real numbers 1 > a1 > ay > --- > a, > 0 so that for each
i(1<i<n)
1
a; S . (2)

~

Then (1) is valid.

Proof. First, for n = 2, we can see as above that for every two real numbers a;, ay > 1:

1 X 1 B 2 . (1 — CL1CL2)(CL1 + CLQ)
aj(ag+1)  ag(a;+1) 1+4+ajas  ajas(a; +1)(as + 1)(1 + ajas) —

Therefore, here (1) is valid for n = 2.

Let us assume that (1) is valid and a,, > a,,+1 > 0. Now, we use (1) and as above obtain:

) (nan+1—n—1)(ﬁ a;) — 1
= an(api1 +1) + n ZZ”IH
AT (14 TTa)(1 + [T a:)
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. 1 . . ..
X 1s greater than or equal to 0 because n > 3,a; < -, each of the denominators is a positive
7
number and the numerator is

n+1 n
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6 6
1.e., the numerator Y > 0. This proves Theorem 2. ]
Theorem 3. Let us have n > 8 real numbers a1, ao, . . ., a, and let
n+ 2
5 <k<n-3. (3)
Let0 < ap <ap1 < ---<ay<1<a, <ap,1 < -+ < agyy and let ay,as, ..., ax satisfy
inequality (2), and
k—1 n—1
i=1 i=k+1
Then (1) is valid.
Proof. Let the real numbers aq, as, . . ., a, satisfy the conditions from the Theorem 3. Then
n—1
1
Z = 1 nn + T
i—1 a; az+1 + 1 + H a; an(al + )
i=1
k—1 n—1
1 1 1
B 1) 5t 2 e T s 1
= % (ait1 + ak(ak+1 +1) i1 ai(aiy1 +1) 1+ [] a; an(a1 +1)
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Z is greater than or equal to 0 because n > 8,k > 5, (3) are valid by condition, the denomi-
nator is a positive number and the numerator is greater than

-1 k—1 k—1 —1
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>2(k—1)(1+ ]:[1 a;)+2(n—k—1)(1+ ﬁlai) —n(1 —i—kH a;)(1+ H a;)

i=k+1 i=1 i=k+1
k=1 n—l k=1 k=1
>2k—=2—n]la) [[ ai+n—4+ 10+ J[a)+Brn—2-2k) ][] a; >0,
=1 i=k+1 =1 i=1
because from (2):
k-1
2k—2—-nJla;>2k—2—n >0,
i=1
n—4 >0,
3n—2-2k >0.

This proves Theorem 3. ]

3 An Open problem instead of Conclusion

We will finish with the following

Open problem: Is it possible to improve or relax the conditions in the three theorems?
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