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Abstract: In literature, there exist many papers that compute determinants and some kinds of
norms of circulant matrices involving some well-known number sequences. In this paper, we
obtain an explicit formula for the determinant of a circulant matrix involving the well-known
Fibonacci quaternions. Then, we obtain the Euclidean and spectral norms of these matrices.
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1 Introduction

A real quaternion is defined as

q=qo+qi+qaj + g3k, (1
where qo, ¢1, ¢2 and g3 are real numbers, and the set {1,4, j, k} is the imaginary units that satisfy
the non-commutative multiplication conditions:

i* = =k =ijk=-1,
ij = k=-ji, jk=1i=-kj, ki=j=-ik. ()

The set of quaternions is represented by

H={q=qo+qi+qj+aqk:q,q,q,q; € R}. (3)

In literature, many authors have studied the matrix applications of quaternions. In [10],
the authors describe some properties of the real quaternion matrices. The authors, in [3], give
several new amazing linear representations of matrix quaternions by using the general linear
representation form of matrix quaternions. In [6] and [8], the authors express the matrix representa-
tions of dual quaternions by using some algebraic properties. The authors represent the algebraic
properties of real quaternions in detail; see [12]. In [1], Akbiyik et al. examine the 4 x 4
matrix representation of Pauli quaternions and give the Euler’s and De Moivre’s formulas for
these quaternions. Also, they provide De Moivre’s formula for the light-like Pauli quaternions.
Moreover, some researchers focus on the norms of special matrices such as maximum column
and row norms, Euclidean (Frobenius) norm, [2, 11, 13]. A. F. Horadam, in [9], defines the n-th
quaternions as follows:

Qn:Fn+iFn+1+an+2+an+37

where F), is the n-th Fibonacci number, and ¢, j, k are as defined in (2).

The mostly studied Toeplitz matrices arise in different areas of science, such as solutions to
differential and integral equations, spline functions, problems in physics, mathematics, statistics,
and etc. A special case of Toeplitz matrices, called circulant matrices, is an n-square matrix given
by the following form:

Co=| + &+ =~ S “4)
C; C - G G
G G o G G
where each row is a cyclic shift of the row above it [5]. The circulant matrices have many
applications in many fields of science, such as statistics, algebraic coding theory, acoustics,
numerical analysis, number theory, graph theory, and so on. The properties of circulant matrices
are well-known and mostly presented in [5]. The eigenvalues of C,, are

n—1
Am = chwml, m=0,1,2,3,...,n—1,
1=0
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where w = ¢(3*) and i = v —1. Therefore, we can write the d eterminant of a non-singular
circulant matrix as:

n-1 (n-1

detC, = H (Z clwml) ,

m=0 \ 1=0

where [ =0,1,...,n—1.
The norm of a matrix is a non-negative real number, which is a measure of the magnitude of

the matrix. There are several different ways of defining a matrix norm, but they all share the same
certain properties. Let A = (a4,,) be a n by n matrix, then the maximum column length norm is

c1(A) = max /> awm? (%)
t

and the maximum row length norm is

ri(A) = max > Jawm - (6)

The ¢, norm of A is

41y = (X 32 lounP) )

For p = 2, the ¢, norm is called the Euclidean norm and is denoted by |A|g. Let A¥ be the
conjugate transpose of matrix A and )\; be the eigenvalue of matrix AAX, then the spectral norm

[Afl2 = | /maxA,. ®)

If the matrix A equals to the Hadamard product of B and C (i.e., A = B o (), then the following
relation is satisfied

of the matrix A is

|Al2 <71 (B)ei(C). )

The Euclidean and spectral norm of the matrix A satisfy the following inequality:
=l Al <Al < Al (10
NG E < 2 < E-

We remind that the Chebyshev polynomials of second kind, denoted by U,, (), satisfy the three-term
recurrence relations
Upi1(z) = 20Uy, () = Up-1 ()

with initial contidions Uy(z) = 1 and U; (x) = 2z, or, equivalently,

_sin(n+1)0
~ sind

U () , withz =cosf (0<0<m),

foralln=0,1,2.... Itis also known (see, e.g., [7]) that
a b

a0 () ()

nxn
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In [4], the authors give that if

d1 d2 d3 dn—l dn

a b
p-| ¢ ¢ ° : (11)
C a

then

n -1 a
detD, = > zb™ L (—Vbe) U ( ) (12)

where U () is the [-th Chebyshev polynomial of second kind.
In this paper, we consider the n-square circulant matrix,

771:: CirC(QlaQQa"'aQn) (13)

where (), is the n-th Fibonacci quaternion. Then, we get the determinant of the matrix 7, by
using the second-kind Chebyshev polynomials. Furthermore, we get some norms for the circulant
matrices with Fibonacci quaternion coefficients.

2 Main results

This section is devoted to the determinant formula of circulant matrices with Fibonacci quaternion
entries.

Let us consider n—square matrices P, and H,, as below:

1 0 0 O 0O 0 O
0O 0 0 O 0O 0 1
-1 0 0 O 0o 1 -1
P,=1 0 0 0 O 1 -1 -1 (14)
0O 0 1 -1 0O 0 O
o 1 -1 -1 - 0 O O
and
1 00 0 0 0
0 0 0 0 0 1
000 011
H,=10 0 0 1 10 (15)
001 000
11 - 00

Then, we have the following property.

627



Lemma 2.1. The determinants of the matrices in (14) and (15) are

1 n =3 (mod 4)
" n=0(mod 4)
det(P,) = det(H,) =
, = 1 (mod 4)
" n=2(mod4)

Proof. 1t is known that equality holds for H,, (see [14]). By using Laplace expansion on the first
row, the proof can be easily seen for P,. ]

Theorem 2.1. For n > 3, we have

det(T) = -Q TSQI bl—l(_\/b—c)n—l—lu l ( a )
n 2l:1 +2 n—[-1 2\/b_c

1S Quatt (Vi) u l( - )
= "\ 2vbe

- (Q% + QlQn) V" Uy (2\j%) )

where

a:QQ_Qn+2; b:Ql_Qn+17 CZQO_Qn-

Proof. Let us multiply the matrices as below:
Sp =P, T, H,.
Then, we obtain the following matrix:

[ _Ql _Qn+1 _Qn _Q4 _Q2 |
Q2 Q1 +Qn Qua - Qs Q3

b
s = 0 a 0 0 , (16)
0 c a -0 :
. O . .‘- .
0 0 c a b

where
a=02=Qni2, b=0Q1~-Qni1, c=Qo— Q.
By adding the first column to the n-th column, we have

[ Q1 Qe —Qu - —Qu -Qs ]
Q2 Qi+Qn Qnu - Qs Q4

s = 0 a b - 0 0 . (17)
0 c a - 0 :
: 0 0
0 0 c a b

628



Then

det(S,) = det(P,T,H,) = det(P,) det(7,) det(H,).

By Lemma 2, it is seen that

det(S,,) = det(Ty).

So,
Q1 —Qna —Qy -Qs —Q3
Q2 Q1+Qn Qnu Qs Q4
0 a b 0 0
det(7,) = 0 . " 0 : (18)
: 0 0
0 0 c a b

By using the Laplace expansion on the first column and (12), the following equation is satisfied:

det(7,) = —QQTSQl b (—\/b_c)n_l_lu I 1( ? )
n £ + n—l— 2\/[)_0
n-1 1o \/_ n-l1 a
-Q1 l; Q1420 (— bC) Un—i (—2\/%)

—(Q1+@1Qn) b" Uy (25%)

where U (x) is the [-th Chebyshev polynomial of second kind.
Example 1. Forn =4,

Q1 Q2 @3 Q4
T - Qi Q1 Q2 O3
4 - 3
Qs Q1 Q1 Q2
Q2 @3 Qi @1
1.e.,
1+i+2j+3k  1+2i+3j+b5k 2+3i+5j+8k 3+5i+8j+13k
T - 3+51+87+13k 1+1+2j+3k 1+2i+37+5k 2+3i+55+8k
Y | 2+3i+5j+8k 3+5i+8j+13k 1+i+2j+3k 1+2i+3j+5k
1+20+37+5k 2+3i+5j+8k 3+5i+8j+13k 1+i+25+3k
Since
Sn:PnﬁLHna
where
-1 0 0 O
P, - 0 0 0 1
-1 0 1 -1
0O 1 -1 -1
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and

Hy =

o O O =
= = O O
o~ = O
o O = O

then the following matrix is obtained:

-Q1 -Qs -Q4 Q3
S, = Q2 Qi1+Q4 Qs Q4
! 0 @Q2-Qs Q2-0Qs 0 ’

0 Qo-Qs Q2-Qs Q1-Qs

1.e.,
-1-1-2j-3k -5-8 -135-21k -3-5i—-8) - 13k -2-3i-5) -8k
S, - 1+2i+37+5k 4+6i+105+ 16k 5+8+ 1375+ 21k 3+5i+85+ 13k
o 0 -7-11:-187-29k -4 -6:¢—- 1075 — 16k 0
0 -3-4i-7j-11k -7T-11:-187-29k -4-6:-10j5 - 16k
Since
det(S4) = det(P47ZH4) = det(ﬁ),
we have
3 -1 3-1 a
det(,ﬁl) = _QQEQHQb (_\/%) Z/{3_l 2\/b_c
3 4-] a
_ =2 (_
Qll;me ( \/%> U4_l(2\/b_c)
a
—(Q%+Q1Q4) 52U0(2\/b—c)
_ 1 ! a
= QQ[Q3b ( \/_) ( \/_)+Q4b ( %) Z/Il 2\/b_c
+Q552 (—\/_ ( :|
1 a
_ 0 1(_
@ [Q4b ( f)+Q5b (-i) UI(2\/b_c)]
- (Q% + Q1Q4) b*Uy (
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Therefore, we obtain

det(74)

2v/be 2/be

Q0" - @ Qu (V) (4 € @) - 1)

~QiQsb (~Voe) 2 (2;%) - (QF+QiQu) ¥

= Q2Q3bc - a2Q2Q3 + Q2Q)sab - Q2Q552 - GQQ1Q4 +(1Q4bc
+Q1Qs5ab - (QF + Q1Q4)V?

= —61287 + 18370i + 267827 + 47671k

‘Q2Q3(‘@)2(4( ; )2—1)—622@417(-@)2( G )

where a = Q2 - Qg, b= Q1 - Q5, c=Qo— Q4, Up(x) =1, Uy () = 22, Us(x) = 42? - 1.

3 On norms of 7,, matrices

In this section, we initially obtain summation formulas for the Fibonacci numbers. Then, we
obtain some norms for them.

Lemma 3.1. Let F), be the n-th Fibonacci number. Then, the following summation formulas are
satisfied:

F2 ., if n odd
. F1F2+F2F3+"'+FnFn+1 = nr
F?2.,-1, ifneven

Fn+1Fn+27 lfn odd

* F1F3+F2F4+"'+FnFn+2 =
FoaFho—1, ifneven

Fn+1Fn+37 lfn odd

e MiFy+ FoF5+--+ F,F,.3=
FoiFhis—2, ifneven

Proof. We apply the mathematical induction on n. For n =1,
F\Fy=1=F}
and for n = 2,
FF+FBFy=11+12=F; -1
are satisfied. Assume that for n = 2k + 1 an arbitrary odd number where £ is an integer,

FyFy+ Fols+ o+ Fo B = U E + FoFs + oo+ Fopy Fopio = F22k+2
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and for n = 2k an arbitrary even number,
F1F2 + F2F3 + e+ FnFn+1 = F1F2 + F2F3 + e+ FQkF2k+1 = F22k -1
hold. Forn - n+1 =2k + 2,
FyFy+ Byl + o+ By Fhg = FiFo + FoFy + oo+ Fop o Fops

= Fopro(Fopsa + Fopss)
= F2k+2F2k+4
= (—1)2k+3 +F22k+3
= Fr%+2 -1

when n is odd. Forn - n+1 =2k + 1,
FiFy+ FobFz+ -+ Fp Fyo = FiFy+ FoFz + -+ Fopy 1 Fopyo = F22k+1

when n is even.
As aresult, we can say that

FiFy+ FyFy+ -+ F,F . = F2
when n is an odd number, and
F\Fy+ FoF3+ -+ F,Fy = F2,, — 1
when n is even. The other identities can be obtained by following similar steps of the proof. [

Theorem 3.1. The maximum column length norm and the maximum row length norm of T,, is
given as follows:

* Ifnis odd, then

(o) =11(Tn) =/ =F2 + Fopeg + 9+ 22 +2jF, 1 Frpo + 2kFpi1 Fpos.

* Ifnis even, then
ci(Tn) =11(To) = V/=F2, + Fonas + 9+ 2i(F2,, = 1) + 25 (Fpa1 Frva = 1) + 2k(Fpi1 Fruis — 2),

where ), = F,, + 1F,, .1 + jF,,0 + kF, .3 is the n-th Fibonacci quaternion.

Proof. From the definition of the maximum column length norm and the maximum row length
norm, we get

(T) = max | [3 [ Tow
t

= 7’1(7;L)

_ 2

= max | /;Iﬁm|

-G @

= \/(F1 +iFy+ jF3+ kFy)2 + -+ (F +iF 0 + jF0 + kF,3)2,

where T, is t-th column and m-th row of 7,,.
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The square of any quaternion ¢ = a + ib + jc + kd can be calculated as
¢* = (a+ib+jc+kd)?® = a® - b* - c* - d* + 2iab + 2jac + 2kad,
where a, b, c,d € R. So, we obtain the following squares:

(F1 +iF2 +jF3 + ]{?F4)2

F2_F_F2_F2
+2iF Fy +2jF\Fy + 2k, F,
F2_F:_F2_F?

+20F5F5 + 25 Fy Fy + 2k Fy Fy

(F2 + ZF3 +jF4 + kJF5)2

— 2

n+3

F2-F?

n+1

+20 0, Fq + 25 FL Flvo + 2K F F 5.

(Fn+iFn+1+an+2+an+3)2 F

n+2

The summation of the right-hand sides of all equations is
(FY+ F5 4t ) = (B + By e+ By ) = (B + F et ) = (B + B 4+ Flg)
+2i(F1Fy + FoF3+ -+ F Fpy) + 2j(F1Fs + FyFy+ -+ F Fpa)
+2k(F Fy+ FsFs+ -+ F,F.3)
=FoFo — FoaFoo— Frobys = Fosbu +9
20F2  +2jF 1 Fna + 2kF, 1 Fys, if n odd
" {21( - 1)+ 2j(Fp1Fho— 1) + 2k(Fp Frys — 2), if neven

n+1
22’{72+1 + 2.7Fn+1Fn+2 + 2an+1Fn+37 if n odd

:_F73+1+F2n+6+9+ .
20(F2 = 1) +2j(Fp1 Fpyo = 1) + 2k(F, 1 Fi3-2), ifneven

n+1

Theorem 3.2. If T, is a circulant matrix of Fibonacci quaternions in (13), then the Euclidean
norm is

||7:z||E = \/501(7;) = \/57”1(7;)-

Proof. From the definition of Euclidean norm of a matrix, we obtain

170 = Z Z [Tom )

= Vn(@% + Q3+ +Q2)
=@+ Q3+ + QB
\/_01(7;)2\/57‘1(7;)- O]

4 Conclusion

In literature, there are a huge amount of papers on determinants of circulant matrices with some
famous number sequence entries. In this paper, we consider the circulant matrix family 7,, whose
entries are Fibonacci quaternions. Then, we compute the determinant of 7, by exploiting the
well-known Chebyshev polynomials of the second kind. Moreover, we obtain some norms for 7,

matrices.
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