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Abstract: In the decimal numeral system, we prove that the well-known Graham’s number,
G ="3 (e, 33"'3 (n times)), and any base 3 tetration whose hyperexponent is larger than n
share the same slog;(G) — 1 rightmost digits (where slog indicates the integer super-logarithm).
This is an exact result since the slog;(G)-th rightmost digit of G differs from the slog;(G)-th
rightmost digit of "*'3. Furthermore, we show that the slog,("3)-th least significant digit of
the difference between Graham’s number and any base 3 tetration whose integer hyperexponent
exceeds n is 4.
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1 Introduction

Graham’s number, G := gg4, is a large number introduced by Ronald Graham and communicated
to Martin Gardner in the late 1970s [3]. In that context, for the sake of simplicity, Graham
replaced the actual upper bound of a very hard open problem in the field of Ramsey theory, proved
in a 1971 paper written by himself and Bruce Lee Rothschild [5], with an easier one (which was
subsequently cited by the 1980 edition of the “Guinness Book of World Records” [8]).
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In detail, assuming that each digit of Graham’s number occupies one Planck length cubed
(i.e., a Planck volume), the observable universe is far too small to contain an ordinary digital
representation of G. Nevertheless, we can iteratively define Graham’s number in a few lines [17],
providing a finite upper bound to the problem of finding the smallest dimension of a hypercube
such that every two-colouring of its edges contains a monochromatic complete subgraph of four
vertices forming a square [2].

By construction, Graham’s number is an iterated base 3 hexation (where integer hexation
is an iterated pentation, which, in turn, is an iterated tetration, which, in turn, is an iterated
exponentiation, and so forth).

In terms of Knuth’s up-arrow notation (where a 1 b means a®, @ 11 b denotes a power tower
of b copies of a, and each additional arrow indicates one higher level of iteration [7]), we have
that

)33 if E=1
g’“'_{ 31913 if k>2

and then we simply assign k& := 64 to finally state that G equals gg4 [6, 17].
By virtue of the fact that gg4 = 3 ™11 (3 ™11 (- - - ™11 3)) = G, we observe that Graham’s
number is just a very, very high base 3 tetration, and this lets us trivially conclude that the most

(1.1)

significant digit of GG is 1 if we select the binary system, and the same is true if we are assuming
the ternary system (since G is an iterated power of 3 by definition).

On the other hand, the problem of expressing the most significant digit of G in the decimal
number system is still open.

Accordingly, the present paper assumes the usual decimal number system, aiming to calculate
the exact number of the rightmost (trailing) digits of G that match the tail-end figures of the
endless string . ..3967905496638003222348723967018485186439059104575627262464195387
of frozen digits originated by the increasing height power tower Q/_i as b keeps growing [9].

b times
For clarity, we will denote by Nj the set of nonnegative integers (including zero) and by N

we will denote the set of positive integers {1, 2,3, ...}. From here on, let us indicate the integer
tetration as in the following Definition 1.1.

Definition 1.1. We define integer tetration

a, ifb=1
atth:= 1) '
a " ifb>2

as Ya (where a,b € N) so that we can compactly write °3 instead of 3 11 b (see also [4]), and
consequently note that there exists a unique n € N such that "3 = G.

Thus, the goal of Section 2 is to determine the exact value of the positive integer r such that
"3 =G (mod 10"1) and "t'3 # G (mod 10"), which is equivalent to asking to find, for any
c € N, the value of r such that "3 = G (mod 10" ') and "™“3 # G (mod 10") [16].

In the following sections, we will denote by slog;(G) the base 3 super-logarithm of Graham’s
number (see Definition 2.1, and see also [1, p. 68] for the log star notation of the iterated
logarithm) to prove that r = slog,(G).
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Lastly, Section 3 shows that, for each positive integer c, the difference between the slog;(G)-th
rightmost digit of G' and the corresponding digit of *°¢3(5)+¢3 is 6 if the slogs(G)-th least
significant digit of G belongs to the set {6,7,8,9}, whereas the mentioned difference is equal
to —4 if this does not occur.

In the end, for every ¢ € N, $983(@)+e3 — ¢ = 4. 10°°83(D~1 (mod 109°8:()), and so the
slog, (G)-th rightmost digit of 3¢ — G is 4.

2 The last slogs;(G) — 1 digits of G

This section is devoted to proving that the rightmost digit of G that is not equal to the
corresponding digit of any base 3 tetration whose (integer) hyperexponent is greater than n is
the slog;(G)-th, where the mentioned super-logarithm is defined as follows.

Definition 2.1. For positive integers p and ¢, we define the integer super-logarithm slog,(¢) by
slog,(1) = 0 and slog,(p?) = slog,(¢) + 1, and, in particular, whenever log,,(¢) € N we also have

slog,(p?) = slog,(log,(q)) + 2.

Consequently, the base 3 super-logarithm of any positive integer n is such that slog;("3) = n,
since slog,, (1) = 0 by Definition 2.1. Hence, "3 = G implies n = slogs(G).

Although there is no general agreement on the definition of the super-logarithm for
non-integers [15], this issue does not affect Definition 2.1, where we restrict to strictly positive
integer arguments.

Now, by assuming the decimal number system as usual, we introduce the “constancy of the
congruence speed”, a peculiar property of every tetration base not a multiple of 10 proved by the
author in recent years [12] (see also the related OEIS sequences A317905 and A373387).

Definition 2.2. Let m € Nj and assume that « € N — {1} is not a multiple of 10. Then, given
1 = %a (mod 10™) and *~'a # %a (mod 10™*1), for all b € N, V(a,b) returns the
nonnegative integer such that °a = **'a (mod 10™*V(@")) and ba # **'a (mod 10m+V(@b)+1),
and we define V'(a,b) as the congruence speed of the base a at the given height of its
hyperexponent b. Furthermore, let b := min, {b € N : V(a,b) = V(a,b+ k) for all k € N} so
that we define as constant congruence speed of a the positive integer V (a) := V (a, b).

For any a,b € N—{1}, the congruence speed of the tetration ®a should always return the exact
number of the rightmost digits of the result that freeze by going from a to *'a and that were not
already stable digits at height *~!a, but there is one (disputable) exception to the above-mentioned
general correspondence: it is the case a = 5 with b = 2, as !5 = 5, 25 = 3125, and 35 = 25
(mod 10°) so that we could argue that the stated definition would imply V' (5,2) = 4 = V (5, 3)
even if 25 is only a 4-digit number, where the last one has been already frozen at height 1 (i.e.,
25 = 5 (mod 10')); for a proof that this is the only possible collision that can occur, for
every a and b greater than 1, see [https://math.stackexchange.com/questions/
4863065/].

Then, given that Equation (16) of [14] provides a formula to compute the constant congruence
speed of every tetration base not a multiple of 10, let us invoke it in the proof of Theorem 2.3.
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More specifically, here we are only interested in line 11 of the mentioned Equation (16),
stating that the constant congruence speed of each tetration base, let us call it a*, which
is congruent to 3 modulo 20 and such that 5 is not equal to the absolute value of the
difference between the rightmost digit of a* that is different from the corresponding digit of
... 9834030970896579486665776138023544317662666830362972182803640476581907922943
(i.e., {52n }OO — {25n }OO) and the mentioned key digit of . . . 362972182803640476581907922943,
is given by the 5-adic valuation of (a*)? + 1 (and then a* := ... 000003 implies that the constant
congruence speed of a* is equal to the maximum number of times that 5 divides 3% + 1, so
V(3) = 1 follows).

Theorem 2.3. Let m and n be positive integers such that m > n. In the decimal number system,
™3 =G (mod 10" 1) and ™3 £ G (mod 10™) occurs if and only if n = slog;(G).

Proof. Theorem 2.3 states that the rightmost digit of Graham’s number that is non-stable (i.e., a
digit that does not match the corresponding figure of the endless string . .. 5627262464195387 of
frozen digits returned by 33*" ) is the figure in position slog;(G), by counting from right to left
of G.

To prove the theorem, we show that, in the decimal number system, the congruence speed
of base 3 tetration is O if and only if the hyperexponent equals 1, and that it becomes constant
starting from height 3 (since a sufficient condition for any base @ > 1 not a multiple of 10 is
b > v(a) + 2, see [14, Definition 2.1]). For a = 3 this implies b > 3, with V' (3,b) = V (3) = 1.
Finally, by directly checking b = 2, we conclude that /(3,b) = 1 holds for all b > 2.

It is enough to derive that the total number of the rightmost stable digits of "3 is n — 1.

In detail, from [14, Definition 2.1], it follows that (3) = v5 (3% 4 1), where v5(.) indicates
the 5-adic valuation of the argument. Page 449 of the mentioned paper gives b > v(a) + 2
as a sufficient (but not necessary) condition on b := b(a) for the constancy of the congruence
speed of any tetration base a whose last digit is 3 or 7. Since v5 (a? + 1) + 2 = 3, we only
have to calculate the total number of the rightmost digits of 33 that do not change as we move
to “3. Then, it is not difficult to see that 33 = 987 (mod 10%) and *3 = 387 (mod 10?) so that
V(3,1)+V(3,2)+V(3,3) =2.

Now, Equation (16), line 11, of [14] implies that the base 3 tetration is characterized by a unit
constant congruence speed since V' (3) = v5(32 + 1) = v5(5 - 2) = 1.

Hence, given the fact that G = "3 = g4, implies n > 3 (see Equation (1.1)), the total number
of stable digits of Gisequalto2+ (n —3)-V(3) =24+ (n—-3)-1=n—1.

Thus, the least significant digit of "3 that is non-stable is the one immediately to the left of
the (n — 1)-th rightmost digit of "3. Since n = slog;("3) = slog;(G), we have finally shown that
Graham’s number has exactly slog,(G) — 1 frozen digits and the proof is complete. [

Lastly, let us note that we can shorten the proof of Theorem 2.3 by invoking Lemma 1 of [11]
(see pages 246-247). Still, here we have opted for a more general approach not preliminarily
restricted by the selection of the only tetration base taken into account by Lemma 1 of that 2020

paper.

610



3 The asymptotic phase shift of 3

Since Theorem 2.3 implies that the slog; (G)-th rightmost digit of G and the slog; (G)-th rightmost
digit of 3¢ cannot be equal, we can push our investigation even further by asking, for any given
positive integer ¢, which is the slog;(G)-th rightmost figure of the difference between #°83(%)3
(i.e., Graham’s number) and slogg(G)+cg3 (e.g., if ¢ := 719, then we are interested in the slogs(G)-th
least significant digit of G —*°8s(G)+719 3,

Given the fact that the slog,(G)-th rightmost digit of s°2:(%)3 — sloes()+¢3 does not depend
on ¢ (since we are assuming ¢ € N by hypothesis) and by observing that 51°%:(¢)3 —slogs(@)+e3 < (),
we will solve the problem above by showing that

slogS(G’)g _ slog3(G)+13

10slogs(G)—1

=6 (mod 10). (3.1)

Proposition 3.1. Let n and m be two positive integers such that m > n. The congruence class
modulo 10 of the difference between the n-th rightmost digit of ™3 and the n-th rightmost digit
of ™3 is 4 or 6. Furthermore, if n is odd, then the n-th least significant digit of "3 — 3 is 4,
otherwise the n-th least significant digit of "3 — "3 is 6.

Definition 3.2. Let (a,b) be a pair of positive integers and consider the decimal number system.
For any given tetration base a # 1 not a multiple of 10, we call phase shift of a at height b the
congruence class modulo 10 of the difference between the rightmost non-stable digit of °a, say
the (#S5(a, b) + 1)-th by counting positions from right to left (see [14, Equation (1), p. 442]), and
the (#S(a,b) + 1)-th rightmost digit of **a.

For example, the phase shift of 5 at height 4 is 5 since 5 = 68408203125 (mod 10*!) and

5 = 18408203125 (mod 10') so that "1 22122 ZIRIREIE = 5 (10 10).

In particular, if b (see Definition 2.2) indicates the smallest hyperexponent of a such that its

congruence speed is constant (i.e., V (a, b) = V (a)), we call asymptotic phase shift of a (APS(a))
the 4-iteration cycle of the phase shifts generated by b, b+ 1, b+ 2, and b+ 3 (e.g., the asymptotic
phase shift of 64 is the cycle [8, 8,8, 8| that can be halved twice and thus reduced to [8] since
8,8,8,8] — [8,8] — [8], while the asymptotic phase shift of 169 is [4, 8, 6, 2] which cannot be
further reduced since [4, 8] is different from |[6, 2]).

Letb € N—{1,2,...,b— 1}. For any given a greater than 1 and not a multiple of 10, a
noteworthy property of the phase shift is that it only depends on the congruence modulo 4 of b,
which means that the phase shift of a at height b is equal to the phase shift of a at height b + 4,
the phase shift of a at height b 4 1 is the same as its phase shift at height b + 5, and so forth.

In this regard, we note that if the asymptotic phase shift has four distinct elements, then the
first entry plus the third one and the second entry plus the fourth one are both equal to 10, while
if the asymptotic phase shift consists of only two entries, their sum is also 10. Moreover, for any
given tetration base a as above, all the entries of APS(a) are constrained to alternatively belong
to only one of the following three sets, with no exception (see Appendix): {2,4,6,8},{1,3,7,9},
{5}.

Consequently, although the asymptotic phase shift can have four distinct entries, it is sufficient
to calculate only the phase shifts at heights b and b + 1 in order to fully map the phase shifts of
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the given tetration base at every height above b — 1 (e.g., we can safely set b := (a) + 2, where
v(a) is stated by [14, Definition 2.1, p. 447]).

In Chapters 3, 4, 6, and 7 of his 2011 monograph [10], the author analyzed the phase shifts of
many integer tetration bases not a multiple of 10 and the related 4-iteration cycles (which can be
sometimes halved once or twice, depending on a).

Here are various examples of the asymptotic phase shift for as many tetration bases which are
coprime to 10:

APS(9) = [2];

APS(11) = [4];

APS(83) = [6];

APS(53) = [8];
PS(33) = [2,8], APS(39) = [8,2];
PS(43) = [4,6], APS(41) = [6,4];

APS(7) = [2,6,8,4], APS(73) [4,2,6,8], APS(31) = [8,4,2,6], APS(29) = [6,8, 4, 2];
APS(23) = [2,4,8,6], APS(13) = [6,2,4,8], APS(77) = [8,6,2,4], APS(19) = [4,8,6,2];
APS(51) = [5];

APS(101) = [9];

APS(901) = [1,9];

APS(301) = [3,9,7,1];

APS(701) = [7,9,3, 1].

In particular, if a = 3, the asymptotic phase shift is [4, 6,4, 6] — [4, 6], and then we alternate
between the phase shift 4 and the phase shift 6, over and over, according to the parity of b. This
modular recurrence is shown in Figure 1, where the difference between each red digit and the
corresponding dark digit, right below the red one, is 4 or —6 so that 4 = —6 (mod 10) confirms
the stated rule.

Accordingly, we see that the phase shifts of the tetration base 3 at heights 1 to 50 are
fully described by the two congruence classes modulo 10 of the following collection of pairs
of differences: (3 —7,2—-8,9-3,9—-5,5—-9,5—-1;0—-4,0-6;0—4,6—2;2—06,6— 2;
3—-7,6—-2,2-6,9-53-7,9-5;0—-4,4-0;7—-1,3-91-5,4—-0;5-9,7—3;
0-4,0-6;4-85-1;1-5,2-80-4,2-87-1,4-0;3-7,0-6;5—-9,7—3;
8—-2,1-7,4—-8,8—-4;9-3,6—2;8—-2,6—2;9—-3,4—0;...).

Hence, we have (—4, —6; 6, 4; —4, 4; —4, —6; —4, 4; —4, 4; —4, 4; —4, 4; —4, 4; —4, 4; 6,
—6; —4, 4; —4, 4; —4, —6; —4, 4; —4, —6; —4, —6; 6, 4; —4, —6; —4, 4; 6, —6; —4, 4; 6, 4; 6, 4;
6, 4; ...), which can be split into the odd-hyperexponent difference collection (red entries) (—4,
6, —4, —4, —4, —4, —4, —4, —4, —4,6, —4, —4, —4, -4, —4, —4,6, -4, —4,6, —4,6,6,6, .. .)
and the even-hyperexponent difference collection (green entries) (—0, 4, 4, —6, 4, 4, 4, 4, 4, 4,
—6, 4,4, —6,4, —6, —6, 4, —6,4, —6,4, 4,4, 4, ...).

Thus, each red entry belongs to the congruence class 6 modulo 10 while all the green entries
are congruent to 4 modulo 10.
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00000000000000000000000000000000000000000000000003
00000000000000000000000000000000000000000000000027
00000000000000000000000000000000000007625597484987
77570718344711077047886315075206738945776100739387
558545727527412565959354038683150069394896603%5387
90780468378838490089689122942913333445425126595387
57363335931987121606290933357170663594163209195387
08191858424962438172573992874654018371285504195387
95577482876830468269943399230195119099288964195387
0843500683050459988610260538625410094284(464195387
50618965127937823949288974261382652289022464195387
33161552470073414076445536414295455473662464195387
5799702536062568324042124765783236212%262464195387
30095007241855857717245212823399805067262464195387
71995337059215641109287005843553497%27262464195387
44157920142526662501526665014305599627262464195387
325841181051834895707687607565279%5627262464195387
17837341235047369778848713997574975627262464195387
91391567977352645535199176332960575627262464195387
84384009257019351608787441718944575627262464195387
51158784454967340230287016236I04575627262464195387
98201871244260524527551915923104575627262464195387
70480684875148289836047280019104575627262464195387
47386861942350455540475373459104575627262464195387
7050297273576007395760525@059104575627262464195387
14923290048832308059340679059104575627262464195387
28644084365777774239580039059104575627262464195387
7380660024164179229229(439059104575627262464195387
95394263865045138359716439059104575627262464195387
14105548786667564123586439059104575627262464195387
29352587436074255861186439059104575627262464195387
41141426257858971125186439059104575627262464195387
23518454550261188985186439059104575627262464195387
16644673180062762485186439059104575627262464195387
63607753705051178485186439059104575627262464195387
24222573550949418485186439059104575627262464195387
3472341502950?018485186439059104575627262464195387
99398465419007018485186439059104575627262464195387
26617834829§67018485186439059104575627262464195387
27607235507967018485186439059104575627262464195387
745029784§3967018485186439059104575627262464195387
23617715123967018485186439059104575627262464195387
9758164%723967018485186439059104575627262464195387
34643738723967018485186439059104575627262464195387
59023?48723967018485186439059104575627262464195387
67446348723967018485186439059104575627262464195387
74582348723967018485186439059104575627262464195387
93622348723967018485186439059104575627262464195387
5?222348723967018485186439059104575627262464195387
43222348723967018485186439059104575627262464195387
03222348723967018485186439059104575627262464195387

13 (mod 105°)

23 (mod 105°)

33 (mod 105°)

43 (mod 10%9)

53 (mod 10%9)

63 (mod 105°)

73 (mod 1059)

83 (mod 105°)

23 (mod 105°)
103 (mod 1059)
113 (mod 1059)
123 (mod 1059)
133 (mod 10°°)
143 (mod 105°)
153 (mod 105°)
163 (mod 10%9)
173 (mod 10%9)
183 (mod 1059)
193 (mod 1059)
203 (mod 10%9)
213 (mod 10°°)
223 (mod 105°)
233 (mod 10°°)
243 (mod 10°°)
253 (mod 10°°)
263 (mod 10°°)
273 (mod 10°°)
283 (mod 10°°)
293 (mod 10°°)
303 (mod 10°°)
313 (mod 105°)
323 (mod 10°°)
333 (mod 10°°)
343 (mod 10°°)
353 (mod 10°°)
363 (mod 10°°)
373 (mod 10°°)
383 (mod 10°°)
393 (mod 105°)
403 (mod 10°°)
413 (mod 10°%)
423 (mod 10°°)
433 (mod 10°°%)
443 (mod 10°°)
453 (mod 10°°%)
463 (mod 10°°)
473 (mod 105°)
483 (mod 10°°)
493 (mod 10°°)
503 (mod 10°°)
513 (mod 105°)

Figure 1. Phase shifts of the tetration base 3 at heights 1,2, ... 50.
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For every positive integer b, we easily obtain the b-th rightmost digit of **'3 from the 0-th
rightmost digit of 3 by knowing that the asymptotic phase shift of 3 is [4, 6]. In detail, for each
positive odd integer b, 4 plus the b-th least significant digit of ®3 is congruent modulo 10 to the
b-th least significant digit of **'3 (see Figure 1). Conversely, for each positive even integer b,
6 plus the b-th least significant digit of °3 is congruent modulo 10 to the b-th least significant digit
of "+13.

Let us call By the b-th rightmost digit of ®3 and let B; indicate the b-th rightmost digit of **13
so that

e ifb=1 (mod 2) and By € {0,1,2,3,4,5}, then By = By + 4;
* ifb=1 (mod 2) and By € {6,7,8,9}, then B; = ((By +4) — 10) and thus B; = By — 6;
« if b=0 (mod 2) and B, € {0, 1,2, 3}, then B; = B, + 6;

e if b =0 (mod 2) and By € {4,5,6,7,8,9}, then B; = ((By + 6) — 10) and thus B; =
By — 4.

Thus, given a := 3, if b = 1 (mod 2),then 0 — 4,1 +— 5,2+ 6,3 — 7,4 — 8,5 9,
6+—0,7— 1,829+ 3, whereas if b = 0 (mod 2),then 0 +— 6,1 — 7,2+ 8,3 +— 9,
40,5 1,6 2,7+ 3,8—4,9 5.

As a consequence, for any given ¢ € N, the difference between the slogs(G)-th rightmost
digit of Graham’s number and the slog,(G)-th rightmost digit of *°¢:(¢)+¢3 belongs to the set
{—4,6}, whereas the difference between the (slogs(G') + 1)-th rightmost digit of */°¢3(%)+13 and
the (slog;(G) + 1)-th rightmost digit of 5°83(%)+1+3 is necessarily equal to —6 or 4.

Now, we observe that slog,(G) is congruent to 1 modulo 2 since G is an iterated base 3 integer
pentation and 3 is congruent to 1 modulo 2, so we are interested only in the elements of the
odd-hyperexponent phase shift set (which we have already verified to belong to the congruence
class 6 modulo 10).

Therefore, for any given positive integer ¢, we can finally conclude that the slogs(G)-th least
significant digit of G — ®1°83(%)+3 is 4 (while the (slog;(G) + 1)-th least significant digit of
3¢ — slogs(@)F1+e3 s 6, indeed).

4 Conclusion

_slog3(C)3, we

From the trivial observation that Graham’s number, G, satisfies (by definition) GG
have shown that, in the decimal number system, the last slog;(G') — 1 digits of G are the same as
any power tower of the form 33".3 which is at least equal to 5°63(%)3. Then, as the height of the
mentioned power tower goes beyond slogs(G), the difgerence between the slog;(G)-th rightmost
digit of G and the slog,(G)-th rightmost digit of 3> becomes congruegt to 6 modulo 10, and
the stated congruence class does not change anymore as the height of 33" continues to grow.

In conclusion, for any positive integer ¢, we can state that 4 is the slogs(G)-th least significant

digit of 51°8s(9)F<3 — G while S°83()+e3 — G = 0 (mod 10°%°8s(@)~1),
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Appendix

The asymptotic phase shift is well defined only for tetration bases that are not a multiple of 10
(Definition 3.2) since, for every a ending with 0, there is no hyperexponent b € N such that the
congruence speed of a is constant, and Equation (2) of [13] describes the very fast growth of the
congruence speed of the (nonzero) tetration bases ending with 0.

Nevertheless, let 10¢ | a and 10! t a, where c is a strictly positive integer (as usual). Then,
call h(a) the rightmost nonzero digit of such tetration bases multiple of 10 (e.g., 2(200050) = 5
and h(81743000) = 3). We note that, for each hyperexponent b € N — {1, 2}, the phase shift of

a at height b is trivially equal to the least significant nonzero digit of (féc ) (bfla), and thus itis 1 if
and only if h(a) € {1,3,7,9}, 6 if and only if h(a) € {2,4,6,8}, and 5 if and only if h(a) = 5

(since b > 2 implies that *~'a is a multiple of 100 and, consequently, is congruent to 0 (mod 4)

so that, as long as 10¢ | a, the phase shift of a at any height b > 3 equals the rightmost nonzero
digit of (%))
If the last digit of a is 5 (i.e., 5 | @ and 2 1 a), we observe that the asymptotic phase shift is

always [5] and, as we also assume that a # 5, the congruence speed of the mentioned tetration
bases is certainly constant from height 3 (see [14, p. 448]).

For every a € N — {1} not a multiple of 10, we conjecture that APS(a) € {[2], [4], [6],
8], 12, 8], [8,2], [4,6], [6,4], [2,6,8,4], [4,2,6,8], [8,4,2,6], [6,8,4,2], [2,4,8,6], [6,2,4,8],
8,6,2,4],[4,8,6,2], [5], 9], [1,9], [3,9,7,1], [7,9, 3, 1]} (and furthermore, if a is also even, only
the cases (2], [4], [6], [8], [2,8], [8,2], [4,6], [6,4], [4,2,6,8], [8,4,2,6], [6,8,4,2], [2,4,8,6],
6,2,4,8], and [4,8, 6,2] can occur, given the fact that the congruence speed of every tetration
base congruent to 2, 4, 6, 8 modulo 10 becomes constant at most at height 3, see [14, Section 2.1]).
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