Notes on Number Theory and Discrete Mathematics
Print ISSN 1310-5132, Online ISSN 2367-8275
2025, Volume 31, Number 3, 570-582

DOI: 10.7546/nntdm.2025.31.3.570-582

New summation identities of hyperbolic

k-Fibonacci and k-Lucas quaternions

A. D. Godase

Department of Mathematics, V. P. College Vaijapur
Aurangabad, 423701, Maharashtra, India
e-mail: ashokgodse2012@gmail.com

Received: 27 February 2025 Revised: 6 August 2025
Accepted: 17 August 2025 Online First: 22 August 2025

Abstract: In this paper, we introduce a set of identities involving hyperbolic k-Fibonacci
quaternions and k-Lucas quaternions. Moreover, we derive summation identities for hyperbolic
k-Fibonacci and k-Lucas quaternions by utilizing established properties of k-Fibonacci and
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1 Introduction

In 2007, Sergio Falc6n and Angel Plaza introduced generalized Fibonacci sequences, specifically
the k-Fibonacci sequence ¢y, and the k-Lucas sequence 1), ,,, as a new way to extend the classic
Fibonacci and Lucas numbers. These sequences depend on an integer parameter £k > 1. We
reproduce following Definitions 1.1 and 1.2 from [2].

Definition 1.1. The k-Fibonacci sequence (¢ ) is defined by the recurrence relation ¢y, n11 =
kEQrn + Orn—1 With g0 = 0 and ¢y, = 1, forn > 1.
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Definition 1.2. The k-Lucas sequence (v ,) is defined by the recurrence relation 1y, 1 =
kg + Y1 With Y0 = 2 and Yy = k, forn > 1.

Hamilton is acknowledged with the invention of the quaternions in 1843. He demonstrated
that they constitute a non-commutative division ring with four dimensions when multiplied together
[7,8].

Definition 1.3. (Horadam [9]) A quaternion w is an element of the form w = wy+w1i+wsy ] +wsk,
where wy, w1, way, ws are real components and 1,1, j, k are basis elements satisfying the properties
=72 =k =ijk=—-1,ij=k=—ji, jk=1=—kj, ki=j = —ik.

Horadam [9] introduced Fibonacci and Lucas quaternions in 1963, laying the foundation for
further exploration of their properties. Ramirez’s work [13] in 2015 expanded on this, introducing
the concepts of k-Fibonacci quaternions and k-Lucas quaternions. For more detailed information,
refer [11,12] to works by Polatli in 2015 and 2016. The study of various quaternion types has seen
significant advancements in recent years, with multiple authors delving into their generalizations.
The hyperbolic quaternions were first identified by Macfarlane [10] in the year 1900.

Definition 1.4. (Macfarlane [10]) The hyperbolic quaternion V) is an element of the form
¥ = U1 + U961 + U369 + V43 = (191,192,193,194), with real components V1, V9, U3, hy and
1, €1, €9, €3 are hyperbolic quaternion units that satisfy the non-commutative multiplication rules
e’ = 6" =e® = creae3 = 1, (1
€1€2 = €3 = —€2€1, €2€3 = €1 = —€3€2,€3€] = €2 = —€1€3. (2)
The hyperbolic quaternion is neither a commutative nor an associative algebraic structure. In
the classical quaternion, every imaginary basis element has the property ¢2 = —1, while in the
hyperbolic quaternion all basis elements satisfy €2, = +1. Read more about this in [10].
The hyperbolic £-Fibonacci and k-Lucas quaternions were defined in [3,4, 6] by Godase and
some of their identities were established.
Definition 1.5. (Godase [3,4,6]) The hyperbolic k-Fibonacci quaternion &, ,, is an element of the
form &y = Gpn + Opnr1€1 + Ok nt2€2 + Ok nis€s, and the hyperbolic k-Lucas quaternion gy, is
an element of the form oy, = Vi + Vi nt1€1 + Vi nt2€2 + Vg nyses. The hyperbolic quaternion
units 1, €1, € and €3 satisfy the multiplication rules defined in Definition 1.4 and ¢y, and 1y,
are k-Fibonacci and k-Lucas numbers.

2 Preliminary results

The papers [3,4,6] explore the underlying characteristics of hyperbolic k-Fibonacci and k-Lucas

quaternions. Below are a few of these properties that have been explored.

Theorem 2.1. (Godase [6]) If n € Z™, then

() Ekmt2 = K&knt1 + ks 3)
(41) Oknt2 = KOk nt1 + Okns “4)
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(ZZZ) Okn = kgk,n + 2§k,n—17 ®)
(M)) Ok — gk,n—s—l + gk,n—l- (6)

Theorem 2.2. (Godase [6]) (Binet Formula). For every positive integer n, we have

(1) fk,n _ Hifty™ — Haf2 ’ %
M1 — 2
(2) Ok = [l + flapts™, 8)

where [iy = 1+ pieg + 2o+ pi3es, fio = 14 pger +po’ea+ poes and 1, €1, €2, €5 are hyperbolic
quaternion units that satisfy the multiplication rule (1)—(2).

Theorem 2.3. (Godase [6]) (Catalan’s Identity). Let n,t be positive integers. Then show that
(2). Ekn—t&kntt — Ebm

= (=1)" "G (0, =20k 141, =20n 2. —Phprs + Dhios + Prrr + Pra1),
(”) Ok n—tOkn+t — Qk:,nZ

= A=) (0, =20k t41, —20k 442, —Ph43 + Drt—3 + D1 + Broe—1)-
Theorem 2.4. (Godase [6]) (Cassini’s Identity). For everyn € Z". We have
(i). Ekn-1€hnet = Eun’ = (1" (0, =202, ~ 2013, — Pra)
(44). Okin-10kn+1 — Ok = A(=1)"(0, =202, 2013, —Pra)-

Theorem 2.5. (Godase [6]) (d’Ocagne’s Identity). Let n be any non-negative integer and t
represents a natural number with t > n + 1. Then prove that

(1), Eetbrns1 — Eopr1bon = (=1)"(0, =20k t-n-1, 20k t—n—2,
20k t—nt3 — 20kt-n—3 + 20k t—nt1 + 20k t—n—1),

(“) Ok,tOkn+1 — Ok t+10kn = (—1)n+1A(07 —20kt-n-1, 20k t-—n-2,
20k t—n+3 — 20k t-n—3 + 20k1—nt1 + 20k t—n—1)-

3 Some new properties of hyperbolic k-Fibonacci
and k-Lucas quaternions

In this section, we establish relationships between hyperbolic k-Fibonacci and k-Lucas quaternions.
Our aim is to leverage the properties of the corresponding k-Fibonacci and k-Lucas numbers as
demonstrated in the research by Godase in [5]. Our goal is to generate a novel set of identities for
the k-Fibonacci and k-Lucas quaternions.

Theorem 3.1. For all integers n, m, we have
(2) 2§/€,n+m = gbk,an,m + 77/}k,n£k,ma
(12). 20kmtm = VkinOkim + (K + 4) O nim-
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Proof. The Lemma 4.2.3 in [5] yields the following equations

21/}k,n+m - wk,nwk,m + (k2 + 4)¢k,n¢k,m7
2¢k,n+m = gbk,nwk,m + wk,n(bk,m-

Equation (10) can be applied with Definition 1.5 to give

28k n4m = 2(¢k,n+m + Ok ntm+1€1 + Ok nym2€2 + ¢k,n+m+3€3)
= OknVhm + UVknOhm + (PknVhimt1 + VknPrme1) €1
+ (GknVhms2 + Vknbrmr2) €2 + (OknVhm+s + Vkn@rmss) €3
= G (Uym + Vrm161 + Vrmi2€2 + Vpmases)
+ Y (Prgn + Prmi1€1 + Prmr2€2 + Ormsses)
= OknOkm + Yk nim-

Again, using Definition 1.5 and Equation (9), we can write

20k n4m = 2(¢k,n+m + Uk ppm1€1 + Vkngms2€2 + wk,n+m+3€3)
= VknVhm + (K + 1) Opnrm + (VenVrmit + (K* + 4)Prn@rmi1) €1
+ (YrnWrmrz + (K + ) nOrme2) €2 + (VrnWrmts
+ (K 4 4)OpnPrm+3) €3
= Vin (Vkom + Vkmt1€1 + Y26 + Vrm3€3)
+ (K* 4 )Pk (Okm + Okms1€1 + Promr2€2 + Okmses)
= YrnOkm + (K + 4)Op -

The proof of Theorem 3.1 is complete.

Theorem 3.2. For every n,m € Z, we have

(2). 2(=1)"&kn—m = Ekn¥hym — Ok Phm,
(“) 2<_1)m9k,n—m - Qk,nwk,m - (kQ + 4)€k,n¢k,m-

Proof. As aresult of Lemma 4.2.4 in [5], we can write

2(_1)m¢k,n—m = wk,nwk,m - (kQ + 4)¢k,n¢k,m7
2(_1)m¢k,n—m = (,bk,nwk,m - wk,nqﬁk,m‘

Using Definition 1.5 and Equation (12), we have

2(=1)"Eknem = 2(=1)"™ (drsn-m + Pkn-mr1€1 + Okn—mt262 + n—m+3€3)
= rnlm — Vkn@Ohm + (Pkns1Vkim — Ykt Pm ) €1
+ (Prnr2Vhm — Vknr2Orm) €2 + (Pknt3Vhm — Chknt3Prm ) €3
= Vin Pk + Oknr1€1 + Okps2€s + Opnises)
— Okom (Vo + Vknr1€1 + Vknr262 + Yk nyaes)
= VimEkn — Phym Okin-

The proof of the result (i1) is analogous to the proof of the result (i), so we omit the proof.
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Theorem 3.3. If n,m € Z, then
(Z) (_1)m€k,n—m + ék,n—&-m - gk,nwk,ma
(“’) (_1)mgk,nfm + Okn+m = Qk,nwk’,m-

Proof. From Lemma 4.2.5 of [5], it follows that

(_1>mwk,n—m + ¢k,n+m = ¢k,n¢kz,m’ (13)
(=1)" Gk n—m + Prnim = Orn®m- (14)

Using Definition 1.5 and Equation (14), we obtain

(=1)™&hn—m + Ghntm = (= 1) (Phn—m + Prn—m+1€1 + Ok nemr262 + Oknm43€s)
+ (¢k,n+m + Ok ntm+1€1 + Ok nm2€2 + ¢k,n+m+3€3)
= (=1)"kn-m + Okntm + ((—1)m(¢k,n—m+1 + ¢k,n+m+1)€1
+ (=)™ (rp—mt2 + Gkprms2) €2 + ((=1)™" (Pkn—mts + Prntmss)€s
= VkmPrn + Vkem®Phn1€1 + VkmPhnt2€2 + VkmPrnt3€3
= Vin (P + G161 + Okns2€a + Ppnsses)
= Vkm&kn.-

Since the proof of the result (ii) is identical to the proof of the result (i), we omit it. [l

Theorem 3.4. For any integers n, m and the nonzero integer t, we have

(4). Skntt = Pknkyi+1 + Okn—1kt,
(44). Okt = PknOki+1 + Okn—10kt,
(”’Z) 5k,2n+t = ¢k,n€k,n+t - (_1)n£k,t7
(

iv) Ok 2ntt = VknOkntt — (—1)" 0k t-

Proof. According to Theorem 3.2.1 in [5], we have

Okt = PknPri+1 + Pkn—1Pkt, (15)
Vit = PknWhkir1 + Okn—1Vkt, (16)
¢k,2n+t = wk,n(bk,nth - (_1>n¢k,t7 (17)
Vkontt = VenVrnst — (1) Vrp. (18)

Applying Definition 1.5 and Equation (15), we get

Skntt = Pknt T Ohknt41€1 + Ohntt42€2 + Ohnt143€3
= G OPhtt1 T Obn1Pkt + (Prn@htrs + Okn1Pr 1) €
+ (P ®hiss + Orn—10ki42) €2 + (PrnPrira + Okne1Prr+3)€s
= Prn (¢k,t+1 + Ok 4261 + Opry3€2 + ¢k,t+4€3)
+ Orn1(Pht + Prpr161 + Prpro€s + Prpraes)
= Oknlki+1 — Phn—18k1t
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Using Equation (16) and Definition 1.5, we can write

Okt = Vkmtt + Vkngt1€1 + Vkntt42€2 + Vit 4363
= O Whit1 + Orn—1Vi + (¢k,nwk,t+2 + ¢k,n71wk,t+l)‘51
+ (ke Uhtts + Prn1Ukt42)€2 + (PrnWrtra + Prn—1Vn 13 ) €3
= Pk (¢k,t+1 + Y261 + Yy ry3€2 + ¢k,t+4€3)
+ Orn—1 (wk,t + Y161 + Vo€ + wk,t+3€3)
= Cbk,an:,tJrl - qbk,n—l@k,t-

The proofs of the results (ii1) and (iv) are analogous to the proofs for the results (i) and (i1)). [

Theorem 3.5. Given two integers s and t, we have

(4). k& stot = Or2t0k s+1 — Vk,26—1Ek, s
(“) ka,s—l—Zt = ¢k,2tA§k,s+1 - ¢k,2t—10k,s-

Proof. Theorem 3.2.7 of [5] allows us to write

ki svot + Yk 2t—10k,s = Pr2eVk 541, (19)
Fbr syor + Uk oe—1Vks = Ok 2t APk s41- (20)

Using Equation (19) and Definition 1.5, we have

k€isvar = k(Prsiat + Orsr2ii1€1 + Orsioir2€2 + Orsiori3€s)
= G2t Vkst1 — Ukot—10nks + (OratWhsr2 — Ukoe—1Pks41) €1
+ (P2t Vh,st3 — Yk ot—10k5+2) €2 + (Pk2tVk,sra — Vk2t—10k54+3) €3
= P2t (Ursi1 + Ursio€1 + Upsi3€a + Vg sya€3)
— Y21 (<Z5k,s + Ok s11€1 + Pp 262 + ¢k,s+3€3)

= ¢k,2t@k,s+1 - ¢k,2t—1fl~c,s-
The Definition 1.5 and Equation (20) are used to obtain
Kok syot = k(¢k,5+2t + Vp sy2t41€1 + Yh syt 4260 + ¢k,s+2t+3€3)

= Ok 2t APk 41 — Vi 2t—1Vk,s + (¢k,2tA¢k,s+2 — wk,Qtflwk,erl)ﬁl
+ (P2t APk 543 — Vrot—1Uk,s42) €2 + (P2t APk sra — Yk 2t 19k 543) €3

= P2t A (Dhst1 + Phsi2€1 + Drsis€r + Opsracs)
— i1 (wk,s + Y sp1€1 + Y sp2€2 + ¢k,s+3€3)

= Ok 2Ek,s+10 — Vp.2t—10k.s-

The proof of Theorem 3.5 is now complete. U

Theorem 3.6. For all integers s and t, we have

(4). E&k siot1 = Yk 2t418k,541 — Or2t0k,s VA,

(17). kok stot41 = Wk 2t4+10k,5+1 — APk 26Ek s
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Proof. As aresult of Theorem 3.2.8 of [5], we can write

Drsiorsl = %%H - %wmx/& 21)
Uhosraii1 = %wk,sﬂ - A%m,s. (22)

Equation (21) and Definition 1.5 yield

Kk syot41 = k‘(¢k,s+2t+1 + Ok st2t+2€1 + O sp2t43€2 + ¢k,s+2t+4€3)
= Yot 1 Ok 51 — Pk VA + (k241 Ph,s42 — ¢k,2t¢k,s+1\/z) €1
+ (Yr2t1Pr 53 — ¢k,2t¢k,s+2\/z) €2+ (Vk2t+10h,544 — ¢k,2t¢kz,s+3\/z) €3
= YVp ot (Physt1 T Ohsi2€1 + Orsr3€2 + Opsracs)
- \/Z(bk,Qt (wk,s + Vg 5161 + Yr g€ + wk,s+3€3)
= T/Jk,2t+1fk,s+1 - \/Z¢k,2t£?k,s-

Using Definition 1.5 and Equation (22), we obtain

Kok syatt1 = k(l/)k,s+2t+1 + Vpst2t42€1 T Yk sy2t43€2 + 1/1k,s+2t+4€3)
= Vr 21 Vksi1 — APraibrs + (Vr2er1¥rsiz — Abpodrsr1)€r
+ (Vr 2t 1Vns43 — AP otdrsia) €2 + (Vroer1 U sia — AProtPrsis) €
= Pk o1 (Vo1 + Vksr2€1 + Yrsia€r + Yk sraes)
- A¢k,2t(¢k,s + Ops+1€1 + Pk 262 + ¢k,s+3€3)
= Yk 21410k 541 — Ak 28k s-

This concludes the proof of Theorem 3.6. [

Theorem 3.7. For all integers s and t, we have
(). A atbre = Vkakplhe + Oha®hpOhc + Vka®rpOke + (K + 4) Ok aPr pSc:
(i1).  40katbre = UraVipOne + (B2 + 4) (Vra®rpbie + Oraliphe + Ora®rpne)-

Proof. As aresult of Theorem 4.2.6 of [5], we have

A0k arbre = VkalkpBke + OkalrsWke + Vka®kpVie + (k2 + 4) O abr pPrcr (23)
Wk arbre = Vraliptie + (2 + 4) (Vrabrpbre + OkalipPrc + Oka®rslic)- (24)

By applying Definition 1.5 and Equation (23), we get

Ak atbre = 4(Pratbre T Phatbrer1€1 + Phatbiet2€2 + Okatbret3€s)
= Vka®hpPhc + OraVhpWic + VoG pne + (K2 + 4)dp.aOrpOrc
+ (wk,awk,b%,cﬂ + Ok p Wk e+1 + Vi Pk pVke1 + (kQ + 4)¢k,a¢k,b¢k,c+1)€1
+ (Yr,aVhpPrcr2 + Okai sV etz + Vra®rpliers + (K* + 4) Ok adrpPrcr2) €2
+ (Vka®hpPrcr3 + Oralipers + UkaPrpners + (2 + 4) O oGk pPrcrs) €3
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= koW (Prc + Orcr1€1 + Orero€a + Pk eraes)
+ Ora®hp (Vke + Urer161 + Vkcr2€r + Uk era€s)
+ Yo Prp (¢k,c + Yper1€1 + Yp g€ + ¢k,c+3€3)
+ (K + 4)Oratrp (Prc + Orcr1€1 + Grcio€r + Dreises)
= Uk a®pCre + Oralib0ke + VraPrpOke + (K + 4) Ok 0Pt bEr -

The proof of the result (ii) is analogous to the proof of the result (i). Therefore, we omit it. O

Theorem 3.8. Given integers a, b and c, we have

(4). Ekatv—1 = Sha®hp + Eha—1Pkb—15
(41). E&karv—2 = EkaPhp — Ekya—2Ph p—2:
(“Z> kgk,a+b+cf3 = gk,ad)k,b(ék,c + kgk,aflgbk,bflgbk,cfl - fk,a72¢k,b72¢k,072-

Proof. From Proposition 5 of [1], it follows that

Dkatb—1 = Pkalhp + Oka—1Pk,b—15 (25)
1

Pratb—2 = z (Or.abrp — Pra—20r-2), (26)
1

Okatbte—3 = A (Or.0PrpPrc + kOra10kb-10kc—1 — Dha—2Pk b2k c—2) (27)

By using Equation (26) and Definition 1.5, we can write

k€harv—2 = k(Orarb-2 + Orarb-161 + Oatb€a + Oratbii€s)
= Oa®rb — Pra—2Pkp—2 + (Ph.ar1Pkp — Pha—1Prb-1)€1
+ (Pr.ar20kb — Pra®rb—1)€2 + (Pr.atrsPrb — Orat1Prb1)€s
= G (Pha + Prat1€1 + Puar2€2 + Prasses)
— Pk p—2 (¢k,a72 + Qra—1€1 + Qp a2 + ¢k,a+1€3)
= &k,aPrp — Ska—2Pk,b—2-

Finally, using Definition 1.5 and Equation (27), we obtain

k€ atbre—s = k(Oratbre—s + Ohatbre—261 + ratbre—162 + Ohatbices)

= Ok.aPkpPhc + kPrka—1Pkp—1Pk.c—1 — Pha—20k p—2Pk.c—2
+ (Prsar10k,0Pkc T kDraDhp—1Pkc—1 — Pha1Pkp—2Pkc—2) €1
+ (Dra20kpPkc + KOk at10kb-1Pkc—1 — P a®hb—2Pk,c—2) €2
+ (PrratsPhpPre + kPrar2Prp—1Pkc—1 — Okat1Prp—20k.c—2) €3

= ¢k,b¢k,c(¢k,a + Okat1€1 + Ok at262 + ¢k,a+363)
+ kOkb—1Pk,c-1(Pha—1 + Ora€l + Orat1€2 + Orayaes)
— Okp—20kc—2(Dha—2 + Ora161 + Pra€o + P ati€s)

= &kaPkbPhc + ki a—10kp—1Pkc—1 — Ekya—2Pkp—2 Pk c—2-

The proof of the result (1) is identical to that result (i1). So, we omit it. L]
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4 Sums of hyperbolic k-Fibonacci and k-Lucas quaternions

In this section, distinct summation identities are derived for hyperbolic k-Fibonacci and k-Lucas
quaternions.

Theorem 4.1. Let n € N. Then prove that

(), > () = 6
1=0

. — (1) .
(44). E (z) k' 0ki = Ok 2n-
i=0

Theorem 4.2. Let n € N. Then prove that

. o Sk + Skt — Ero — &k,
(Z)' Z gk‘,’i = +1]{ 0 ! 9

. = Ok T Okn+1 — Ok,0 — Ok,1
(17). Z Ok,i = ha ’ )

Proof. (i) From Theorem 2.1(i), we have

k&1 + Eko = &k 2,
ko + &k = &k s,
kkz + &k = Era,

kgk,n + gk,n—l - gk,n—&-l‘
Consequently, adding all these relations, we get
k(&rt + &ro+ &+ + &n) + (Gro+ Eeg +Era+ 4 En)

=&2 + &zt E&at o+ ot
k(fm +&ko+ st o+ ék,n) =&k + Sknt1 — Eko — k1

It gives that

Zn: s = Ein + Ehnt1 — Ero — &k

k
The proof of (i) is analogous to (i) using Theorem 2.1(i1). Hence, we omit the proof. ]
Theorem 4.3. Let n € N. Then prove that
(i). Z i = M’
(i4). Z Oni = Ok, 2n+1k— Ok,1 .
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Proof. (i) From Theorem 2.1(i), we can write

Ero = Erg — &,
ks = Eks — ks,
ke = Sk — ks,

kgk,Qn = gk,2n+1 - gk,Qn—l-
Adding all these relations, we obtain
k(&g + &ra + Eep+ -+ &hon) = (Ens + Eos + o+ + Ekznn)

- (fk,l + &3+ &y + 0+ 5k,2n—1)>
k(Eko 4 Eea+ Eeo+ -+ Eon) = Erant1 — &t

It can be written in the form

Z € fk 2n+1 k1 .

The proof of (ii) is similar to (i) using Theorem 2.1(i1). Hence, we omit the proof.

Theorem 4.4. Let n € N. Then prove that

g 3 &
. won — Eko
(7). E ki1 = —nk ,
=1
- 0 0
y k.2n — Ok
(41). ;1 Okoi—1 = ———F—— nk 9.

Proof. (1) From Theorem 2.1(i), we can write

k&1 = &k — &k,
ks = Eka — k2,
ks = ke — Ekoa,

kék,2n—1 = gk,Qn - gk,Qn—2-

By adding all these relations, we get
k(ém +&k3+ s+t ﬁk,znq) = (fk,z +&kat+ ket T+ 5k,2n)

- (fk,o + &2+ Ekat -+ €k,2n—2)a
k(§k,1 +&k3 T &st -t §k,2n+1) = &k2n — k-

Finally, we can write

ng% L= €k2nk gkO

The proof of (i1) is similar to (i), using Theorem 2.1 (ii). Hence, we omit the proof.
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Theorem 4.5. Let n € N. Then prove that

n

S (6t 1) = (64 3umr = (- 36e — ),

=1

where
a=(k+3)+ (k*+ 2k + 3)ey + (k* + 2k* + 4k + 3)ea + (k* + 2k + 5k° + 5k + 3)es.

Proof. By using Theorem 4.2, we can write
- = &kt Skt — &r0 — Ek1 T Ok T Okl — Ok0 — Ok

Z (fk,i + Qk,i) = 2

i=1

Now, using Equation (4), we get

n

1
> (it 0ni) = 7 (ki + Gonsr + Kbt + 2knmt + kiir + 26

=1

— Ok0 — Ok,1 — ko — fk,l)
1
=% (k + 1)k st + 28n—1 — 0k0 — Ok1 — Eko — Ei1)-

Finally, using Equation (3), we can write

((k 4 3)&n +

n

Z (i + 0ki) = %((k? +3)kn + (k4 1)éknt1 + 2(&knt1 — k)

=1

— 0k0 — Ok1 — ko — fk,1)
! ((k‘ + 3)5]@7”4,_1 - (/{5 - 3)5]@7” - (k’ + 3) + (k’z + 2k + 3)61

k
+ (K* + 2K* + 4k + 3)ex + (k* + 2K + 5k + 5k + 3)63)

_ %((k 4+ 3)Emin — (k= 3)&en — a) |

This concludes the proof of Theorem 4.5.

Theorem 4.6. Let n € N. Then prove that

if n is an even positive integer;

(Eknrnt1 — Er,08k1)s

n 1
. 2 k
@ &=y, . o
i1 7 Ehn18km — Er08k1),  if nis an even positive integer,

(OknOkn+1 — Ok0Ok1), if 1 is an even positive integer;

n 1

.. 2 k
(). Ddi=q, . o
i=1 E(Qk-’nJrle’n - Qkyogkyl), lfn IS an even positive integer.
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Proof. (i) Using Equation (3), we can write

k€1 = k€kalen = (Erz — Er0)6k1 = Ek2hn — Eroha,
kf/%,z = kfk,sz,z = 5k,2(fk,3 - 5k,1) = 5k,25k,3 - fk,2fk,17
k& s = k€rsbns = (ea — Er2)hs = Soans — En2bns,
kEq 4 = k&kala = Ena(€hs — E3) = Eoaes — Erales,
k€5 = k€ slrs = (Es — Era)rs = Erolhs — Erans,

if n is an even positive integer;

- 2 5 5 + 5 5 —
knSk,n+1 knSk,n—1,
b b b b
k§ :gk,n
i=1

Ekm+18kn — Een—1&kn, 1f nis an odd positive integer.

Consequently, by adding all these relations, we get

%(gk,nfk,nﬂ —&oék1), 1f nis an even positive integer;
1
%

n
2
D i =
i=1

(&knt1&kn — Eko€k), if nis an even positive integer.
(i1) By using Equation 4, we write

sz,l = kok,10k1 = (Ok2 — 0k,0)0k1 = Ok20K1 — Ok,00k,1,
kopo = kor20k2 = 052(0k3 — Ok1) = Ok20K3 — Ok20k.1,
in,g = kok30k3 = (Oka — Ok2)0k3 = Oka0OK3 — Ok20k,3,
inA = kokaOka = 0ka(Ok5 — Ok3) = OkAOk5 — Ok40k3,
kop s = kors0ks = (0k6 — Oka)0k5 = Ok60k5 — Okd0k.5;

OknOkn+1 — OknOkn—1, 1f n1s an even positive integer;

EY on, =
=1

Again, by adding all these relations, we obtain

n

2
E kaz =
i=1

This completes the proof of Theorem 4.6.

Ok n+10kn — Okn—10kn, 1f 118 an odd positive integer.

%(gkak,nH — 0k00k1), if mis an even positive integer;
1
k

(Okn+10kn — Ok00k1), if mis an even positive integer.

Theorem 4.7. Let n € N. Then prove that

)
2 (k1 + OknOkn1 — E608k1 — Ok00K1);

n

Z(gzz + sz) =

i=1 %(&,ml&m + Oknt10km — k08,1 — Ok,00k,1),

if n is an even positive integer;

if n is an odd positive integer.
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Conclusion

The identities and summation formulas contained within not only improve our understanding of

quaternion sequences but also offer potential applications in diverse fields, including computer

graphics and quantum mechanics. By delving into these connections, scholars can uncover fresh

opportunities for employing quaternions in advanced mathematical and scientific settings.
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