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Abstract: The primary aim of this work is to deal with binomial transforms of bivariate Fibonacci
quaternion polynomial sequence. The binomial sequence of the bivariate Fibonacci quaternion
polynomial is found, and then results are obtained for the recurrence relation, generating function
and Binet formula. Furthermore, different types of sums are being sought for the polynomials.
While working with bivariate Fibonacci quaternion polynomial sequence, we found the general
formula for all sequences with quadratic recurrence relation, which includes the formulas in
general terms for binomial transform. In the last part, matrix representations are derived for
the corresponding binomial sequence.
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1 Introduction

Integer sequences are a cornerstone of mathematical research and application. They appear in
theoretical work, practical applications, educational resources, and numerous databases, reflecting
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their fundamental role across various fields of study. Many mathematical papers delve into the
properties and behaviors of specific integer sequences. There is no doubt that the Fibonacci
number sequence has attracted the most attention in the literature. This is a sequence in which
each number is the sum of the two preceding ones, starting from 0 and 1. The sequence progresses
as 0,1,1,2,3,5,8,13, and so forth [15].

The bivariate Fibonacci polynomial is an extension of the Fibonacci sequence into two variables,
in [10]. It is defined to generalize the properties of the Fibonacci sequence using polynomial
expressions. Below is a closer look at the bivariate Fibonacci polynomial and its properties:

0, if n=0,
zF, 1(z,y) +yF_o(z,y), if n>2.

The characteristic equation of bivariate Fibonacci polynomial is

h* —xh —y = 0.
2 —_ /2
Also its roots are hy(z,y) = IV Wand ho(z,y) = % Hence, the Binet
formula and the generating function are as follows, respectively,
h? — h? > P
Fo(z,y) = 2—2forn>0 and F(z,y)p" = ———-.
(2.9) = 3= nz:; ()" = T =0

It should be noted that the information given above about bivariate Fibonacci polynomials
was originally presented by Catalani in [2] and [3].

Table 1 below demonstrates that, by assigning appropriate values to the two-variable Fibonacci
polynomial, other Fibonacci-type polynomials of second order are obtained.

Table 1. Fibonacci-type polynomials of the second order

Fibonacci-type polynomials

T |y bivariate Fibonacci polynomial
x| 1 Fibonacci polynomial
20 | 1 Pell polynomial

1 | 2z Jacobsthal polynomial

2z | —1 | Chebyshev polynomial of the second kind

3r | —2 Fermat polynomial

The interest in this polynomial has continued to this day, as seen in [8] and [13]. Sequences
of numbers with coefficients that are quaternions or quaternion polynomials have been studied
extensively, and it is observed from the literature that interest in this topic remains high even
today.

Consider a sequence {g,} where each ¢, is a quaternion. That is, each term in the sequence
can be written as ¢ = a,, + b, + ¢,j + d, k where a,, b,, c,, and d,, are real sequences and ¢,
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J and k are the basic quaternion units. For example, in [12], the authors introduced a bivariate
Fibonacci quaternion polynomial sequence as follows. In that work, the authors used QBF instead
of bivariate Fibonacci quaternion polynomial sequence for abbreviation purposes.

Definition 1.1. [12] A quaternion polynomial, which is called QBF, is defined by

3
QBF,(z,y) = ZFnH(x,y)er (o =1,e1 =1i,e9 =j,e3 =k),

r=0

where F,, . (x,y) is the (n + r)-th bivariate Fibonacci polynomial with the initial conditions
QBFy(z,y) = e1 +xes + (2 + y)es

and
QBFi(z,y) = ey + me1 + (2° + y)ea + (2° + 2xy)es.

Moreover, let us consider (1), then we have

3
QBF,i(z,y) = ZFn+1+r($ay)6r
r=0

3
= Z (anJrr(x’ y) + yanlJrT(Q:a y)) Cr

r=0
3 3
= Z Fn-i-r(xa y)er +y Z Fn—l-‘r?“(x? y)er‘
r=0 r=0

This leads to the following recurrence relation (see [12]):
QBFn+1<x7y) :a:QBFn(yc,y) +yQBFn71($ay)- (2)

In the same study, the iteration relation for (QBF was established, then Binet formula,
generating function, and some identities including Cassini, Catalan, and d ’Ocagne were obtained.
Some authors (e.g., [9, 11]) have studied the binomial transform of quaternion. The binomial
transform is a versatile mathematical tool that finds applications across various fields, [4,5,7, 14].
It can simplify problems, enable transforms between different forms.

2 Binomial transform of bivariate Fibonacci

quaternion polynomial

In this section, it is aimed to find the binomial transform of the two-variable Fibonacci quaternion
polynomial. In [14], for a sequence {a1, as, as, . ..} the binomial transform is defined by:



Definition 2.1. f, is called a binomial transform of bivariate Fibonacci quaternion polynomial

if it is defined by

n

r=0

where QBF, (x,y) is the n-th bivariate Fibonacci quaternion polynomial sequence.

Lemma 2.1. The following equation is valid

n

rr =3 (2)@BE (o) + QBFras(.0)

r=0

where f,, is the binomial transform of bivariate Fibonacci quaternion polynomial.

Proof. In view of (3), we have

Then we replace n with n + 1

n+1
fn+1 = Z(n—i_l)QBFr(may)

_ z; (” + 1) QBF,(x,y) + QBFy(x,y).

From known binomial equations ( ) + (”) = ("H) and ( +1) = 0, we find

. K 1) + (”)] QBE, (x.y) + QBF(x.y).

r

So we get

fn+1 (n) QBF T y QBFrJrl(xay))'
r=0

This finishes the proof. [

Corollary 2.1. Let f,, represent the binomial transform of the bivariate Fibonacci quaternion
polynomial sequence. Then

fn-i—l fn‘l'Z( )QBFT+1 x y)

Theorem 2.1. For n>1, the binomial transform for the bivariate Fibonacci quaternion polynomial

fn is constructed by the recursive relation:

fn—l—l = (l’ + Q)fn + (y - T — 1)fn—1’

where fo = QBFO(J:’y) and [ = QBFO(J:?y) + QBFl(x7y>
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Proof. According to Lemma 2.1, we have

n

fr = 2 (1) @R +QBE )

= > (:) (@BE(2,y) + QBE 11(2,y)) + QBFy(2,y) + QBFi(z,y)

r=1
— @) fn+y2( )@BF, (&) + QBFi(z,y) — yQBFy(x. ).

By substituting n — 1 for n, we obtain

n—1
fn = (ZL’ + 1)fn—1 + ?JZ (n ; 1)QBFT—1($7y> + QBFl(x7y) - yQBFo(fE,y)
r=1
S [(” - i) ry (" - 1)} QBF,1(x.) + QBF\(x.y) — yQBFo(x.y)
r=1

= xfn_1+zn: KZ:D +y(n;1) iy(”_ i)] QBF,_1(v,y) + QBFi(,y)
—yQBFoT(::vl,y)

= 2fp+ (1 —y)for + ?JZ QBF,_i(z,y) + QBF\(z,y) — yQBFy(z,y),

r=1
So we get

yZ (1) QBRs() + QBFi(0.0) = yQBF() = fu+ (0 =2~ D
As a result of necessary arrangements we have
fori=(@+2)fn+Wy—2—1)f0 1. O
Moreover, the characteristic equation is
h? — (x+2)h—(y—x—1)=0.

The roots of this equation are

T2+ P+ 4y and 6_a:+2—\/:c2+4y
= : = .

2

Based on the roots, the following equations are valid;

a+pf = x+2,
a—B = Ji2+dy=A, )
af = rz—y+1,
o = (z+2)a+(y—z—1),
B = (@ +2)f+(y—a—1),
A+ y—z—1) = alA,
Br(y—z-1) = —BA,
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Theorem 2.2. Binet-like formula for the binomial transform of bivariate Fibonacci quaternion
polynomial sequence is given by

f1 foﬂ foOé—f1

fo= T T
Proof. To put it in the most general terms,
fn = ClO[n -+ Cgﬁn.
So we get
e forn =0, fo =c1+ co,
e forn=1, fi = cra+ cf.
Then
c f1 Jop and ¢ :foa—fl
a8 a0
Ifc, = h- — fo? and ¢y = f (;O‘: h are substituted into f,,, we find
£, = f1 foﬁ foOé—f16n‘
o — 6 a—f
The proof is completed. [

For convenience, we can write the Binet-like formula for f,, as follows:

fn = ra" + 716", &)
fi—foB _ Joa= 1
P and 7—70&_5 .
Theorem 2.3. The generating function of the related binomial transform is
1 —at — 2t — yt? + xt? 4+ 2

where Kk =

f(t) =
where

fo=QBFy(z,y) =i+ xzj+ (2> +y)k and
fi = QBFy(z,y) + QBF(z,y) =14+ (1 +2)i + (z + 2° + y)j + (2° + 2* + 22y + y)k.

Proof. First, using the relevant Binet formula, and then using the equation (4) and geometric
series, we get

K T
= \iza iz m)
1 (—foﬁ—f15t+f052t+f004—foOéQf+f1Oét>
a—f (y—x—12 —t(x+2)+1
1 (fo(a—ﬁ)th(—fo(»BJra)(a—ﬁ)+f1(04—5)))
(y—az—12—t(z+2)+1
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fott(=fola+B)+ f1)
(y—x—12 —(z+2)t+1
(1—at —2t) fo + fut
1 —at — 2t — yt2 + xt? + 2’

as we declared.
The theorem to be given now is about exponential generating function.

Theorem 2.4. The exponential generating function for f,, is given by:
= t" at Bt
E fo— = ke + 1.
n!
n=0

Proof. If we apply the Binet formula, we obtain

— " ny £ — (at)” — (Bt)"
2;%;:2;(%@ R Sy ”2_% al

The desired result is achieved with the necessary basic operations and arrangements:
o0 n
an— = ke + e,
n!
n=0

The following result is valid for f,.

Theorem 2.5. For f,, for any n € N and for integers m and s with k > m, it holds that:

- - (:L‘_y—f—l)(fmn—ﬁ-k_sz—m)_fmn+m+k+fk
2 Jres T P T

Proof. Using the relevant Binet formula and the equation (4), the following is obtained

n n
_ mr+k mr-+k
§ fmr—l—k - E K& + Tﬁ
r=0

r=0

n n
_ KOékZOCmT‘i‘TBkZBmT
k=0 k=0

m\n+1 myn+1
NG (—wai:_ - 1) + 78 (_(5@);_ - 1)

(@™ — k(g — 1)

(ampm — am — fm + 1)

(B g4 (am 1)

(ampm — am — fm + 1)
k(ammtk ()™ — Fpm — qmntmth 4ok
(ampm — am — [fm 4 1)
H(B R @B — gt — B 4 g
(ampm — am — fm + 1)

+

+
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(aﬁ)m (K,O[anrk + T/an+k) _ (aﬁ)m (K,Oékim + Tﬁk7m>
— (Hoémn+m+k + Tﬂmn—i—m-‘rk) + (/iak + Tﬁk)
(@B)™ — (o™ + ™) +1
(23 -y + 1)(fmn+k - fkfm) - fmn+m+k + fk
oyt = (@ +5m)+1

This completes the proof. [

Theorem 2.6. Let f, represent the binomial transform of the bivariate Fibonacci quaternion
polynomial sequence. Then

- n __ fk_ (x_y"i_l)fkfmt
nzgfm”““t 1= (am+ ) + (z—y + 1)

for all natural numbers n and integers m and k with k being greater than m.

Proof. If we start by using the Binet formula in (5), we get the following

(ﬁaanrk 4 Tan«Hc)

nzz() Fomint® = Z a—f "

n=0
= k) (a™t) +Tat Y (BT
n=0 n=0

Here, by utilizing the geometric series and (4) with the necessary adjustments, we obtain

Ko T6
e S 1—amt  1-—p™

ka®(1 — B™t) + 8% (1 — a™t)
(1 —amt)(1 — gmt)
(kak + BBF) — (ka®B™ + 78Fa™)t
1—(am+pm) + (aB)mt?
kak + 8% — (aB)™ (/iozk*m + Tﬁk*m) t
1= (am+ ™) + (af)mt?
Je = (@ —y+ 1) fe-mt
1—(am+pm) + (z—y+1)t2

Thus, the conclusion is evident. ]

We can derive several well-known identities from the literature, by applying the Binet formula
to our relevant binomial transform.

Theorem 2.7. Let f, represent the binomial transform of the bivariate Fibonacci quaternion
polynomial sequence. Then

(1) Jnifrsre — f2 = (x —y + 1)"(a* — B*)(Tra* — kT 8%)

for natural numbers n and k with n > k. (The Catalan identity),
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(i7) foeiforr = [ = (@ —y + 1)"(Tha — K7f)
for n € N (The Cassini identity),

(2id) fuforr = forifo = TREM — KTQA T
forn > k (The d’Ocagne identity).

Proof. (i) First of all, let us start with our first option.

fookfuse = fo = (k0" 4787 (k" £ 7B7E) — (k" 4 7B (k" + 757)
= kK™ 4+ k7" B L rrpt TR R g

— (kK> + /fTa”B” + 763" + 77 *")
of

= m‘(ozﬁ)”— + 7r(aB)" o — kT(af)" — TR(af)"

7
S o (5 ) ()
= (o) ( ’“6’6 + mr(a* — f*)a*)

= ﬁk>(7'/£06k — k")
= (:1: —y+1D"(a* = ) (tra" — kTB").

(17) To get what we want, it is enough to take k£ = 1 in (2).
(77i) Let us use the Binet formula in (5), we get the following

Jefni1 = frerifn = (FLOék + 76’“) (/ﬂ&n+1 + Tﬁ"“) — (,mkﬂ + Tﬁkﬂ) (ko™ + 7"
= ke 4 kP BT 4 R BRQMT o ph

—/{/iozk+1+” o KJTO/H_I/B” . Tﬁﬁk—f—lan . 7_7_61@—1—1—1—71

k6n+1 Bkan+1 _ /iTOékJrlﬁn _ T/iﬁkJrlOén

= KT« + 7K

= —r7a"B" (o — B) + TRETQ" (o — B)
= (a—B)(rrBFa™ — kTa®B™)
= 7rp"Q" — kT B"

= TR — kT
Thus, the proof is concluded. []

Theorem 2.8. Let f,, represent the n-th binomial transform of the bivariate Fibonacci quaternion

polynomial sequence. Then

Xn: (n) (y—2—-1)""(x+2)" fr = fon,

r=0 r

where for each natural number n.
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Proof. Let us begin the proof by starting from the Binet formula

n

> () -a-0 s,

= i} (Z) (y—z—1)""(x+2)" (k" + 76"
= Kri; (:) (y—2z-1)""((z+2) a)wfig (’:) (y—z—1)"" ((z+2)8).

Considering (4) and continuing with elementary operations

> (M -a-0 s,

= /:((y—x—1)+a(m+2))n+7((y—$—1)+5(5E+2))n

— I€Oé2n _|_7_62n

= f2n-
Thus, the desired result has been achieved. [l

Theorem 2.9. Let f,, represent the n-th binomial transform of the bivariate Fibonacci quaternion
polynomial. In that case

n

> (n> (== 1" (@42 fror = fannr,

r=0

where for each natural number r and integer n.
Proof. Let us begin the proof by starting from the Binet formula

> (M) a0+ o

r=0

= En: (”) (y—2—1)"" (2 +2) (na" 4 757

_ ;@ g (Z) (y—z—1)"" ((z+2)a) + Tﬁg Cf) (y—a—1)"" ((x+2)B).

Taking (4) into account and proceeding with basic operations

3 () o= 2

— /i;x((y—x—1)+a(x+2))n+7'5((y—95—1)+5(33+2))n

= ko™ + 7B

- f2n+1'

Therefore, the intended outcome has been accomplished. L]
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Theorem 2.10. For all n € N, f, represents the n-th binomial transform of the bivariate
Fibonacci quaternion polynomial sequence. Then the following is valid

<y_x _ 1)f +fn+1 _ A( 2 2n+1 25271—1—1) )

Proof. From the Binet formula and (4), we get

(y—l’—l)fiJrfﬁH

(y—z—1) (ka" +78") (ko™ + 76") + (ko™ + 78" (/fa”“ + 74"t
= (y—x—1) (K2 + 1267) + (k202" 4 7220+2)

= ra®a(a—p) =768 (a— )

_ (Oé _ 5) (/€2052n+1 2ﬂ2n+1) )

So this result verifies the proof. [

Theorem 2.11. Let f,, represent the n-th binomial transform of the bivariate Fibonacci quaternion
polynomial. In that case, for n > 0, we have

0 (e = { e
(i1) 1:0 <Z)<_1)Tf2r+s (y—z—-1)"" = { _((Zi?z);"]}: + ;(0); Z:z'ednnn

(iii) TZO (7;) fefres(y—x =17 = { (( :22 j:: j ;jg::; 2:: ;Z: Z\;Znnn
(iv) é (Z) Fly—z—1)"" = { ((,f 23 k j :22?:)) 2: Jfrr;;;tzn

Proof. Using the related Binet formula and (4), we get

n n

Z (2) forgs(y—a =" = Z (:‘) (ka4 787 (y — ¢ — 1"

r=0 r=0

— ko é <Z> (@) (y—x—1)""

pr Y (1) -

r=0
= ko +y—az—1)"+718 (B +y—ax—1)"
= ko’ (@A) +75° (—BA)"
= ra’a"A" + (=1)"7B° B A"
= (ka""" 4 (=1)"74"%) A"
{ fnﬂ, " for even n

(k"™ — 74" T)A" 1 for odd n.

The proof has been completed. The remaining parts (i), (i74) and (iv) can be handled in a manner
similar to (). O
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Theorem 2.12. Let f,, represent the n-th binomial transform of the bivariate Fibonacci quaternion
polynomial. In that case for allr € N and s € 7, we have

> (”) (—y+z+1)" " forss = (€ +2)" fars

r=0 "

Proof. If we start again with the relevant Binet formula, we have

> [Z (Z) (—y+o+ ”nrfws] a

= <Z< y+o+1 )(Zfzm ,>
(v ) (St )

Considering the binomial formula

i [i (Z) (~y+a+ 1)”""f27«+s] g

n=0 Lr=0
> n e 21\n > 21\n

2
- ¢ (y z—1)t (l{aseat_'_TBseﬂ t)
_ /‘iC(Se(erZ at—l-TBS (z+2)B

I G LY S S (CES T

| |
— n! —~ n!
= i (z+2)" (k™™ — 7™+ v
B n!’
n=0
thus, we arrive at the desired result, as follows
- n n—r n
Do\, )yt D s = (4 2)" fus O

r=0
Theorem 2.13. For r,n € N, the following equality holds:
Jrfni1 + ( — T — 1) froifa = ( 2t T2ﬁn+T) A,

where f, is the n-th binomial transform of the bivariate Fibonacci quaternion polynomial sequence.

Proof. If the proof is started using the relevant Binet formula, we have

frfori+(y—2—1) ficifa
= (ke +70") (k" + 78" ) + (y — 2 — 1) (k" + 7877") (k™ + T8")
= Ko™ 4 a8 4 BT 72 gntrt

+(y—z—1)ra" 4 (y—x — 1) kTa" 1 B"

+(y—x—1) 7B "+ (y — 2z — 1) 7B
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Taking into account (4), we obtain:

frfn+1+(y_x_1)fr—1fn
— KQOén—i-r(a_i_%_1)+R7ar—lﬂn(aﬁ+y_$_1)

+r78 " (B +y —x — 1)+ T2BT(B + g)

B
— H2an+r (CY - 5) o 7_2ﬁn+r (Oé o 6)
— (H2C¥n+T o T2ﬁn+r) A
Thus, the proof is concluded. L]

3 Matrix representation

A binomial transform matrix is a matrix whose entries are binomial transform of bivariate
Fibonacci quaternion polynomials, extending the concept of a matrix to the binomial transform
system. Here is an overview of matrices of the binomial transform of bivariate Fibonacci quaternion
polynomials.

Matrix methods are useful for deriving results related to different identities as well as for
algebraic representations in the examination of recurrence relations. Charles H. King discovered
a novel method for getting Fibonacci numbers in 1960. He found that by raising a 2 x 2
matrix, known as the Fibonacci ()-matrix, to various powers, each element of the resulting matrix
corresponds to a Fibonacci number dependent on the power applied. King described this approach
in his master thesis, as follows:

Qzll 1] and Qn: Fn—H Fn

Fn Fn—l

?

10

where () is also known as the companion matrix [6]. The matrix that plays the role of ()-matrix is
defined by in [1]. We present matrix M as a second order matrix whose entries are the binomial
transform of bivariate Fibonacci quaternion polynomial, as follows:

z+2 1 and M" = Jni I )
y—r—1 0 —2z—-1fn (y—2—-1)fi

Theorem 3.1. Let f, represent the n-th binomial transform of the bivariate Fibonacci quaternion

M=

polynomial sequence. For an integer n > 1, we have

n—1
T+ 2 1
y—xz—1 0 '

fn+1 fn _ f2 fl
(y—z-1fn (y—r—1)far (y—z-1fi (y—z—1)f

Proof. The induction method can be employed to prove this. For n = 1, the base case is evident.
Next, let us suppose that the equation is
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| Ir Jr—1
(Z/ - = 1)fk71 (y — T — 1)fk—2

- k—2
. fg f1 x+2 1
o Df -o-Vf | |[y-a—10
forn = k — 1. For n = k, it becomes
- T 1 k-1
f2 fi T+ 2 1
| y—z-1Dfi y—z-1fo | |[y—2—-1 0
- Tr 7 k=2
B fa fi rx+2 1 x+2 1
| y—z-DfHh —z-Dfe | |y—z—-1 0] y—x—10
_ Tk Jr r+2 1
y—r-Vfis (-2 Dfics | [y-2-1 0
This completes the proof. [

The Honsberger identity for f,, can also be derived using the companion M matrix. The
following result illustrates this approach.

Theorem 3.2. Let f, present the binomial transform of the bivariate Fibonacci quaternion
polynomial sequence. In this case, the Honsberger identity for f, is

fn+k = (LU —y+ 1)fnfk71 + fkfn+1
for natural numbers n and k withn > k.

Proof. We know that

M" = fn+1 fn
(y—zx—-1)f, (y—x—1)faur
Here if we take n + k instead of n in M"™, we have
. Jntkt1 Stk -
W—2—1Dforx W—2—1)fnse

On the other hand, we have

fn-i—lfk-i—l_'—(y_x_l)fnfk’ fn-l—lfk"’(y_x_l)fnfk—l
(y—z=1)fufrrr + (y—2=1>2forfe (y—2=1)fufe + y—2—=1)furfor |

Now, from the properties of matrices, we obtain what is known in the literature as Honsberger

M"M* = [

identity
Jook = (@ =y + 1) fafoor + frfar1-

Corollary 3.1. When we take n + 1 instead of k, we obtain

fonr = (@ —y+ 1) f2 + fo,.

from the Honsberger identity.
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4 Conclusion

The aim of this research is to focus on the binomial transform of quaternion polynomials, which
has not been studied before in the literature. In the most general sense, what is intended to be
given is to examine a binomial transform, but the technique used for this is realized with the help
of the two-variable Fibonacci quaternion polynomial. The literature review about the sequence
was given in the first part and the binomial transform of the sequence is represented in the second
part. Again in the second part, the Binet formula of the relevant sequence, the generating function,
identities recognized in the literature (such as Cassini) and some binomial identities are derived.
In the last section, for the relevant sequence matrix form is given. Our next article will focus
on different types of binomial transforms—such as rising, falling transforms—for the relevant
sequences and their fundamental properties.
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