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1 Introduction

The sequence of Fibonacci polynomials (F),(x)),>o Was introduced in [4], and is defined by the
initial conditions Fy(z) = 0, Fi(x) = 1, and the recurrence relation F,, 1 (z) = o F,,(z)+F,_1(2)
for n > 1. In the literature, there are generalizations of this well-known sequence (see, for
example, [1,5-8, 10]), as well as applications involving these generalizations.

One important generalization is given in [10], where the authors defined the generalized
Fibonacci polynomial of order » > 2, and study this sequence by using the introduced fundamental
system associated with the generalized Fibonacci polynomial of order r > 2.

The generalized Fibonacci polynomials of order > 2, with initial conditions Fy(x), F;(z),

.., F,._1(z), is defined by the following recurrence relation:

Fo(z) = 2F, 1 (x +ZF,”1 ,Vn > (1)

Thus, the generalized family of Fibonacci polynomials is defined by
F={(F(@)) 0 1 <5 <1} )

where F\*) (z) = 2F*) ()+ 327 F%, | («), with initial conditions F\\*)(z) forn = 0,1,2, ...,
r — 1 given by F! )( )—1anans)( )=0for0<n#s—1<r—1.

Let (F,(x))n>0 be a generalized sequence of Fibonacci polynomials defined by the recursive
relation (1) and initial conditions Fy(z) = ay, ..., F,_1(z) = «,. It was established in [10] that
F,(x) is given by F,(z) = ole,(Ll)(x) to o B (x), for all n > 0. Moreover, the family of
Fibonacci polynomials F, is linearly independent and form a fundamental system for the real
vector space of solutions of Equation (1). There are several properties involving this fundamental
system presented in [10]. Here we highlight some of these properties and new properties that
form the basis for presenting generating functions involving this system and an analytical study.
Moreover, the study of the asymptotic behavior of each sequence of the fundamental system permits
us to establish the asymptotic behavior of the generalized Fibonacci polynomial of order r» > 2.

The article is organized as follows. In Section 2, we give some preliminares results about
the fundamental system of the Fibonacci polynomials. In Section 3, we establish the generating
functions of the fundamental system and extend the results to the generalized Fibonacci polynomials
of order » > 2. In Section 4, we stated an analytical study of the generalized Fibonacci polynomials
of order r > 2 of type (1) in terms of the roots of characteristic polynomial associated with the
recurrence relation of sequence of type (1). Moreover, we established an asymptotic behavior of
the fundamental system and any sequence of type (1). Finally, some conclusions and remarks are
stated.

2 The fundamental system of Fibonacci polynomials

In this section, we introduces the fundamental system of Fibonacci polynomials. To do this, we
define the Casoratian matrix associated with the generalized family of Fibonacci polynomials (2)
and, as discussed in [12], the determinant of the Casoratian matrix and its relationship with the

companion matrix.
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Definition 2.1. The Casoratian matrix of the fundamental system of Fibonacci polynomials F. is
given by the following matrix:

F@) @) - F()
A FED(x)  Fo@) - FU()
CF(”): : : . .

1 2 r

FY @) B @) - (@)

The following lemma can be proven by induction.

Lemma 2.1. For each n > 0, we have that (Ap)" = Jpép(n)JF, where Jr is the antidiagonal

matrix given by Jp = (c¢ij)i<ij<r With ¢;j = 1 for i+ j = r+ 1 and ¢;; = 0, otherwise.
The companion matrix associated with the fundamental system of Fibonacci polynomials, Ar, is
given by:
x 1 1 11
1 00 0 0
Ar=1]1 0 1 0 0 0
000 ... 12O

Note that the determinant of (Az)" is equal to (—1)""+1) 5£ (. Then the set F, is linearly
independent. Moreover, we can prove the following proposition.

Proposition 2.1. Consider (F,(x)),>0 to be any sequence of polynomials of type (1), then,
F.(x)=2F,_1(z) + z:_ll F,_i_1(x), with initial conditions oy, . . ., «,. Then,

Fo(z) = ar FY () + a0 FP(2) + - + 0, F(x). 3)

Therefore, F, is a basis for the real vector space of solutions of Equation (1), and we have the
following definition.

Definition 2.2. The fundamental system of Fibonacci polynomials is given by r copies of (1),
represented in compact form:

E(@) = B0 (2) + B (@) + -+ B (@), n2r
Fés)(x) = (55_1’717 0 S n S r— 17
where 05_1 ,, is a Kronecker delta defined by 1 if n = s — 1, and 0 otherwise.

First, consider some properties of the fundamental system of the generalized Fibonacci
polynomial of order r > 2. Let F,. be the fundamental system of Fibonacci polynomials. Then, in
Proposition 1.6 [10], for each n > 1, it holds that Fr(bl)(m) = F,(f_)l (x). In addition, for all n > j
and 1 < j5 <r —1, we have

J
F(x) =Y " F(x). 4)
=1

Thus, we can establish a relationship between F),(z), that is, any sequence of the type (1) and
F{"(z) as follows.
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Proposition 2.2. Let (F,(x)),>0 be a sequence of generalized Fibonacci polynomials of type (1),
with initial conditions oy, s, . . ., ... Then, for all n > r, holds

Z (Z %) )+ a7 ().

3 The generating functions

In this section, we will provide the generating functions for each sequence of the fundamental
system, and by using properties of this family of sequences we will derive a generating function
for a generalized Fibonacci polynomial of order » > 2 of type (1).

In what follows, the generating function for each sequence of the fundamental system is given.

Theorem 3.1. The generating function F®)(t,x) for the generalized Fibonacci polynomials is

given by
r r—1 r—2 r—3
(L—at =Y t"FO(tx) = FO ()" —at Y F(a)t" — 2 F(a)t"
n=2 n=0 n=0 n=0
oy (a)

Proof. Consider the sequence (F,,(x)),>o defined by the recurrence relation:
F (@) = oFy 2y () + F2(0) + -+ B2 (o), 5)

Denote F®)(t,2) =Y > FY ( )t". We multiply both sides of the relation (5) and sum over all
values of n > r, getting

D FED @ =3 @h @) + Fly() o+ B (o)
That is,
S EP@)t =2y E (@)t + > E @)t 4+ > FY ()t
Thus, adjusting the indices and isolating F'(t, x), we obtain
T r—1 r—2
(L—at =Y t"FO(tx)=> FO(x)t" —at Y F(a)t"
n=2 n=0 n=0
r—3
— 2> FO @) - — T FY (2). O
n=0

Note that, according to Equation (4), we have that FY )(:v) can be expressed in terms of
F (x). Thus, we can take s = 7 in the previous proposition and considering that F () = 0510,
for 0 < n < r — 1, we obtain a generating function for the generalized Fibonacci polynomials
F (x), which will be used in the following results.

538



Corollary 3.1. The generating function for (Fy) (2))n>0 is
trfl
L—at =5 "

Given (F),(x))n>0 a sequence of generalized Fibonacci polynomials of type (1), since F,,(x) is

(6)

FO(t,z) =

given in terms of sequences of the fundamental system, then we obtain the following proposition.

Proposition 3.1. Let (F,(x)),>0 be a sequence of generalized Fibonacci polynomials of type (1),

with initial conditions oy, v, . .., .. Then, for every n > 0, the generating function is defined

by
= Z " F™ (y, z).
n=1
Proof. Consider the sequence (F),(z)),>o defined by the recurrence relation:
Fo(x) = aa Y (2) + 02 B2 (2) + -+ + 00 D (), ()

Multiply both sides of the relation (7) by ™ and sum over all values of n > 0:

ZF z)y" —alel +aQZF2 —i—ocTZF’"

Thus, we can adjust the indices and rewrite the expression in terms of each generating
function. We have:

F(y, ) = aiyFV(y, 2) + s’ FP (y, ) + -+ oy FO(y, ) (®)
= any" FM(y,x). )
n=1
This completes the proof. []

In general, by Proposition 2.2 and Corollary 3.1, we get the generating function for a generalized
Fibonacci polynomial of order 7 > 2 of type (1) in terms of the generating function of () (z).

Proposition 3.2. Let (F,(x)),>0 be a sequence of generalized Fibonacci polynomials of type (1),
with initial conditions o, o, . .., a,. Then, for every n > 0, the generating function is defined
by

r—1 r—1
F(ya $) = (Z szz + ar‘) F(r)(y7 m) + Z aiyiila

where F")(y, 1) is the generating function of the sequence F)," ") (x) and Q; = <Z§;ZI aj) .

Proof. Consider the sequence (F,,(x)),>o defined by the recurrence relation:

3 (Tiag) F" (2) + o0, FO (). (10)

=1
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By multiplying both sides of the relation (10) by ™ and summing over all values of n > r—1,

we obtain
> Rt = Y F( At FD L @)y + 0 FD ()"
n=r—1 n=r—1

and we can rewrite the above expression in terms of F")(y, ) and F(y, z):

r—2 r—3
Fly,z) =Y Fu(x)y" = Qy(FO(y,x) = Y F(x)y") +
n=0 n=0
r—2
+ a1y T FO(y, ) + ap (FO(y, ) = F (2)y").
n=0
Removing the null terms, it follows that:
F(y,x) = MyF(y,z) + Qy’FO(y,2) + - -
r—2
+ gy T POy, ) + o FO(y, ) + Y Fa(a)y”
n=0

Therefore,
r—1 r—1
F(y7 ZE) = (Z szz + Oé,,«> F(T)(ya ZE) + Z aiyi_la
j i=1

where F()(y,z) is the generating function of the sequence (Fér) ())n>0 and

Q; = (Z; JO‘J) O

4 Analytical study

It is well known that the analytical formula for linear recursive sequences is related to the roots of
the associated characteristic polynomial (see, for example, [3,13]). The characteristic polynomial
associated to the generalized Fibonacci polynomial F, () = 2F, 1 (x)+>.—, F,_i_1(x)is given
by P(t) =" — xt"! —¢"=2 — ... — ¢ — 1. It was shown in [10] that the roots of P( ) are simple
and that the number of real roots for x > 1 is given by

0, ifdeg(P)isodd, where deg is the degree of P.

oM where M = } .
1, if deg(P) iseven.

For r = 2, Fy(x) = 0 and Fi(z) = 1, we have the well known extension of the Binet

a™ 4+ /" x—i—\/x? and § = — V2 +4
2

formula given by: F,(z) = , where o = are roots of

P(t) = t* — xt — 1, its associated characteristic equatlon.
Thus, we can state the following proposition.

Proposition 4.1. Let . be the fundamental system of Fibonacci polynomials. Then for r = 2
n __ 7 n n 5
and n > r, we have: Fy”(z) = % and F{V(z) = aﬁaiﬁa where o = TXVZEA g

,5 ’ 2
5213—\/%24—4

5 are roots of P(t) = t* — xt — 1.
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Consider the following results for the case of » > 3.

Lemma 4.1 ([10]). Given the polynomial equation P(t) = 1" — xt"™ ' — "2 — ... —t — 1, the

number of real roots for x > 1 is given by:

0, ifdeg(P) is odd,

oM where M = i i
1, ifdeg(P) is even.

Proposition 4.2 ([10]). Given the polynomial equation P(t) = t" — xt"™ 1 — "2 — ... — ¢ — 1,
we have that its roots are simple.

Before starting the next result, we highlight the following definition, as presented in [9].

Definition 4.1 ([9]). A matrix A € R™*" is called non-negative if each entry a;; is non-negative,
and we denote this by A > 0. The set of distinct eigenvalues of a matrix A, denoted by o(A), is
called the spectrum of A. The spectral radius of a matrix A is defined by p(A) = maxyeq(a) |Al-

Theorem 4.1 (Perron’s Theorem [9]). If A > 0, irreducible and primitive, then the following
statements are true.

* p(A) > 0;
* p(A) € o(A);
* p(A) is the unique eigenvalue on the spectral radius of A.

By applying Perron’s Theorem for the characteristic polynomial P(¢) = det(Ap—tI,), where
Ap is the companion matrix associated, we obtain the next result.

Lemma 4.2. Given the polynomial equation P(t) =" — xt"™™' — "2 — ... —t — 1 withx > 1,
then xy > |z;| for j = 2,...,r, where x is the unique positive real root of P(t).

Proof. Note that Ap has only real and non-negative entries, that is, Ar > 0 and is in fact
primitive, using the Frobenius test, taking n > r. Furthermore, by construction, Ag, for z > 0,
are irreducible. Thus, by Perron’s Theorem, it follows that p(Ar) € o(Ar), p(Ar) > 0 and
p(Ap) is the unique eigenvalue in the spectral radius of A, that is, 1 > |z;|,for j = 2,... 7,
where z; is the unique positive real root of P(t). O

Now, under the previous results, we will study the asymptotic behavior of the sequences of
the fundamental system generalized Fibonacci polynomials.

Proposition 4.3. Let F,. be the fundamental system of generalized Fibonacci polynomials. Then
forr =2andn > r, we have

B . FP)
Jim —ry—— = lim —5-—.
an1(x) F, 1(x)

n—

Proof. For r = 2, the associated characteristic polynomial is P(t) = t*> — xt — 1 = 0, with roots

214 — 244 F(j) . .-
= % and y = @ Note that for any fixed x > 1 € R, ("j) ((x)) 1S a positive
Fn—l €
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real number, and

' 5 1 n B 5 1 n

FO@@) =4, [TV TR) | g (2 VT
2 2

is a solution of Féj)( ) — asFé )1(1') - F({)Q(:v) = 0, with constants A; and B;.

n
F9 (2)
j)

Thus, the expression becomes:

F7 ()
Az" + By
Azn—l + Byn—l'

This can be rewritten as .
Az+ By (y/2)""

A+ By(y/=)""
Noting that || < 1, for any > 1, lim,,_, (y/2)"~" = 0. Therefore,

Az + By (%)ni1 Az r+Vr2+4
im = ==
" A+ By (%) A 2
x+\/x2—|—4

Thus, the limit of the expression is [

Note that for x = 1, we have =—————— v Vaitd = ¢, where @ is the well-known golden ratio. For
/2
x > 1, we have %M <z+1. Therefore, we get:
Fél) Féz)
P < lim — @) _ iy g @) a1
nree Fn71<x) nee anl(x)

In general, for » > 2, we have the following proposition.

Proposition 4.4. Let F, be the fundamental system of generalized Fibonacci polynomials. Then
foreachr > 2 andn > r, we have
F(a) B (@)

im ———~= =... = lim .
n=oo ) () n=oo 0 ()

Proof. Similarly, for » > 2, the associated characteristic polynomial is
Pt)=t" —at"™ ' " — .t — 1.

Let x1,...,z, be the roots of P(t). Then Féj)(x) = Aj2t + -+ + Aja] is a solution of
FY(z) = 2F! ]) () + S0 FY (2), with constants Ajy ..., Aj,.
Y (x)
70

n—1

Thus, the expression becomes

(z)
Apai + -+ Ajea}
Ajlx’f_l + -+ Ajrl’;’,l_l .
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Now, we can divide both the numerator and the denominator by 7!, where z; is the unique
positive real root:

n—1
Ajlxl + -+ AjTJZT (x—T)

1

n—1
Aj1+"'+Ajr (LT)

1

Li
x1

n—1
< 1forj=2,...,7, by Lemma 4.2, lim,,_, (I—J> = 0. Thus, as n

1

Observing that

increases, we get:

1

lim ] = = T. O
n—o00 Ajl—l-"“"AjT (I_r> A

71
1

n—1

Thus, we have the following theorem.

Theorem 4.2. Let F, be the fundamental system of Fibonacci polynomials. Then for each fixed
r>2,1<j3<r,x>1andn > r, we have

FY)

o< tim L@y

n—oo f(7)
n—1\T

Proof. Let us now prove the inequality ® < x;. Assume that ¢ = x; and » > 2. Then we have:
tr—atr! — =2 — ... —t —1 =0, and since the number ¢ is positive, we have:

tr— =2 > 0.
Dividing both sides by ¢"~2, we obtain:

2 —at—1>0.

V244

.. . . 244
This inequality has the solution ¢ > = + r+vam+4

. Therefore, we conclude that x; > x 5 ,
therefore x; > ® and the equality occurs in the case r = 2.

Then, it remains only to prove the inequality z; < z + 1.

Here we will use Lagrange’s Theorem: If ¢ is a positive root of a polynomial with a leading
coefficient 1, then ¢ < 1 + |L|'/p, where L is the first coefficient with negative sign in the
polynomial, and p is the subsequent number of the position of this coefficient after the leading one.
For our particular polynomial, we have L = —x and p = 1. Then we obtaint = 2y < 1 + 2. [

Corollary 4.1. Let F, = {{Fés)}nzo; 1 < s < r} be the fundamental system of Fibonacci
numbers. Then for eachr > 2,1 < 7 <r,andn > r, we have
F(j)
d < lim

n—oo

(4) <2
n—1

Proposition 4.5. Let F, be the fundamental system of generalized Fibonacci polynomials. Then
foreachr > 2,1 < j7<r,x>1andn > r, we have

(4)
Fn
r—oo \ [ J (.’L‘)

n—1
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Proof. Indeed,

. . . o
@) FEP@) —aF@) SR @ )
ED () FD () B () + S0 R ()
s0, as the degree of F,E{)Q(x) is greater than the degree of Fnﬂ)g( ),..., FY )r 1(z), it follows that
Jad
lim ( 0 (z) — x) = 0. [
eree Fn71<‘r>
- . . F(l)(x)
As seen in Figure 1, for r = 2, as we assign and increase the values of z, FELU @ —x tends to
n—1\T
zero. For this case, we fix n = 10.
Fn (%)
-X
Fn-1 (x)
2000 4000 6000 8000 10 OOOX
Figure 1. Convergence of Fibonacci polynomials
Note that by Proposition 4.4 given ¢ > 0, there exists N; € N such that
F
T(x) 1| <, foralln > N,
Fnjfl(x) 2
and by Proposition 4.5, given € > 0, there exists Vo € N such that
FY)
7 (z) —z| < E, for all x > Ns.
Fn—l(x) 2
Let N = max{Nj, No}. Then, for all n > N and x > N, we have
Féj ) Fnj ) FT(LJ ) Fr(LJ )
21 — x| = |21 — (‘)(x) ('>(x)_x< B (‘)(x) (')(x)—l" <tti=c

Since € > 0 is arbitrary, we conclude that as n and z increase, |z, — x| decreases, meaning
that = approaches the root of P(t). Therefore, we have the following result.
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Proposition 4.6. Let F,. be the fundamental system of generalized Fibonacci polynomials. Then
forr>2,1<j3<r,x>1andn > r, we have

P (x)
ED ()

— x| =0.
Tr—r0o0
n—oo

In general, for any (F),(x)),>0 of type (1) we have the following proposition.

Proposition 4.7. Let (F,(x))n,>0 be a sequence of generalized Fibonacci polynomials of type

(1), with initial conditions oy, s, . . ., ., then for all n > 0. Then for each fixed r, 7 > 1 and
n>r -+ 1, we have
. Fo(z)
1 — = 0.
i (705 )
Proof. Indeed,
Fy(z) BV @)+ 4 a, B (2)
Fooa(2) alFS_)l () +---+ oszTET_)l (x)

ar(F(z) — 2FY () + -+ (BT — 2FD (2)) (@)
a1F££)1<I> + -+ OérF,EC)1<x>
YL e EY (@)
a FY (@) + -+ o B ()]

so, as the degree of F,Ej :

", (z) is greater than the degree of Féj_)Z(x), L FY (@), forj=1,...,r
it follows that

lim ( Fu() —;1;) = 0. O

T—00 an1($)

5 Conclusion

In this study, we explored additional properties of the generalized Fibonacci fundamental system,
applying it to generalized Fibonacci polynomials of type (1), that defines generalized Fibonacci
polynomials. We presented an analytical study of the fundamental system of the generalized
Fibonacci polynomial of order » > 2. It established the generating function and provided the
asymptotic behavior for each sequence of the system. Moreover, the properties are extended to
any generalized Fibonacci of type (1). It seems to us that the results presented here are new in the
literature.
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