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Abstract: In a recent paper [7], the authors introduced new arithmetic functions φ+, σ+ related
to the classical functions φ, and σ, respectively. In this note, we study the behavior of∑

n≤x
ω(n)=2

(φ+ − φ)(n), and
∑
n≤x

ω(n)=2

(σ+ − σ)(n),

for any real number x ≥ 6.
Keywords: Arithmetic functions, Inequalities for arithmetic functions, Euler’s totient function,
Sum of positive divisors function.
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1 Introduction

An arithmetic function or a number-theoretic function ( [1], chap. 2) is a function defined on the
positive integers. There are many well-known arithmetic functions like µ(n), φ(n), σ(n),Λ(n)
etc. In recent times, many authors [2–4, 6] have worked enormously on arithmetic functions.
In [7] the authors introduced six new arithmetic functions φ+, φ−, ψ+, ψ−, σ+, σ−. In this note,
we prove the following theorems considering the functions (φ+ − φ)(n) and (σ+ − σ)(n).
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Theorem 1.1. For any real number x ≥ 6 we have∑
n≤x

ω(n)=2

(
φ+ − φ

)
(n) < x+

1

2

∞∑
k=0

∑
p≤x

⌈x
p
⌉(⌈x

p
⌉+ 1)

pk
,

where ω(n) is the number of distinct prime divisors of n.

Theorem 1.2. For any real number x ≥ 6 we have∑
n≤x

ω(n)=2

(
σ+ − σ

)
(n) < x+

1

6

∞∑
k=0

∑
p≤x

(−1)k
⌈x
p
⌉(⌈x

p
⌉+ 1)(2⌈x

p
⌉+ 1)

pk−1
,

where ω(n) is the number of distinct prime divisors of n.

Note that, we define
(
φ+ − φ

)
(n) = φ+(n) − φ(n) and

(
σ+ − σ

)
(n) = σ+(n) − σ(n).

Throughout this paper we consider p, q to be prime numbers.

2 Important definitions

Definition 2.1. For any prime number p, we define the p-adic valuation of an integer n to be

νp(n) =

max{k ∈ Z≥0 : p
k | n}, if n ̸= 0,

∞, if n = 0,

where Z≥0 = Z+ ∪ {0}.

Definition 2.2. [7, p. 852] For Euler’s totient function φ, we define φ+ by

φ+(n) =
∏
p|n

(φ(pvp(n)) + 1),

for a positive integer n > 1 and φ+(1) = 1.

Definition 2.3. [7, p. 852] For sum of positive divisors function σ, we define σ+ by

σ+(n) =
∏
p|n

(σ(pvp(n)) + 1),

for a positive integer n > 1 and σ+(1) = 1.

3 Proof of Theorem 1.1

Since φ+(n) =
∏

p|n(φ(p
vp(n)) + 1), we have∑

n≤x

φ+(n) =
∑
n≤x

∏
p|n

(φ(pvp(n)) + 1).

Since we are considering all those positive integers greater than 1 having exactly two distinct
prime divisors, we have
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∑
n≤x

ω(n)=2

φ+(n) =
∑
n≤x

ω(n)=2

∏
p|n

(φ(pvp(n)) + 1) (1)

=
∑
n≤x

ω(n)=2

(
1 + φ(n) + φ(n)

∑
p|n

1

φ(pvp(n))

)
< x+

∑
n≤x

ω(n)=2

φ(n) +
∑
n≤x

ω(n)=2

φ(n)
∑
p|n

1

φ(pvp(n))
.

Since for any prime number p and for any positive integer n such that p | n we have
φ(pvp(n)) ≥ φ(p) = (p− 1), i.e., 1

φ(pvp(n))
≤ 1

p−1
, it follows that

x+
∑
n≤x

ω(n)=2

φ(n) +
∑
n≤x

ω(n)=2

φ(n)
∑
p|n

1

φ(pvp(n))
≤ x+

∑
n≤x

ω(n)=2

φ(n) +
∑
n≤x

ω(n)=2

φ(n)
∑
p|n

1

p− 1

= x+
∑
n≤x

ω(n)=2

φ(n) +
∑
p≤x

1

p− 1

∑
d≤x

p

pd=n
d=pαqβ , α≥0, β≥1

φ(pd) .

Since for any positive integer n > 1 we have φ(n) < n, we can write

x+
∑
n≤x

ω(n)=2

φ(n) +
∑
p≤x

1

p− 1

∑
d≤x

p

pd=n
d=pαqβ , α≥0, β≥1

φ(pd) < x+
∑
n≤x

ω(n)=2

φ(n) +
∑
p≤x

1

p− 1

∑
d≤x

p

pd=n
d=pαqβ , α≥0, β≥1

pd

= x+
∑
n≤x

ω(n)=2

φ(n) +
∑
p≤x

p

p− 1

∑
d≤x

p

pd=n
d=pαqβ , α≥0, β≥1

d.

Note that, ∑
d≤x

p

pd=n
d=pαqβ , α≥0, β≥1

d ≤
∑
d≤x

p

d,

therefore we have

x+
∑
n≤x

ω(n)=2

φ(n) +
∑
p≤x

p

p− 1

∑
d≤x

p

pd=n
d=pαqβ , α≥0, β≥1

d ≤ x+
∑
n≤x

ω(n)=2

φ(n) +
∑
p≤x

p

p− 1

∑
d≤x

p

d

< x+
∑
n≤x

ω(n)=2

φ(n) +
∑
p≤x

p

p− 1
·
⌈x
p
⌉(⌈x

p
⌉+ 1)

2

= x+
∑
n≤x

ω(n)=2

φ(n) +
1

2

∞∑
k=0

∑
p≤x

⌈x
p
⌉(⌈x

p
⌉+ 1)

pk
. (2)
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From (1) and (2) we conclude that

∑
n≤x

ω(n)=2

(
φ+ − φ

)
(n) < x+

1

2

∞∑
k=0

∑
p≤x

⌈x
p
⌉(⌈x

p
⌉+ 1)

pk
.

This completes the proof.

4 Proof of Theorem 1.2

Since σ+(n) =
∏

p|n(σ(p
vp(n)) + 1), we have∑

n≤x

σ+(n) =
∑
n≤x

∏
p|n

(σ(pvp(n)) + 1).

Since we are considering all those positive integers greater than 1 having exactly two distinct
prime divisors, we have∑

n≤x
ω(n)=2

σ+(n) =
∑
n≤x

ω(n)=2

∏
p|n

(σ(pvp(n)) + 1) (3)

=
∑
n≤x

ω(n)=2

(
1 + σ(n) + σ(n)

∑
p|n

1

σ(pvp(n))

)
< x+

∑
n≤x

ω(n)=2

σ(n) +
∑
n≤x

ω(n)=2

σ(n)
∑
p|n

1

σ(pvp(n))
.

Since for any prime number p and for any positive integer n such that p | n we have
σ(pvp(n)) ≥ σ(p) = (p+ 1), i.e., 1

σ(pvp(n))
≤ 1

p+1
, it follows that

x+
∑
n≤x

ω(n)=2

σ(n) +
∑
n≤x

ω(n)=2

σ(n)
∑
p|n

1

σ(pvp(n))
≤ x+

∑
n≤x

ω(n)=2

σ(n) +
∑
n≤x

ω(n)=2

σ(n)
∑
p|n

1

p+ 1

= x+
∑
n≤x

ω(n)=2

σ(n) +
∑
p≤x

1

p+ 1

∑
d≤x

p

pd=n
d=pαqβ , α≥0, β≥1

σ(pd).

Since for any positive integer n > 1 we have

σ(n) =
∑
t|n
t>0

t ≤
∑
t|n
t>0

n <
∑

1≤t≤n

n = n2,
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we get

x+
∑
n≤x

ω(n)=2

σ(n) +
∑
p≤x

1

p+ 1

∑
d≤x

p

pd=n
d=pαqβ , α≥0, β≥1

σ(pd). < x+
∑
n≤x

ω(n)=2

σ(n) +
∑
p≤x

1

p+ 1

∑
d≤x

p

pd=n
d=pαqβ , α≥0, β≥1

p2d2.

= x+
∑
n≤x

ω(n)=2

σ(n) +
∑
p≤x

p2

p+ 1

∑
d≤x

p

pd=n
d=pαqβ , α≥0, β≥1

d2.

Note that, ∑
d≤x

p

pd=n
d=pαqβ ,α≥0,β≥1

d2 ≤
∑
d≤x

p

d2,

therefore we have

x+
∑
n≤x

ω(n)=2

σ(n) +
∑
p≤x

p2

p+ 1

∑
d≤x

p

pd=n
d=pαqβ , α≥0, β≥1

d2 ≤ x+
∑
n≤x

ω(n)=2

σ(n) +
∑
p≤x

p2

p+ 1

∑
d≤x

p

d2

< x+
∑
n≤x

ω(n)=2

σ(n) +
∑
p≤x

p2

p+ 1
·
⌈x
p
⌉(⌈x

p
⌉+ 1)(2⌈x

p
⌉+ 1)

6

= x+
∑
n≤x

ω(n)=2

σ(n) +
1

6

∞∑
k=0

∑
p≤x

(−1)k
⌈x
p
⌉(⌈x

p
⌉+1)(2⌈x

p
⌉+1)

pk−1
.

(4)

From (3) and (4) we conclude that∑
n≤x

ω(n)=2

(
σ+ − σ

)
(n) < x+

1

6

∞∑
k=0

∑
p≤x

(−1)k
⌈x
p
⌉(⌈x

p
⌉+ 1)(2⌈x

p
⌉+ 1)

pk−1
.

This completes the proof.

5 Conclusion

In this note, we only consider all positive integers having exactly two distinct prime divisors. We
can of course consider positive integers having three or more prime divisors but observe that if
M =

∏r
i xi, then

r∏
i=1

(xi + 1) = 1 + M
(
1 +

∑
1≤i1≤r

1

xi1
+

∑
1≤i1,i2≤r

i1<i2

1

xi1xi2
+ · · ·+

∑
1≤i1,i2,...,ir−1≤r
i1<i2<···<ir−1

1

xi1xi2 · · ·xir−1

)
,

(5)
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that is, if we consider a positive integer n =
∏ω(n)≥3

i=1 p
vpi (n)

i (pi are prime numbers), then we
can consider M =

∏ω(n)
i=1 f(p

vpi (n)

i ) = f(n), i.e., xi = f(p
vpi (n)

i ), r = ω(n) ≥ 3 where*f is a
multiplicative arithmetic function like φ, σ, etc. Then, from (5) we can write:

f+(n) =

ω(n)∏
i=1

(
f(p

vpi (n)

i ) + 1
)

= 1 + M
(
1 +

∑
1≤i1≤r

1

xi1
+

∑
1≤i1,i2≤r

i1<i2

1

xi1xi2
+ · · ·+

∑
1≤i1,i2,...,ir−1≤r
i1<i2<···<ir−1

1

xi1xi2 · · ·xir−1

)
. (6)

Clearly, if r = ω(n) ≥ 3 we have to consider all such ij where j runs up to at least 2 but the
above Equation (6) shows that the calculation will be then more complicated for

∑
n≤x f

+(n).
Although the authors [7] have introduced ψ+ in connection with Dedekind’s function [5], the
present work does not yield a parallel result. This naturally leads to the question: can a similar
result be established for ψ+?
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