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Abstract: In this study, we investigate the matrix formulation of the generalized p-periodic linear
recursive sequences. To reach our goal, we consider the properties of the Fibonacci—Horner
decomposition of the matrix powers and those of the weighted linear recursive sequence of
Fibonacci type. We provide the linear, the combinatorial, and the analytic representations of the
generalized p-periodic linear recursive sequences. For illustrating our general results, properties
of some special cases are studied and numerical example are furnished.
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1 Introduction

The usual sequence of Fibonacci numbers { £}, },,> is defined by the well-known recursive relation
of order 2, given by F,, = F,,_1 + F,,_5, forn > 2, with initial conditions F, = 0 and F; = 1.
Since its appearance in connection with the famous problem of the evolution of the population of
rabbits, in the seminal work of Fibonacci, the sequence of Fibonacci numbers has been widely
studied. Several properties and applications of the Fibonacci numbers have been established
in various papers of the literature (see, for instance, [7, 8]). Moreover, this sequence has been
the subject of many generalizations, and it has been the source of several identities in additive
number theory. Among the generalizations of the sequence of Fibonacci numbers that have been
proposed in the literature, there is the connection with a periodicity condition linked to a particular
parametrization.

Indeed, Edson and Yayenie in [5] introduce a new generalization for the sequence of Fibonacci
numbers, labelled bi-periodic Fibonacci sequence, which is defined as follows. Let a and b be
two non-zero real numbers and consider the sequence {F,Sa’b)}nzo defined by

(a.b) (a:b) e
aF,”) + F,”), ifniseven,
F((l,b) = { ! ° (1)

b 4 FeD i n s odd,

for n > 2, with initial conditions given by F\*” =0 and F{*? =1. When a=b= 1, we have the
classical Fibonacci sequence, and when a = b =2, we get the Pell numbers. If we seta=b=%k
for some positive integer k, we get the k-Fibonacci numbers, representing a generalization of the
classical Fibonacci numbers. The sequence of bi-periodic Fibonacci numbers has been studied
with the aid of several interesting approaches (see, for example, [4,5, 10]), and k-periodic binary
recurrences (see [6]). Recently, in [10] a matrix formulation approach of Expression (1) allows
to obtain various properties of the bi-periodic Fibonacci numbers, especially their analytic and
combinatorial formulations.

In the present study, we are interested in the generalization of the bi-periodic Fibonacci
sequence (1) as follows. Let p > 2 be an integer number and s; (0 < j < p — 1), aj
(0<j<p—1,1<k <p—1)be two finite sequences of real numbers, and set [s] = [s,] and
la] = [a;x]. For every fixed j (0 < j < p—1),let {G([S o] )}nZO be the sequence, whose general

np+j
term GTL[;]JFJ D is defined as

GELED _ o gl o) o G o) @)

np+j np+j—1 np+j—2 np+j—p+1 np+j—p’

for n > 1, where Ggs]’[a]) (0 < k < p—1) are the initial conditions, more explicitly,
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a WG g, GUED g, G GUED  for i = np,

np—1 np—2 np—p+1 np—p
([s],[al) lal) | ([s}:[a]) ([s]:[a]) _
a1 1Gnp ™ + ay anl oA ar - 1an p+2—|—s Gypopi1s form =np+1,

Ap—1 lGn[;]-i-Z])Q + ap—172G£z[;]jr[ZD3 + - 1Gn’P + Sp—1 GS;}—’[?Dv

form=np+p—1.

\

Our main goal is to provide some properties of the generalized p-periodic linear recursive
sequences {Gp ([s]:[a) }n>0, using the matrix formulation of Expression (2). Properties of these
sequences are provided, using the Rachidi ez. al. methods (see, [2, 3, 10]). More specifically, the
matrix formulation of Expression (2) leads to the computation of the matrix powers. Therefore,
our fundamental tool is based on some properties of the Fibonacci-Horner decomposition for
computing the matrix powers, in connection with a specific weighted linear recursive sequence
of Fibonacci type. Therefore, the analytic Binet representation and the combinatorial formula, as
well as some identities of the p-periodic Fibonacci numbers are established. For illustrating our
general results, properties of some special cases are studied and illustrative numerical example
are given.

This paper is organized as follows. In Section 2 we are concerned with the matrix formulation
of the p-periodic Fibonacci numbers. Section 3 is devoted to the linear and combinatorial
formulation of p-periodic Fibonacci numbers. Section 4 is devoted to the analytic representation
of the sequence (2). In Section 5, we provide some properties of the 3-periodic Fibonacci
sequences. Some concluding remarks and perspectives are exhibited in Section 6.

2 Matrix formulation of the bi-periodic Fibonacci sequence

2.1 Two special cases

For reason of clarity and conciseness, we present in this sub-section some special cases on the
matrix formulation of the p-periodic Fibonacci numbers for p = 2, 3, respectively.

Special case p = 2. For p = 2 we show easily that Expression (2) is reduced to the bi-periodic

Fibonacci sequence (1). That is, let us consider the integers s, s; and ag; = a, a;; = b, and set
l[a] = [ap1, a11]. Then, Expression (2) takes the form

e _ aGg[ a4 soGn 2 ) if nis even, 3)
bGH) g GPLD i s odd.
2017 2017
Let us consider the vector columns Y, (%[?) = [G ng[al] , Z2l) = G2n b ,G( & ] ;
(here and in the sequel the notation [cy, . . . , ¢,]” means the transpose of the vector line [cy, . . ., ¢,].)
. b s
and the two matrices Ay = Cll S()O] and A; = 10 ] We can show that the sequence of numbers

{GS’[“D}@O defined as in Expression (3) (or Expression (1)) is equivalent to the following two
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matrix equatlons Y@l = 4y 72 apg Z@lD) = 4, Y(2 )| Therefore, we have ZMa) —

A Y2l — 4 AOZ . This 1mphes that we have Z AZfi[l , where A = A1 A) =
ab+ s1 bsg
a S0

Special case p = 3. Let s; (0 < j < 2)and aj, (0 < j < 2,1 <k < 2) be two sequences of real

numbers. Then, the related sequence {G,(f”[“”}m is given by

a4 G 4 4, GPD 1 oGP i 0 = 3K,
GS”[GD == (ZHG 3[ -+ CL12G 3[ D -+ SlG 3[ D if n = 3k + 1, (4)
GglGn11)+a2G3[]+82G3[] 1fn:3k—|—2

Let us consider the following vector columns

XBl) = [l Bl 6. MQ)}T

y (3l — 'Gg o) g 3[a>r

3fa) _ [(3la) @fa)]”

Zy = G3n’—1G3n Q’ng 3} )

and the square matrices

Qo1 Qo2 So aj;p a2 Si Q21 Q22 S2
Ag=|1 0 0|, A =1 0 0|, A=]1 0 0
0O 1 0 0O 1 0 0O 1 0

Hence, the matrix formulation of the three expressions of (4) can be written under the following
matrix equation X (>a) = 4, zBl) yGla) — 4, xBleD apg Z° (3 lal) A YD The first two

preceding matrix formulas show that Y(3 D = A, X (3.l = A A 73 Therefore, for every
n > 0, we obtain Z = ALY, = 4,4, A0 23 | or equivalently
ZGD — A7BlD) | where A = Ay A, A, (5)

These special cases will be used in the next sections for providing results on the p-periodic
Fibonacci sequences of order 7.

2.2 General setting: Matrix formulation of (2)

Let {GSS]’[‘ID}HZO be the p-periodic Fibonacci sequence defined as in (2). We consider the

following column matrices X/ = [G,};L[; ), Gn[;uj Lo ,GSZ]J’F[;]_)ZQH]T, where —1 < j <p-—1.
For j = —1 in the former expression, we have X=X ép_ ]1). Let us consider the square matrix
—a/jl Ao ... Qjp—1 Sj_
1 0 ... 0 0
A;j=10 1 0 ... 0f. (6)
| 0 0 1 0]
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Taking into account Expresswn (2), we show that X g ) = A; X U=1)_Therefore, we have X 0) =
AXED = A xP 0 XD = A XO = 4, 4,XP D and X = A, XD = 4,4, A XY,

n 1 )
By iteration of the preceding process, we get
*k
X = ax 0 = | T[4, | X0
=0

where H;fo A;j = Ay --- A1 Ap. The notation “ Hj Py ' 7 is due to the non-commutativity of the
matrix product. Therefore, we have the following proposition.

Proposition 2.1. Under the previously formulated conditions, for every n > 1, we have

*,p—1
X0 = AXPY where A= T 4, (7)

n n
Jj=0

The matrix formulation (7) of the p-periodic Fibonacci sequence (2), as well as, the matrix
formulation of its special cases, will be used in the next sections for studying analytic and
combinatorial expressions of the p-periodic Fibonacci sequence and the bi-periodic Leonardo
sequence. Moreover, some new identities related to these sequences will be provided.

3 The linear and combinatorial expression of sequences (2)
via the Fibonacci-Horner decomposition

Let {G,(JS]’[“D }n>0 be the generalized p-periodic linear recursive sequence defined as in (2).
Expression (7) implies that we have

*,p—1
X0 = AnX Y where A= [T 4, (8)
=0
where X"V is the vector column X" = [G( s} [a) G( o) GUHDT 1 addition, the

computation of the entries of the powers A" of the matrix A H* Pl A;, can be also obtained
from the so-called Fibonacci—Horner decomposition introduced in [2,9].

Lemma 3.1. (Rachidi et al. [2,9]) Let M be a square p X p matrix and
P(z) =2 —ap? ' — - —a,

its characteristic polynomial. Then, the Fibonacci—-Horner decomposition of M™ for n > r, is
given by

M™ = u, Moy + up_ 1My + -+ + Up_pr1My_1, forevery n = p,

MOZIP; MZ':Ml_aOlel_...—ai_llp,forevel’yi:]_,... 7p_1’

where 1, is the identity matrix of order p X p and the sequence {u,,},>¢ is defined by
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ko+ki+---+k,
w- Y (Pt e e (10)

Kot 2o pi 1 ko, ki,. .. kp—1
foreveryn > 1, withu,_1 = 1 and u,, = 0 for 0 < n < p — 2, and
(ko +ki+- A+ kpl) _ (ko + k14 -+ kpﬂ)!ako Ky kp—1

a ---a
1
kkalv' : '>kp—l

0 —1 -
Kol !+ o1 v

It was established in [9] that the sequence {u,},>o defined by (10) satisfies the following
linear recurrence relation

Upy1 = Aoy + A1Up—1 + - + Qp_1Up_p+1, fOreveryn > p — 1, (11)

in other words, {u, },>o is a recurrence of order p. It is usually, denoted by u,, = p(n + 1, p).
Application of Lemma 3.1, namely Expression (9), for computing of the matrix powers A" of
A = T:*5" A;, allows us to obtain the following result.

Proposition 3.1. Ler A = [} ' A, be the matrices defined by (7) and
P(z) =2 —ag? ' — - —a,,
its characteristic polynomial. Then, the Fibonacci—-Horner decomposition of A", for n > p, is
given by
A" = u, AO o, AW 4, G APTY ] forevery > p, 12)
AO =1 AD = A" — qp A"t — oo —q; I, fori=1,--- p—1,
where 1, is the identity matrix of order p X p and the sequence {uy,},>o is defined by (10)—(11).

Forevery j (1 <j <p—1)weset A = (7;(51)6)19,19313 and AY) = (a,(f;gc)lgwgp. Following
Expression (12), we get

04% = 7(’}1 a 7;(L]k Vo aj—?’Y}(Ll])g — aj—10nk; (13)

where dy,;, is the Kronecker symbol. Combining Expressions (8), namely, X, ®- = A" X (o~ 1)
and (12) we obtain

XD =y, AOXPD gy ADXED p gy, AP X P (14)

for every n > r, where A = [[}7 " A; and {uy,},>0 is the sequence defined by (10)—(11). For
every j (1 <j <p—1), we have

aﬂ a% (J) G}(,[f]l[a]) wg)
oo )R]
0l a0) o g | |
where )
W) = 3 G, 15)
k‘:l

with the 04512; given by (13), namely ag = fy ET 0 a,xyrjk "1 with fy,(l ,1 = Opg. Therefore,

we get the following matrix equation
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XP 1) _ AnXP ) _ P1)+Zun] X(P 1)

Since X7V = [Gg;];[;})l, Gfl[;]jr[g@ gy, GELAT e have
G([S] [a]) ) G( [s],[a]) w§j) u [S] [a]) Ep 1 u le (9)
+p— 7L p— — n—

sl,la s],lal) —1 j ([s],[a])

G'El[p]—&-LDQ . G( ] ) +pzu | Wé]) B w, G [] 1) Zp Yt ]wéj)
. — Un . n—j . -
: : i 3

GSSHG]) G(()[S]v[a’]) wé]) unGv([S] [a]) + ZP Lt ]wl())

In summary, we get the following result.

Theorem 3.1. Let {G%[S]’[“D}nzo be the generalized p-periodic linear recursive sequence defined
as in (2). Then, for every h (0 < h < p — 1), we have

G( ,lal) = UpG [5] [a) + Zu" ]Cd (16)

np+p—

where {uy, }n>0 is the sequence defined by (10)—(11) and wh are given by (15).

As a consequence of Expression (10) and Theorem 3.1, namely formula (16), we derive the
combinatorial expression of the p-periodic Fibonacci sequence (2).

Corollary 3.1. Let {GSS]’[“D}”ZO be the generalized p-periodic linear recursive sequence defined
as in (2). Then, for every h (0 < h < p — 1), the following combinatorial formula holds

p—1
Gl = pn + LGP 37 p(n =+ 1,7)wy”, (17)
7j=1

where p(n + 1,r) is given by (10) and w,(lj) are given by (15) (and (13)).

In the next section we illustrate the general results of this section by studying the special case
p = 2, namely, the special case of bi-periodic Fibonacci numbers.

3.1 Special case p = 2

In the special case p = 2, we can apply the Fibonacci—Horner decomposition (12) to the related

. b b . C
matrix A=A4,4,= ab+ 51 bso , whose characteristic polynomial is P(2) = z* — apz — ay,
a S0
where ag = ab+ so + s; and a; = —sps;. As a corollary of Proposition 3.1, we get the following

corollary.
Corollary 3.2. For every n > 2, we have A" = u, A©) 4 un_lA(l), where
A(O) = ]2 and A(l) =A- CL()IQ,

Un4+1 = AUy + a1Up—1,

(18)

where I is the 2 X 2 identity matrix, with ug = 0, uy = 1 and ag = ab+ so + s1, a1 = —Sps1 are

the coefficients of the characteristic polynomial of the matrix A = A1 A,.
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Following Expression (8), namely XP = An xP7Y where A = | | ey ' A;, we obtain a

linear formula for Z{>*) =t [G{%1D I ngn[a | as follows
Z’r(7,27[a]) — (unA(O) _l_ Un_lA(l))Z(()Q’[a]),

forevery n > 2, where A©, A1) and {u,, },.o are given as in (18) and Z > =t [G{*1D g1,
Since A" = (u,, — agp—1)Ir + u,_1 A, we get

2l — qng @l _ (g 7l g2l

for every n > 2. A direct computation implies

G(i»[a]) G(Z[a]) ab+ s G(Q,[a]) + bs G(2,[a])
Gl | = (n = aotin) |~ o)) | + tns ( 1<;[a]1> o)

In addition, application of Expression (16) allows us to obtain
ngﬂ) = bsoun_lGéQ’[a]) + (up + (ab —ap + sl)un_l)GgQ’[aD
G(;L’[QD = (un + (SO - ao)un_l)GéQ’[aD + aun_lG?’[a]).
In summary, since ag = ab + sg + s1, a direct computation allows us to the following result.

Proposition 3.2. Under the previously formulated conditions, the linear formula of the bi-periodic
Fibonacci numbers is given by
ng—[ﬁl = bSOUn 1G(2 e + (Un - Soun_1)G§27[aD
ngn’[“ = (u, — (ab+ sl)un_l)G(()Q’[a]) + aun_lG?’[aD.
The combinatorial expression of the bi-periodic Fibonacci numbers is derived as in Corollary

3.1, namely, Expression (17). That is, since u,, = p(n + 1,2), for every n > 2, with ug = 0 and
uy = 1, we have the following corollary.

Corollary 3.3. Let {Gﬁ?’[a])}nzo be the bi-periodic Fibonacci sequence defined as in (1), of where
initial conditions G§2’[a]) (0 < 7 < 2). Then, the combinatorial formula of the bi-periodic
Fibonacci numbers is given by

Gy = bsop(n, 2G5 + [p(n +1,2) = sop(n, 2]
ng[a]) [p(n+1,2) — (ab+ s1)p(n, 2)]G(()2,[a]) +ap(n, 2)G§2,[a})’

ko + k
where p(n+1,2) = E ( 2+k 1) (ab+s0+51)" (—s0s1)™, with p(1,2) = 0, p(2,2) = 1.
0, 1
ko+2ki=n—1
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4 Analytic expression of (2) via the Fibonacci-Horner
decomposition: The case of simple roots

4.1 General setting

Let {G([S]’[GD}W be the generalized p-periodic linear recursive sequence (2) and consider its

matrix formulation given by Expression (7), namely, X, e — AX ). This former expression
implies that we have Expression (8), i.e., X,(Lp b — A”Xop 1), where A = H;fo ! A; of
characteristic polynomial P(z) = 2? — agz?~' — - - - — a,_1, with A; is the companion matrix (6).

Let us consider the Fibonacci—-Horner decomposition (12) of the powers A", for n > p, namely

A" = up, A 4y AD 4oy,, APTD 0 for every n > p,
AO =1,; AD = A" — qgA™L — ... —q; 11, foreveryi=1,...,p—1,

where [, is the identity matrix of order p x p and the sequence {u, },>¢ is defined by (10)—(11).
Note that P(z) = 2P — agzP~! — - -+ — a,_1 is also the characteristic polynomial of the sequence
{un}nzo-

Suppose that the roots of the polynomial P(z) = 2P — agzP~! — .-+ — a,,_; are simple. In
the aim to provide an explicit formula of the analytic of the fundamental solution, we will use the
result of [1] and [3, Theorem 2.2]. Indeed, the analytic formula of v,(f) is given in the following
lemma.

Lemma 4.1. (Rachidi et al.) Suppose that the roots A1, ..., \. of the characteristic polynomial
P(z) = 2P —a12Pt — - —ap_02 —a,_1 (a1 # 0) satisfy \i # \; for i # j. Then, the analytic

Binet formula of the general term w,, of the sequence {u, },>¢ is given by

n

P
Z T )\ ) for every n > p, (19)

=1 =1 ok

withuy,_y =1, u, = 0for 0 <n < p— 2, where P'(z) is the derivative of P(z).

Application of Lemma 4.1 to result of Theorem 3.1, namely to Expression (16) we can
formulate the analytic formula of the p-periodic Fibonacci sequence defined as in (2) as follows.

Theorem 4.1. Let {GQS]’[GD }n>0 be the generalized p-periodic linear recursive sequence defined
as in (2). Then, for every s (0 < s < p — 1), we have

p n—j
G (lshla) A ()
np+ph_ ZH)\—)% p +Z ZZIH)\_/\k Wy (20)

=1 ki i=1 k#i

where {uy, }n>0 is the sequence defined by (10)—(11) and the w are given by (15).

Let us illustrate the general result of Theorem 4.1 by studying the special case of the bi-periodic
Fibonacci numbers.
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4.2 Special case p = 2

Let {Gﬁ?’[“”}nzo be the sequence of bi-periodic Fibonacci numbers defined by (1); here we use
the notation [a] = (a, b). Result of Proposition 3.2 shows that the linear formula of the bi-periodic
Fibonacci numbers is given by

Gg;—[ﬁ}l) = bsoun,lGéQ’[aD + (Un - soun,l)G?’[aD

Ggl’[a}) = (u, — (ab+ sl)un_l)Géz’[aD + aun_lG?’[aD,

where {u, },>¢ is the recursive sequence (11), defined by a recursive relation of order 2, namely,
Upi1 = AoUp+aiUy,_1, forn > 1, withug = 0 and u; = 1, where ag = ab+sg+ 51, a; = —5051.
For A, 4(s0,51) = (ab+ so + s1)* + 4sps1 > 0, the two distinct roots of the characteristic

9 ab + sg + 1+ v/ Aap(S0,51)

polynomial P(z) = z* — (ab + so + $1)z — Sps; are given by \; =

and \y — ab+ so + s1 — /Aqp(S0,51)

. Then, by applying formula (19), we show that the analytic
1

Aq (505 51)
When A, (50, s1) = 0 the unique double rootis A = A\; = Ay = W Hence, the analytic
Binet formula of the sequence {u,, },,>o is given by u,, = nA\"~!, for every n > 1.

Binet formula of the sequence {u,, },,> is given by u,, = [AT — Ab], forevery n > 0.

Therefore, the preceding discussion, combined with Proposition 3.2, allows us to formulate
the analytic Binet formula of the bi-periodic Fibonacci numbers as follows. For A, ;(s¢, s1) # 0,

we have
bs
G(Z[a]) — 0 Ar—1 _ yn—1 G(Q’[a]) + A? — A?] — g [AP—L — \n—t G(2’[a])
2n+1 Aa,b 80’81) [ 1 2 } 0 Aa,b(So,Sl)([ 1 2] 0[ 1 2 ]) 1
1 a
G(2,[a]) — A=\ — (ab+s )\n—l _ )\n—l G(zv[a]) + /\n—l _ /\n—l G(2)[a]).
2n \/m([ 1 2] ( 1) [ 1 2 ]) 0 Aayb(so,sl) [ 1 2 ] 1

For A, (50, s1) = 0, we have
G — hgnA™ 1G4+ (A7 — syl — DA-GED,
GOl = (A — (ab+ s1)(n — ARG 4 a(n — 1)A 2GR,

In summary, we have the following proposition.

Proposition 4.1. Let {GS?’[“D}”ZO be the sequence of bi-periodic Fibonacci numbers defined by
(1), andA@b(so, 81) = (ab+80+$1)2—|—4$081. Then,fOI"A%b(S(),Sﬂ = (ab—|—80—|—81)2—|—480$1 > O,
the analytic Binet formula of the bi-periodic Fibonacci numbers is given as follows

(2)[a]) _ bs (2,la]) 1 (2,[a])
G2n+1 - mq)n—l(Al,AQ)Go + mAn(Al,Ag)Gl

(2,Ja]) _ 1 (2,]a]) a (2,la])
GQn B AV SOvsl)Qn(/\l’ /\2>GO T Ag p(s0,51) CI)H(/\I’ )\Q)Gl .

ab+ 14 /Ay p(s0,51) A\ _ab+1—/Aup(50,51)
» 2—

where Alz Cbn(/\l, /\2) = )\711_)\51, An<)\17 )\2) =
D, (A1, A2) — 50Pn—1(A1, A2) = (A1 — s0) AT — (A2 — so) A5~ H and Q, (A1, X2) = @ (A1, A2) —
(Cbb + Sl)q)n—l(/\b /\2) = ()\1 — CLb — 81))\?_1 — ()\2 — CLb — 81))\3_1.
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When A, (S0, 51) = 0, we have

Gl = bsgnAr TGP 4 (nant — s(n — ARG,
G = (nar= — (ab+ s1)(n — DA2)GED 1 a(n — HA2GPD,

ab+ sg + s1

where \ = 5

S Some considerations on the 3-periodic
linear recursive sequences

Let {GS’[“D}@O be the generalized 3-periodic linear recursive sequence defined as in (4). It

was established in Section 2 that the matrix formulation of expression the 3-periodic Fibonacci

3,la
780 -

AZ}Q&[“D, where A = A;A; Ay. For reason of simplicity, we set agy = oy, agy = f1, a11 = Qo,

sequence {G%&[a]) }n>0 18 given by (5). More precisely, this matrix expression is given by

a1o = 9 and as; = a3, ase = 3. Then, a direct matrix computation permits us to get

(agar + fo)ag +a1fBs +1 (B + 1)as + (185 o
A=Ay A1 A= a0 + B asfB +1 e%)
(651 51 1

We have the following corollary of Proposition 3.1.

Corollary 5.1. For every n > 3, we have A" = un AQ + o, AD + un_QA(2), where

AO = I3 and AN = A — aOIS, A® = 42 — apA — a1 (21)
Upt1 = Aol + A1Up—1 + A2Up_2, forn > 2,

where I3 is the 3 x 3 identity matrix, uy = u; = 0 and uy = 1 are the initial conditions and a,
ay, ay the coefficients of the characteristic polynomial P(z) = 23 — ag2* — a1z — ay of the matrix

A - AQAle.
A direct computation, using Expression (21), implies that we have
A" = aytiy 313 + (Up—1 — Aoly—2) A + Uy, _3A%,

for every n > 3. For reason of convenience, we set A = (Y, x)1<h k<p, A% = (7,(1211)197%1, and
A" = (01, (n))1<h k<p, for n > 3. Therefore, a straightforward computation permits to get

Opn(n) = iy + (Un—1 — Qolin—2) Vs + Un-27p 3, forl <h <3
(22)
Oni(n) = (Un—1 — QoUn—2)Yhk + Un—ﬂ;(f/)f, forl<h#k<3

Moreover, Expression (5) shows that fo’[“}) = A"ZéS’[aD, for every n > 0, where Zég’[a}) =

T
[GS”M)7 G §3’[a]), Gg‘o”[a])] . In summary, we get the following property.
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(1l )}n> be the generalized 3-periodic linear recursive sequence defined

(3,]a]) G13 Jlal) Géﬁ% Jlal)

Proposition 5.1. Let { Gl

as in (4), of initial conditions G . Then, the linear recursive formulas of the

numbers Géi% , Géﬂf]l nd Gg’l[a are given as
Gints = 0 (mGE + 012G + 013 ()G,
GSY = 020 (M) G + 02(n) G + 655 (n) G,
G = 051 ()G 4 035 (n)GPD + 03 5(n) G,
where the 0y, .(n) (1 < h,k < 3) are given as in (22).

Moreover, using Expression (10), we obtain the combinatorial formula of the sequence defined
in Expression (21) as follows

v Gtk k) 03

Up = p(n+ 173) = Kok Vo ay-ap as™,

ko+2k1+3ko=n—2
for every n > 1, with us = 1 and uyp = u; = 0. Therefore, Expression (23) and Proposition 5.1
permit us to have the following proposition.

Proposition 5.2. Let {GS”[GD }n>o be the generalized 3-periodic linear recursive sequence defined
as in (4), of initial conditions Gg?”[a}), Gf’*“”, G(()g’[a}). Then, the combinatorial recursive formulas

of the numbers G3n e Géiﬂ) and ng[a]) are given as

G3§LE—1}2 =6 1(”)G§3’[a]) + 9172(71)@&3,[@]) + 91,3(7%)(}83’["”,
G = 0, ()G 4 ,5() G 4 05 (m)GEHD,

G = 031 (n) G 4 035 (n) G + 5 5(n) G,

such that 0y ,(n) = asp(n — 2,3) + (p(n,3) — app(n — 1,3))ymn + p(n — 1,3)7}(5,1 and
Onr(n) = (p(n —2,3) — app(n — 3,3))ynx + p(n — 3,3)7}%, forl < h # k < 3, where
p(n, 3) is given as in Expression (23).

Furthermore, the analytical formula of the generalized 3-periodic linear recursive sequences
can be provided, using the roots A;, Ay and A3 of the characteristic polynomial P(z) =
23 — apz? — a1z — ay of the matrix A = AyA; Ag. Let consider that the roots of P(z) are

simple. Then, the term u,, = p(n + 1, 3) is expressed under the form

3 3
Uy, = p(n+1,3) = XQP, Z Ak_AfAZ,
for every n > 3, where P'(z) = %(2) (see, for example, [1,3]). Therefore, have the result.
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(3,]a]

Proposition 5.3. Let {G), )}n>0 be the generalized 3-periodic linear recursive sequence defined

as in (4), of mmal condltlons G§3’[“]), Gf”[“”, G((Js’[a]). Then, the analytical recursive formulas of

the numbers ng 9 Géigfl and Gg‘j’;[a]) are given by
Gt = 0a()GE + 012G + 013 ()G,
Gor) = 021 (n)GS 4 025(n) G + 05(n) G
Gl = 051 ()G 4 035 (n) G + 5 5(n) G,

such that

3
)\TL
On(n) = Z P,C(l)\d) [(Ad + @o)Vhr + Ynil

for1 < h, k <3, with h # k and

3 A\
On.n( Z Cé [CLQ + Aa(Ad + ao)Vnn + Ad%f})l] ;

where \i, o, A3 are the simple roots of the characteristic polynomial P(z) = z* —apz? —a,z —as

of the matrix A = Ay A A,.

The general setting when the roots A;, A2 and A3 of the characteristic polynomial P(z) =

23— apz® — a1z — ag (of A = Ay A, Ap) are not all simple, can be studied.

6 Discussion and some considerations

In the previous sections, we have introduced and studied the generalized p-periodic linear
recursive sequences, which are defined by means of the higher order of recursiveness and two
parameter sequences. We had provided their matrix formulation, where two special cases allows
us to illustrate the main role of this formulation. Then, by utilizing the Fibonacci—-Horner
decomposition we have derived several fundamental properties of these sequences, especially,
the combinatorial and the analytical formulations. All results obtained in the study can be varied
according to the different values of the integer p and the two parameters sequences. For example,
in the main results we have obtained, the special case of p = 2 gives various results about the
generalized bi-periodic Fibonacci, Lucas, Jacobsthal—Pell sequences studied in [5, 10-13].

In addition, with the generalized 3-periodic linear recursive sequence defined as in (4), we can
derive other other 3—peri0dic linear recursive sequence. Indeed, when ag; = a;; = as; = 0in (4)
and initial conditions G = G = G = 1 | we deal with the sequence of generalized
3-periodic Padovan numbers, and initial conditions G(3 lal) = 3, G lal) =0, and G =2, we
obtain the sequence of generalized 3-periodic Perrin numbers, as well as, with initial conditions
Gl = 1, P = 0, and GP = 1, we obtain the sequence of generalized 3-periodic
Van der Laan numbers.
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7 Concluding remarks and perspectives

In the present study, we have generalized the bi-periodic Fibonacci numbers to p-periodic
Fibonacci numbers and provide their matrix formulation. Using the Fibonacci—-Horner decom-
position of the powers of their related matrix, we have established the linear, the combinatorial
and the analytical expressions of the sequence of p-periodic linear recursive sequences. The
first illustrative case of our results of the general setting, we have considered the special case of
bi-periodic Fibonacci numbers. Moreover, to show the efficiency of our general results, we had
studied the generalized 3-periodic linear recursive sequences.

To the best of our knowledge, our results are not current in the literature. In addition, with
the aid of our approach and method, various Fibonacci-like type algebraic structures can be
generalized and their properties exhibited.
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