Notes on Number Theory and Discrete Mathematics
Print ISSN 1310-5132, Online ISSN 2367-8275
2025, Volume 31, Number 2, 211-227

DOI: 10.7546/nntdm.2025.31.2.211-227

A new approach to tridiagonal matrices
related to the Sylvester—-Kac matrix

Efruz Ozlem Mersin! " and Mustafa Bahsi’

! Department of Mathematics, Faculty of Science and Arts,
Aksaray University, Tiirkiye

e-mail: efruzmersin@aksaray.edu.tr

2 Department of Mathematics and Science Education, Faculty of Education,
Aksaray University, Tiirkiye

e-mail: mhvbahsi@yahoo.com

Received: 28 February 2024 Revised: 8 November 2024
Accepted: 29 April 2025 Online First: 5 May 2025

Abstract: The Sylvester—Kac matrix, a well-known tridiagonal matrix, has been extensively
studied for over a century, with various generalizations explored in the literature. This paper
introduces a new type of tridiagonal matrix, where the matrix entries are defined by an integer
sequence, setting it apart from the classical Sylvester—Kac matrix. The aim of this paper is
to investigate several fundamental properties of this generalized matrix, including its algebraic
structure, determinant, inverse, LU decomposition, characteristic polynomial, and various norms.
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1 Introduction

Tridiagonal matrices play a significant role in various fields, including numerical analysis and
physics, because of their efficient computational properties. They have been widely studied for
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their ability to solve structured linear systems and to model physical applications. As an example
of a tridiagonal matrix, consider the following Sylvester—Kac (or Clement) matrix

0 1 0 -~ 0 0
n—1 0 2 -+ 0 0
0 n—2 0 --- 0 0
S =
0 0 0 -+ 0 n—-1
0 0 0o --- 1 0

This matrix, introduced by Sylvester [26], is notable for its remarkable eigenvalue properties.
The determinant formula for Sylvester’s matrix was first proposed by Sylvester [26], though without
a proof. Subsequent attempts to justify and extend it can be found in papers such as [4,24,25].
Kac [20] provided a systematic proof, while also deriving a general expression for the characteristic
polynomial, thus deepening the understanding of the matrix’s spectral properties.

Numerous papers in the literature examine various types of Sylvester—Kac matrices, focusing
on properties such as the determinant, inverse, characteristic polynomial, and spectrum [1,2,5—
16,21,23,27]. These contributions reflect the ongoing interest in expanding both the applications
and the theoretical significance of Sylvester—Kac matrices. In particular, Du and da Fonseca [9]
presented important results on Sylvester—Kac matrices, focusing on their eigenvalues and spectra
with quadratic forms. They introduced a unified approach using a lower triangular matrix based on
Pascal’s triangle and provided a simple proof for Sylvester’s determinant claim. The paper [9] also
includes a summary of important historical developments and recent contributions. Dyachenko
and Tyaglov [8] studied the spectral properties of tridiagonal matrices with a two-periodic main
diagonal. Their paper builds upon earlier results on Sylvester—Kac matrices, extending them to the
class of irreducible complex tridiagonal matrices. Using a method based on right-eigenvectors,
they analysed these matrices through a related matrix that shares the same subdiagonal and
superdiagonal but has a zero main diagonal, deriving explicit expressions for the spectrum
and eigenvectors. Du and da Fonseca [10] provided a combinatorial proof for determining the
eigenvalues of a biperiodic extension of the Sylvester—Kac matrix, obtained by adding a constant
periodically to the non-zero off-diagonal entries. They also discussed a possible biperiodic
extension. A tridiagonal extension of Sylvester’s matrix was investigated by deriving left and right
eigenvectors, establishing their orthogonality, and computing the determinants of the corresponding
eigenvector matrices in closed form by Chu and Kili¢ [6].

Using number sequences in matrices helps create new types of structured matrices, whose
behaviour can be studied by looking at the properties of the sequence. This method has been useful
in expanding classical matrix families and finding new applications. Hu et al. [18] introduced
a type of the Sylvester—Kac matrix with the Fermat numbers and obtained determinant, inverse,
characteristic polynomial and eigenvalues of this matrix. Also, Jiang et al. [19] studied on the
Sylvester—Kac matrix with the Fibonacci numbers which are known by the recurrence relation [22]

Fk—i—l :Fk+Fk—1 with F():O and F1 = 1.
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The Fibonacci—Sylvester—Kac matrix is defined as

0 r 0 - 0 0
F,.y 0 F --- 0 0
0 F,»o O 0 0
S = : : Do : : ’
0 0 0 -+ 0 F,4
0 0 0O --- F, O

and the entries of the n-dimensional matrix Sg, ,, = | fij] is generated by the rule [19]

E; if j=i+1, 1<i<n-1
fij = Fopams, if j=i—1, 2<i<n
0, otherwise.

The determinant, inverse and characteristic polynomial of this matrix were examined depending
on whether the dimension of the matrix is odd or even [19].

Motivated by [18] and [19], we introduce a new tridiagonal matrix related to the Sylvester—Kac
matrix, which is defined as follows

0 ay 0o --- 0 0
an-1 0 azg -~ 0 0
0 Upo 0 - 0 0
Sagn = . . .. . . ) (1.1
0 0 0 -+ 0 apa
0 0 0O -+ a O
where {a;}}_] is a real sequence. The entries of the n-dimensional matrix S,, , = [s;] are
generated as
a;, if j=i+1, 1<i<n-—1
Sij = § Qpa1—, I j=1—1, 2<:i:<n
0, otherwise.

In the present paper, we aim to examine basic properties of the matrix .S,, ,,, such as algebraic
structure, determinant, inverse, LU decomposition, characteristic polynomial, and some norms.
Firstly, we give the following preliminaries.

Definition 1.1. [23] The n-dimensional symmetric elementary matrix _/f; = (5] is defined by
Lij :(Si’nJrl,]’, ’l,j = 1,2,...,77,,
where ¢; ; is the Kronecker delta.

Definition 1.2. [23] The n-dimensional matrix U = [1;;] is called centrosymmetric if its entries
satisfy the following condition

wu - wn—&—l—i,n—‘rl—j Z?] - ]-7 27 - N
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For the n-dimensional centrosymmetric matrix WV, there also holds the equality
v =7V,
where I, is the n-dimensional symmetric elementary matrix.

Definition 1.3. [23] Let v, w be 3- and "T_l—dimensional vectors, respectively. Then, the following
definitions hold:

(1) An n-dimensional vector ® is called symmetric if ® = TnCI), and it can be expressed as

 \T
o (U,[g@) , if n is even,
= N T
(w,q)ﬂ,lni—lw> , ifnisodd.
2 2
(i) An n-dimensional vector ® is called skew symmetric if ® = —1,P, and it can be expressed
as
o A\T
<v, —[nv) , if n is even,
@ _ 2
= K T
(w, 0, —In;lw> , ifnisodd,
2
where I and 1.1 denote the 5- and "T_l—dimensional symmetric elementary matrices,

2
respectively (see Definition 1.1).

Next, we present the following lemma, which recalls the specific block structures of real
centrosymmetric matrices, depending on whether the matrix order is even or odd.

Lemma 1.1. [23, Lemma 1, pp. 214] Let V¥ be an n-dimensional real centrosymmetric matrix.

Then, for even n, the matrix V can be partitioned as follows

A JBJ
U= 1.2
( B JAJ ) ’ (12)

where A, B and J are 5-dimensional square matrices. For odd n, the matrix U can be expressed
as
A Xy J*B*J*
V=1 X, q X J* , (1.3)
B* J Xy, JA*J*
where A*, B* and J* are ”T’l-dimensional square matrices, Xy, X2T are ”T’l-dimensional row

vectors and q is the central entry of V.

The block structures given in Lemma 1.1 play a fundamental role in spectral analysis of
centrosymmetric matrices, particularly in deriving the eigenvalues and corresponding orthonormal
eigenvectors, as formulated in the following theorem.

Theorem 1.1. [23, Theorems 1a,1b, pp. 215-216]

(i) Let n be even and \V be the matrix which is partitioned as in Equation (1.2). Then, 3 skew
symmetric orthonormal eigenvectors v; € V and the corresponding eigenvalues ~y; are

obtained from the solution of the equation

(A - JB) U; = 74Uy,
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where i = 1,2,...,5, v; = \/Li (uy, —Jui)T, and u; is the form of an orthonormal set.
The 5 symmetric orthonormal eigenvectors w; € W and the corresponding eigenvalues o
are determined from the solution of the equation

(A+ JB)y; = o;y;,

where j =1,2,..., 3, w; = \/Li (v, Jyj)T, and y; is the form of an orthonormal set. The set
(Ul, Vg, ..., U2, W, Wa, .o w%) is an orthonormal set of n eigenvectors of V.

(i1) Let n be odd and ¥V be the matrix which is partitioned as in Equation (1.3). Then, "T_l

skew symmetric orthonormal eigenvectors v; € V and the corresponding eigenvalues ~y; are
obtained from the solution of the equation

n—1
2 )
The "T“ symmetric orthonormal eigenvectors w; € V and the corresponding eigenvalues o ;

where1=1,2,..., v; = \/LE (u;, 0, —J*ui)T, and u; is the form of an orthonormal set.

are determined from the solution of the equation

A* + J*B* \/§X2 Y; Y;
= 0‘] s
V2X, q Q Q;

where j=1,2, ..., ”T“, w; = \/Lﬁ (yj, 205, J*yj)T and (y;, ozj)T is the form of an orthonormal
set. Also, the set (vl, Vg vy Und s W, W2, - -y 'lUnT-H) is an orthonormal set of n eigenvectors
of .

2 Main results

Let Vgak’n denote the set of all n-dimensional matrices S, ,, as defined in Equation (1.1). We begin
by investigating the algebraic structure of Vg, ..

Theorem 2.1. Vs, . is an (n — 1)-dimensional vector space.

Proof. Let Sy, , = [pi;] and S, , = [r;;] be two matrices in V associated with any real

ag,n?

sequences {bk}Z;i and {ck};;i , respectively. Also, let 2 and y be any real numbers. If
Sdk,n — szk,n + ySck,n = [qu]
for a real sequence {dj,}—|, then

xb; + yci, if j=i+1, 1<i<n-—1
Qij = Tpij + Yrij = § Tbpp1—; Fycpy1—i, if j=i—-1, 2<i<n

0, otherwise.

Moreover,
b+ yc = (xby + yer, wby + yco, ..., xby 1 +ycn_1) = (€169, ..., 6, 1) = {ek}z;i )
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If S, n = [tij] € Vs,, ,, corresponds to the sequence {er}7—;, then

(

€, if j=i4+1, 1<i<n-—1
lij =S enp1-i, if j=1—1, 2<i<n
L0 otherwise,
(2b; + yei, if j=itl, 1<i<n—1
= by i+ ycpii, ifg=i—1 2<1<n
L0, otherwise.
Hence,
Sepn = Sabjtyexn = TSt + YSen € Vs

ap,n’
Thus, Vg, , is a subspace of the vector space of all n-dimensional matrices.

Let {o0,,} be an (n — 1)-tuple whose m-th component is one and the others are zero.

For instance, 0, = (0,1,0,...,0). Then, every matrix S,, ,, € Vs,, .. can be expressed as
n—1
Sakvn = E :amSOm,n7
m=1

-1 .
where a,,’s represent the terms of the real sequence {ak}Z:r Moreover, the matrices S, , are

linearly independent for m = 1,2,...,n — 1. Then, the n — 1 matrices S,,, ,, form a basis for
Vs,,.n- Thatis, the dimension of Vs,  isn — 1. B

Theorem 2.2. The determinant of the matrix S, , is

0, if nis odd

n
= 2 . .
(—1)> Hagi_l, if n is even.

Proof. Since the odd case can be verified easily and the even case is a well-known result (see,
e.g.,[11,12,24]), we omit the proof. ]

Theorem 2.3. Let the inverse of the matrix So, » be S, = |qi;] for even n. Then,

J
itj—1 1 2
(—1)"% ! ] 2 i#i=13....n—1, j=it+Li+3....n
a;—1

i1 Ap—1-2t

i1
qij = iti—1 1 3 App—
(-7 T[] &2 irj=13,...n—1, i=j+1,j+3,....n
(pt1—j =7 A2t41
-2
0,

otherwise,

where {ak}Z;i is the real sequence, used in the matrix S,, ,. We note that for i = 1, the term ay

appears. Here, ay # 0 serves as an auxiliary parameter and is not part of the sequence.
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Proof. According to the determinant given in Theorem 2.2, we obtain that the matrix S,, , is
singular when 7 is odd. Then, we consider the inverse of the matrix S,, ,, only for even n. Let
St = [q;]- Then, the equality

ag,m
a1921 1422 te a142,n—1 a192n
Gn—1q,, T02¢31 an-1q12+ta2qs2 - Ap-1G1,n—11t0a2¢3,n-1 An—191n+ta2q3n
-1 _ .
Sak»nsak,n
2qn—2,11 0n—-19n1 @2qn—22+0an—1qn2 - 02qn—2n—1 1+ An-1qnn—-1 02qn—2.n+0n—1Gnn
a14n—-1,1 a14n—1,2 ce a14n—1,n—1 a1qn—1,n
= I’ru
where [, is the n-dimensional identity matrix, describes the entries of Sa_k 1n as desired. ]

Remark 2.1. We note that Theorem 2.3 is a consequence of the general inversion formula provided
in [28]. Additionally, the matrix Sa_kln is centrosymmetric, as S,, n itself is centrosymmetric, as

discussed in [3].
Next, we present the LU decomposition for the matrix S, .

Theorem 2.4. The LU decomposition of the matrix S,, ,, exists for all n, and the entries of the
n-dimensional matrices L and U are as follows:

(i) Let n be even. Then, the entries of L = [l;;] and U = [u;;] are

.

1, ifi=j
j={ %2, fi=j+2i=2m m=23, . %
0, otherwise

\

and
.

niy fi=yg,1=2m+1, m=0,1,...,5—1
a1, fi=yj,1=2m, m=12...,2

Ait1, ifi=j—2i=2m+1, m=0,1,..., %1 -2

\ 0, otherwise.

(i1) Let n be odd. Then, the entries of L = [l;*j} and U = [u;*]] are

;

L, ifi=j

o o, fi=n,j=n—-1

oo =42 i=2m o m=23,
\0, otherwise

and )

Uniy fi=j, i=2m+1, m=0,1,...,%51 —1

. ) ai, ifi=j, i=2m, m=1,2,..., %%

Y7 g ifi=j—2 i=2m+1, m=01,... %2
k0, otherwise.

Proof. The matrix multiplication S,, , = LU yields the desired results. ]
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The characteristic polynomial of a matrix provides important information about the matrix
in question. Now, we examine the characteristic polynomial and eigenvalues of the matrix S,, ,
considering Theorem 1.1.

Let n be even, then the matrix .S,, ,, can be partitioned as
A LBI:

Sak,n = ~ o~

B I:Alx

2 2

where 1. » is the 3-dimensional symmetric elementary matrix, and A = [a;;] and B = [b;;] are the
5-dimensional matrices with entries characterized by

a;, if j=i+1, 1<:i<35—1,
Ui = § Apy1—, if j=1—1, 2<0< 3, 2.1
0 otherwise,
and
an, ifi=147=2,
bij=14{ ° I= 3 (2.2)

0, otherwise,
respectively. By considering S,, ,, is a centrosymmetric matrix, we have the following lemma.

Lemma 2.1. For even n, the matrix Sq, ,, has the 5 skew symmetric orthonormal eigenvectors T;

with corresponding eigenvalues o;, determined by solutions of the equation
(A - [gB> & = &,

A and B are the matrices given by Equations (2.1) and (2.2), respectively,

wherei =1,2,...,%, .
I o is the 5-dimensional symmetric elementary matrix and 7; = \% <£i, ~T g&) 's are the
n-dimensional vectors. Also, &; form an orthonormal set. The 3 symmetric orthonormal
eigenvectors kj of Sy, and the corresponding eigenvalues (3; are obtained by the solutions
of the equation

(A + f%B) 77]‘ = Bjnjy
A, B are the matrices given by Equations (2.1) and (2.2), respectively,

n

where j = 1,2,...,%,

\/7
n-dimensional vectors. Also, n; form an orthonormal set. The set (7'1, Toyoo oy To, K1, K2,y H%)

~ - T
In is the 3-dimensional symmetric elementary matrix and k; = LQ (nj,f gnj) ’s are the

is an orthonormal set of n eigenvectors of S, n.

As a conclusion of Lemma 2.1, the eigenvalues of the matrix S,, ,, are the same as those of the
matrices A — [ 2B and A+1 2 B in the even case of n. The next theorem is useful to compute
eigenvalues of the matrix S,, ,, for even n.

Theorem 2.5. Let n be even and let Q4 » (\) and Q 4, » ()) be the characteristic polynomials
of tridiagonal matrices A = A — In B and A, = A + In B, respectively. Then,

and



where d; (2 =3,4,...,5 — 1) represents the determinant of the i-th leading principle submatrix
of the matrix \I z— A_or I z — A and satisfies the following recurrence relation

/

d; = M;_y — ai—1n41-id;_
with initial conditions d;) =1, d/1 = Aand dIQ =\ —aia,_1.

Proof. By doing row expansion followed by the last column expansion for the matrices A\/z — A
and \/z — A, respectively, the desired results are obtained. []

We note that for every real number a#0, if Q4 » (o) =0, then it is clear that Q 4, » (—a) =0,
as well. The next Corollary gives the characteristic polynomial of the matrix S, ,,, with the help
of the characteristic polynomials of the matrices .[A_ and A, .

Corollary 2.1. Let n be even, and let Q4= (\) and Qa, » () denote the characteristic
polynomials of tridiagonal matrices A_ and A, respectively. Then, we have the equality

@50 (N) =Qua 2 (A) Qa,z (N)
for the characteristic polynomial of S,, .

Proof. For even n, considering Lemma 2.1 and Theorem 2.5, the roots of the polynomials
Q. (A) and Q4 (M) together form the roots of the polynomial Qs, . (A). Therefore, by the
factoring principle, we obtain the equality

Q50 (N) =Qa 2 (A)Qa,n (N)
for even n. [
For an odd n, the matrix S, ,, can be partitioned as
A* Xs 0 nt

Sak,n: Xl 0 lenT—l ,
Ous  TuaXy TuaAlus

where A* = [ay;] is an 2;!-dimensional matrix with entries characterized by

a;, if j=i+1, 1<i<2t—1,
a; = Apy1—g, if j=i—1, 2<i <27 (2.3)
0, otherwise,

where On-1 is the ”T’l—dimensional zero matrix, [»-1 is the "T’l-dimensional symmetric elementary

matrix, X; = <0, 0,... ,a/nTJrl>, XTI = (0, 0,... ,aanl> are the ”T_l—dimensional row vectors, and
0 is the central entry of S, .
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Lemma 2.2. For odd n, the matrix S,, ,, has the "T_l skew symmetric orthonormal eigenvectors T;

with corresponding eigenvalues «;, determined by the solutions of the equation
A*E =y,

~ T
wherei = 1,2, ..., an, A* is the matrix given by Equation (2.3), 7; = (&, 0, —Iangi) s are

the n-dimensional vectors and [ .-1 is the ”T_l—dimensional symmetric elementary matrix. Also,

2
& form an orthonormal set. The "TH symmetric orthonormal eigenvectors k; of S, n and the

corresponding eigenvalues 3; are obtained by the solutions of the equation

w0\ AT V22X, o\ _ s [ W
()= (an ) ()5 (0)

~ T
where j=1,2,..., "TH Kj= \/Lﬁ (nj, 2qj, Inta nj) s are the n-dimensional vectors, A* is the matrix
2

>’ Xg = <0>07 ce ﬂn;l) are ”Tﬂ-dimensional
2

given by Equation (2.3), X; = <07 o0,... , Ang1

row vectors. Also, n); form an orthonormal set. The set \ 71, T2, ..., Tn-1,K1,K2,...,Knt1 | IS an
2 2
orthonormal set of n eigenvectors of S, n.

Lemma 2.2 demonstrates that the eigenvalues of S, ,, coincide with those of the matrices A*
and A** when n is odd. Building on this result, we present the following theorem, which serves as
a useful tool for calculating the eigenvalues of the matrix S,, ,, in the case of odd n.

Theorem 2.6. Lez n be odd and let Q 5. n1 (A) and Q ... nit (\) be the characteristic polynomials
of the tridiagonal matrices A* and A**, respectively. Then,

/1

/!
QA*’nT_l ()\) = )\danil — GnT—l_lanTH+1danli2

and
/! 1
QA**’nTH ()\) = )\d”THfl - 2ang1 a,ng—l dnTle*T
where d;’ (z =3,4,..., ”T_l — 1) represents the determinant of the i-th leading principle submatrix

of the matrix A* or A** and satisfies the following recurrence relation

/! /! /!

dy = Ad; _y = Qi1Gni1—id;_y

with initial conditions dy = 1, d{ = X\ and dy = N> — a1a,_,.

Proof. Performing a row expansion followed by an expansion along the last column for the
matrices A* and A*™*, respectively, yields the desired results. O]

We note that, for every real number o # 0, if @ 4. 11 (o) = 0, then Q pe nt (—a) = 0.
Similarly, for every real number « # 0, if QA**vnTH (a) = 0, then QA**,nTH (—a) = 0. The next
Corollary gives the characteristic polynomial of the matrix S, ,, with the help of the characteristic
polynomials of the matrices A* and A**.
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Corollary 2.2. Let n be odd and let Q . ns (A) and Q Are it (A) denote the characteristic
polynomials of tridiagonal matrices A* and A**, respectively. Then, we have the equality

Qsupn (V) = Qar 252 (V) Qe . (V)
for the characteristic polynomial of S,, .

Proof. For odd n, considering Lemma 2.2 and Theorem 2.6, the roots of the polynomials
Qae ot (M) and Q Ave mf1 (A) together form the roots of the polynomial Qs,, , (A). Therefore, by
the factoring principle, we obtain the equality

Qs (V) = Qe s (V) Qpee s ().
where n is odd. ]
Remark 2.2. The eigenvalues of the matrix S,, ,, are distinct and symmetric around zero.

The results on the Euclidean and spectral norms of the matrix S,, ,, are presented here.
Before proceeding, it is important to recall some essential concepts that will be necessary for the
discussion.

The Euclidean (Frobenius) norm and spectral norm of m X n matrix X = [z;;] are defined as

m n %
e = [ S50 1et] ot 10 e (),

i=1 j=1

respectively, where X% is the conjugate transpose of the matrix X and ); (X HY )’s denote
eigenvalues of X7 X, [17]. Let X = [z;;], Y = [y;;] and Z = [z;;] be the m x n matrices and
Y o Z = [y;;2zi;] = X. Then,

[ Xl <7 (V) er (2),

where 71 (V) is the maximum row length norm of the matrix Y and ¢; (Z) is the maximum column
length norm of the matrix Z defined by

1 (Y) :I’Il?X 'Xj:’ysz and C1 (Z) :mjax lzi:‘zij|2u

respectively, [17].
Theorem 2.7. The following results hold for the Euclidean and spectral norms of the matrix S, .

(i) The Euclidean norm of the matrix S, , is

[Sainllr =

(ii) The upper bound for the spectral norm of the matrix S, ,, is as follows:
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e Let the sequence {ay, "1 pe positive increasing, where Om — Q1 > 1 (M =2,3,...,n).
q k=1 0ep 8
Then,
2
[Sapnllz < agy +1.

* Let the sequence {ak}z;i be positive decreasing, where a; > 1. Then,

|Sapnlle < ary/a? +n —1.

Proof. (i) The result is obtained easily considering the definition of the Euclidean norm.

(ii) By using the Hadamard product, the matrix S,, ,, can be expressed as

0 1 0 -~ 0 0 1 aga 0 -~ 0 O

ap—1 0 1 --- 0 O 1 1 a --- 0 0
0 ap-2 O 0 0 11 1 --- 0 O

Sak,n = . . .o . © .
O 0 0 --- 0 1 11 1 1 a, .
0 0O 0 - a; 0O 1 1
Y z
« For the positive increasing sequence {ay}1—;, where a,, — a1 > 1 (m =2,3,...,n), the

maximum row length norm of the matrix Y = [y;;| and maximum column length norm of
the matrix Z = [z;;] are

r1 (V) = max Dyl =y Ja2 o +1
J
o (2) = max [S 71l = Jaioi 1

respectively. Hence, we have

and

1Sarnllz <71 (Y)er (Z2) = ay + 1.

. . -1
* For the positive decreasing sequence {ak}zzl, where a; > 1, we have

r(Y) = max , /Z |yij|2 = ai = a
J
a(2)= max /Z |zij|* = /a2 +n — 1.
”Sak,n”2 S (& (Y) C1 (Z) = a“/a% +n—1.

as desired. L]

and

Hence, we obtain
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The Fibonacci-sequence Sylvester—Kac matrix Sg, ,, a specific case of S, ,, is obtained by
replacing the sequence {ak}z;ll with the Fibonacci sequence {Fk}z;i We proceed to derive
results concerning the Euclidean and spectral norms of this matrix. In our analysis, we utilize the
Lucas numbers, defined recursively by the relation

Lpy1 = Ly + Ly,

as well as the Binet formulas for the Fibonacci and Lucas numbers, which are given by

k__ ak
Fk:& b and Lk:ak—i—ﬁk,
a—p3
5 1—+/5
respectively, where o = +2\/_ and § = 2\/_, [22].

Corollary 2.3. (i) The Euclidean norm of the Fibonacci—Sylvester—Kac matrix is

2 n
|SE.nllr = \/g (Lop—1 — L1+ (—1)" + 1),

where L, is the n-th Lucas number.

(11) The upper bound for the spectral norm of the Fibonacci—Sylvester—Kac matrix is

ISFmllz < Froy + 1.
n—1
Proof. (i) 1SFnll® ZQZFE
i=1
n—1 : i\ 2
o' — 3
, ( )
9 n—1 .
o 2i 21 v
- g; (a + B —2(_1)>
n—1

By the means of the well-known equality Z P = % for an arbitrary p, (p # 1), we
=1

have )
2 06271 - 062 5271 o 62 4 n— )
Stonll? - - - —1)’
Isnal =3 ("1 + ) “g 2 Y
2 a2n _ OZ2 52n _ /62
= - —1)"+1
(T e
2
=z (@ T —a— B4 (-1)" + 1)
2 n
=z (Lop—1 — L1+ (—1)" +1).
(i) The proof is similar to the proof of Theorem 2.7. [

Finally, we present an example to illustrate our results. This example involves the Pell number
sequence, a sequence as significant as the Fibonacci sequence, defined by the recurrence relation

Py =2P,_1 + Py
for all £ > 2 with initial conditions 5 = 0 and P, = 1 [22]. The first few terms of the Pell
sequence are 0,1,2,5,12,29,169, 408,985, . ...
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Example 2.1. By substituting {a }7—1 with { P,}}_1 in the matrix S,, ,, for n = 5,6, we obtain
the following matrices

1

0 1000 20902888
1220200 01205 0 0

P 8(5)22102 and. op6 0 0 50 12 0
9 2

0001 0 0 02 0 29
01 00 1 0

The determinants of the matrices Sp, 5 and Sp, ¢ are
det (Spk75) =0
and

3
det (Sp,) = — [ P35y = —21025.
i=1
Since the matrix Sp, 5 is singular, we only have the inverse of the matrix Sp, ¢ as

0 % 0 -5 0 15
1 0 O 0 0 0
g1 _| 0 0 0 o0 -2
b -2 9 L0 0 0
0 0 0 0 0 1
w0~ 0 om !
The LU decompositions of the matrices Sp, 5 and Sp, ¢ are
1 0000 12 0 2 0 0
01000 0100 0
Sps=LU=|001 00 0 02 0 12
05010 0005 0
00 1 01 0000 O
and
1 0 0000 29020 0 0
01 0000 0100 0 O
00 1000 0 05012 0
Sp.6 = LU = )
’ 0 12 0 1 0 0 0005 0 0
00 0010 0 000 1 O
00 0201 0000 0 29
respectively.

For the auxiliary matrices

01 0 1 0
A*:( ) and A =112 0 2v2 |,
12 0
0 5vV2 0

the characteristic polynomial of Sp, 5 is
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Qsp 5(A) = Qa2 (A) Qa3 (N)
— (A2 —12) (A3 — 32))
=\ — 44)3 4 384,

where Q 4= 2 (X) and Q) =+ 3 (\) denote the characteristic polynomials of A* and A**, respectively.

The eigenvalues of Sp, 5 are
A1 =3.464, Xy =5.656, A3 =0, Ay = —5.656, A5 = —3.464.

For the auxiliary matrices

0O 1 0 0 1 0
A =129 0 2 and A, =129 0 2 |,
0 12 -5 0 12 5

the characteristic polynomial of Sp, ¢ is

Qs 6(N) = Qa5 (N) Qas (V)
= (A3 4 5A2 — 53\ — 145) (A3 — 5A2 — 53 + 145)
= A6 — 131\ 4 42592 — 21025,

where Q 4_ 3 (X) and Q 4, 3 (\) denote the characteristic polynomials of A_ and A, respectively.

The eigenvalues of Sp, ¢ are
A = —6.526, Ay = 2447, A3 =9.079, A\ = —9.079, A5 = —2.447, A = 6.526.

The Euclidean norms of the matrices Sp, 5 and Sp, ¢ are

4

2 P? =18.65475811

i=1

1SpsllF =

and

5
2 " P? = 45.05552130.

=1

1Sp.sllF =

The upper bounds for the spectral norms of these matrices are
1Sp, 5]z = 12.32882801 < P} + 1 = 145

and
1Sp, 6]l = 29.07142814 < P? + 1 = 842.

3 Conclusion

This paper introduces a new Sylvester—Kac type matrix S,, ,, whose entries are defined by
an integer sequence {a}7—;. The main result is the derivation of a recursive relation for the
factorization of the characteristic polynomial of the matrix S,, ,,. This factorization expresses the
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characteristic polynomial as the product of the characteristic polynomials of two smaller matrices
obtained through a specific block decomposition method introduced by Muthiyalu and Usha [23].
Although the block decomposition used in this paper differs structurally from that of Cantoni and
Butler [3], both approaches yield consistent spectral results. Additionally, the matrix’s determinant,
inverse, LU decomposition, and several norms are examined, and a numerical example is provided
to confirm the results.
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