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1 Introduction and Preliminaries

The study of number sequences has attracted considerable attention from the mathematicians
since ancient times. Since then, many of them have concentrated their interest on the study
of ravishing triangular numbers. In [1], Behera and Panda introduced the notion of balancing
numbers (B, ),en as solutions to a certain Diophantine equation in 1999. Then, the recurrence
relation of this number is B,,; = 65, — B,,_1 forn > 1, where By = 0, B; = 1. A study
on the Lucas-balancing numbers C),, = \/W was published in 2009 by Panda [11]. The
recurrence relation of this number is C,,; = 6C,, — C,_; forn > 1, where Cy = 1, C; = 3.
Also, periodicity of these numbers was examined in [12, 13].

Additionally, matrices can be used to represent the balancing numbers and can be extended to
related sequences. In [14], Ray introduced balancing F'-matrix as follows:

(1)

and gave a general formula for the n-th powers of this matrix:

F' = ( Buvi =By ) .
B, —B,

Also, for a finitely generated group G = (A), where A = {ay,as,...,a,}, the sequence
T =0i+1,0 <t <n—1, z,4 = H;‘:l Titj—1, © > 0, is called the Fibonacci orbit of G with
respect to the generating set A, denoted F'4(G) (see [2-4]).

It is well known that a sequence is periodic if, after a certain point, it consists only of
repetitions of a fixed subsequence. The number of elements in the repeating subsequence is the
period of the sequence. The study of linear recurrence sequences in groups began with the earlier
work of Wall [15], where the ordinary Fibonacci sequences in cyclic groups were investigated.
Recently, many authors have studied some special linear recurrence sequences in groups; see, for
example, [5-10, 16].

Firstly, we define the three different quaternion-type cyclic-balancing sequences and then
present some properties, such as, the Cassini formulas, generating functions, relationships
between the Balancing sequence and these quaternions in Section 2. Secondly, in Section 3, we
study quaternion-type cyclic-balancing sequences modulo m, and then we give the relationships
between the lengths of the periods of the quaternion-type cyclic-balancing sequences of the first,
second and third kinds modulo m and the generating matrices of these sequences. Finally, in
Section 4, we introduce the quaternion-type cyclic-balancing sequences in groups and calculate
the quaternion balancing lengths of generalized quaternion groups.

2 The quaternion-type cyclic-balancing sequences

In this section, we introduce three different quaternion-type cyclic-balancing sequences for n > 2
any positive integer numbers. Then, we present the miscellaneous properties of such sequences.
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Definition 2.1. We define the quaternion-type cyclic-balancing sequences of the first, second and
third kinds, respectively:

6kxl | —jxl .. if n =0 (mod 3), 6ix2 |, — kx2_,, if n =0 (mod 3),
=< 6jxl | —ixl . if n=1(mod3), 2= 6kx>_, —jz’_,, if n=1(mod 3),
Gixl | —kxl o if n =2 (mod 3), 6jz2 | —ix®_,, if n =2 (mod 3),

6jz2 | —ix®_,, if n =0 (mod 3),
2 = Giwl_| —kal_y, if n=1(mod 3),

6kx3 | —jx2_,, if n=2 (mod 3),
the initial conditions for all type are v = 0 and 2] =1 (1 < 7 < 3).
Let the entries of the matrices A and B be the elements of the quaternion-type cyclic-balancing

bll b12
le b22 ’

sequences,

A:

11 Qai12
and B =
Q21 Q22

so that the following properties hold:

(7). Ax B=

21011 + a22b91  az1b12 + agebas

a11011 + a12021  a11b12 + a12ba ]

(Zl) det A = a11A22 — A120497.
(7ii). det(A- B) = det A - det B.
(iv). A" =A""1x A (neZ").

Since the multiplication of quaternions is not commutative, the above properties need to
consider the multiplicative order. Therefore, it is easy to see that

det A - det B # det B - det A

and
A x A # A X AL,

In order to render the operation easier, we define ¢(7) as follows:

J, if n =0 (mod 3),
e(n) =4q k, if n=1 (mod 3), (1)
i, if n =2 (mod 3),

where ) € Z*. We can relate these sequences to the well-known classic Balancing sequence by

(=1)"5" Bue(r +2), if n =0 (mod 3),
a7 =< (=1)"3 B,, if n =1 (mod 3),
(=1)"5" Bpe(t+ 1), if n=2
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where 7 = 1,2,3 and ¢(7) is defined in Equation (1). We can then write the quaternion-type
cyclic-balancing sequences

—204 35¢(T 4 2)
= forT=1,2,3. 2)
35¢e(T + 2) 6
By mathematical induction on n, we find that
xh xh
(G =| . for 7 =1,2,3, 3)
xgn _xgn—16<7- + 1)

where n > 1.

Now we obtain the Cassini formula for the quaternion-type cyclic-balancing sequences. By
using the determinant function and Equations (2), (3), we have

—ah, 25, q€(T+ 1) — (23,)* =1 for 7 =1,2,3. 4)
Lemma 2.1. The recurrence relations for the {x!} are as follows:

x, = —198x] 5 — ] g,
wheren > 6and T = 1,2, 3.

Proof. The proof will only be done for case 7 = 1, the others are done similarly.
By Definition 2.1, we get

1 _ 1 9
L3y, = 6k, | — jr3, o,
1 _pad 9
T3, = 6jx3, —ixy, 4,
1 il 1
T3ppo = 003, — ka3,

Thus, we have
1’%71—5—2 = 62’$§m+1 - kxén
= 35k}, + 623,
= 63, + 35k (6kxy, | — jz3,_ o)
= —204x3, | — k35jx3, o
Then, since 35jx3, _, = k (624, _, — x3,_,), we obtain
Tappo = —19813, | — T3, 4. &)
Similarly, we can write
xil’erl = 6]']’%71 - Z“r%}nfl
= 3521.;71—1 + 6xi13n—2
= 63,y + 35i (6izy, o — kay,_s)
= —204xy, , — i35kx3, .
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And then, since k3523, 4 =i (623, _, — 23,_5), we acquire
1 1 1
Tanp1 = —198%3, o — 73, 5. (©6)

Similarly, we have

1 1 1
T3, = 6kx3, 1 — jrg, o

= 35]'3:%”,2 + 6:c§n73
= 613, 5 + 35] (623, 5 — iz, 4)
= —204x3, 5 — j35ixs, 4.
And then, since 35z, _, = j (623, 5 — 23,_4), we get
T3, = —19873, 5 — T3, ¢ (7
From Equations (5), (6) and (7), we obtain x|, = —198z] . — x} ¢, as required. O

In the following theorem, we develop the generating functions for the quaternion-type cyclic-
balancing sequences.
Theorem 2.1. The generating functions of the {z]} are
i v t + 6e(T + 1)t% + 35e( + 2)t* — 6t* — e(7 + 1)¢°
€T =
" 1+ 198¢3 + 6 ’

n=0

where T =1, 2, 3.

Proof. Assume that f(t) is the generating function of the {z] } for 7 = 1, 2, 3. Then we have

fF)y=>Y apt
n=0
From Lemma 2.1, we obtain

ft) =af +alt +a3t* + a3t + at* + 2"+ (19827 5 — 2], o) 1"

n=>6
= aft + 23t* + o§t° + ot + alt° — 198 (f(t) — xf — a(t — a3t*) £* — f(£)t°.
Now rearrangement of the equation implies that

o7t + o0t + 23t + (2] + 19827) t* + (2 + 198x7) t°
1+ 198¢3 + 6 ’

ft) =

which is equal to the ) z7¢" in the Theorem. []

n=0
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3 The quaternion-type cyclic-balancing sequences modulo m

In this section, we study quaternion-type cyclic-balancing sequences modulo m. Then, we give
the relationships among the lengths of periods of the quaternion-type cyclic-balancing sequences
of the first, second and third kinds modulo m and the generating matrices of these sequences.

If we reduce the quaternion-type cyclic-balancing sequences of the first, second and third
kinds modulo m, taking least non-negative residues, then we obtain the following recurrence
sequences:

{z, (m)} ={=] (m), x5 (m), ... }
for every integer 1 < 7 < 3, z7 (m) is used to mean the u-th element of the 7-th quaternion-type

cyclic-balancing sequence when read modulo m. We note here that the recurrence relations in the
sequences {x] (m)} and {z7} are the same.

Theorem 3.1. The sequences {x], (m)} are periodic, and the lengths of their periods are divisible
by 3.

Proof. Let us consider the quaternion-type cyclic-balancing sequence of the first kind {z} } as an
example. Consider the set

Q@ = {(q1,92) | g.’s are quaternions a, + b,i + ¢,j + d,k, where a,, b, ¢, and d,
are integers such that 0 < ay, by, ¢y, dy, <m —1andu € {1,2}}.

Suppose that the cardinality of the set () is denoted by the notation |@)|. Since the set Q) is
finite, there are |Q)| distinct 2-tuples of the quaternion-type cyclic-balancing sequences of the first
kind {x!} modulo m. Thus, it is clear that at least one of these 2-tuples appears twice in the
sequence {x, (m)}. Let z;, (m) = x5 (m) and z,,, (m) = 25, (m). If § —a =0 (mod 3),
then we get ), (m) = xj,,(m), x5,3(m) = x5,5(m),... . So, it is easy to see that the
subsequence following this 2-tuple repeats; that is, {x! (m)} is a periodic sequence and the length
of its period must be divisible by 3.

The proofs for the sequences {z2} and {23} are directly similar to the above ones and are
omitted. O]

We next denote the lengths of periods of the sequences {z], (m)} by l,- (m).

65 —1

1 0 |

Suppose that G| = A3AsA;, Gy = A3 A1 A3 and G3 = A;A3As. Using the above, we define
the following matrices:

Consider the matrices

61 —Fk
1 0

6k
1

9 2 —

Alz

) ] and Az =
0

(G1)* if n =0 (mod 3), (Gs)* if n =0 (mod 3),
(My)" =4 Ay (G1)nT_1 , if n=1(mod 3), (M)"=1q As (GQ)HT_1 , if n=1 (mod 3),
AQAl (Gl)nT_Q s fn=2 (HlOd 3), A1A3 (GQ)nT_Q s ifn=2 (HlOd 3),
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(Gs)* if n=0 (mod 3),
(Ms)"={ Ay (G3) 7, if n=1(mod 3),
A3 A, (G’g,)%2 , if n =2 (mod 3).

wr()-(%)

where 7 is an integer such that 1 < 7 < 3. We easily derive that det A; = k,det A, = j and
det As = i. Therefore, we immediately deduce that [,~ (m) is the smallest positive integer o such
that (M,)* = I (mod m) for every positive integer m.

Then we get

4 The quaternion-type cyclic-balancing sequences in groups

In this section, we define three different quaternion-type cyclic-balancing sequences in finite
groups. Subsequently, we examine the quaternion-type cyclic-balancing orbits of the first, second
and third kinds of the generalized quaternion group. Finally, we give a specific example for the
first-type sequences of quaternion group (Js.

Let GG be a 2-generator group and let

X ={(z1,22) € G X G| {z1,22}) = G}.
The notation (1, z5) is said to be a generating pair for G.

Definition 4.1. Let G be a 2-generator group. For the generating pair (x,y), we define the

quaternion-type cyclic-balancing orbits of the first, second and third kinds of G, as follows,
respectively:

(a}_5)~(an_1)%, if n =0 (mod 3), (a2_y)"(a2_1)%, if n =0 (mod 3),
a, =1 (a} ) 7(a) )%, if n=1(mod3), ai=1q (a3 )7 (a2 )%, if n=1(mod 3),
(ap_2) " (ap_1)*, if n=2(mod 3), (a3_5)""(az_1)%, if n=2(mod 3),

(ai 2)” Z<a§z 1)6‘7 if n =0 (mod 3),

ay =1 (a3 ) F(ad_ )%, if n=1(mod 3),

(a3 5)77(ay_1)%, if n=2(mod 3),
1

formn > 2, with initial conditions a] = x and a] = y (1 < 7 < 3), where the following conditions
hold for every x,y € G:

(i). Let ¢ = a + bi + cj + dk such that a, b, c and d are integers and let e be the identity of G,
then:

% x4 = % (mod |z]) + b (mod |z|)i+ ¢ (mod |z|)j +d (mod |z|)k

— g0 (mod |z|) xb (mod |z|)i € (mod |z|)j Qfd (mod |x|)k

x (") = ()", where u € {i,J,k} and a is an integer.

x el =candx® T O H 0Ok — ¢
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(ii). Letq1 = a1 + byt + Clj+d1k andq2 = ay + b2i+02j + dgk, such thatal, bl, C1, d17 as, bg,
C, dy are integers, then (x93%2) ™! = x40,

(iii). If vy # yx, then x'y" # y"z* for u € {1, j, k}.
(). (29)" = ya* foru € (0., K}

(U). (wulyu2>u3 _ xugulyugug ( ) _ xugyugul and (xuly)UQ — mugulyUQ for u1,u2,U3
€ {i,j,k}, and so (z“1y")" = 71y~ L,

(vi). Foruy,us € {i, ], k} such that uy # uy, 1 y"* = y*22", xy™ = y“z, ™y = ya"', and
so (xy“)" = zy~ and (z1y)" = 27 ly"

Let the notation B E]:;:y) (G) denote the 7-th quaternion-type cyclic-balancing orbit of the group
G for the generating pair (z, y). From the definition of the orbit B{;' ) () it is clear that the length
of the period of this sequence in a finite group depends on the chosen generating pair and the order
in which the assignments of z, y are made.

Theorem 4.1. Let G be a 2-generator group. If G is finite, then the quaternion-type cyclic-
balancing orbits of the first, second and third kinds of G are periodic and the lengths of their
periods are divisible by 3.

Proof. Let us consider the second quaternion-type cyclic-balancing orbit of the group G. We take
the set

g — a1(mod |s1|)+b1(mod |s1])i+ci(mod |s1]|)j+di(mod |s1|)k
=1 (s1)

Y

(SQ)az(mod |s2] )+b2(mod |s2|)i+ca(mod |s2|)j+d2(mod |s2| )k
| 51,80 € G and ay,ag, b1, by, c1, ¢, dy, dy € Z}-

Since the group G is finite, S is a finite set. Hence, there exists v > w such that a? = a2 and

2 _ 2 — 2 _ 2 2 _ 2
as,, = a, . forany u > 0. If v —u = 0 (mod 3), then we get a;, = a5, G5 5 = A g,... .

Because of the repetition, for all generating pairs the sequence B(qu) (G) is periodic and the

length of its period must be divisible by 3.
The proofs for the orbits Bé’cly) (G) and Bgfy) (G) are again similar to the above and are
omitted. [

We next denote the lengths of the periods of the orbits B ) (G) by LBEI:; ) (@)

We shall now address the lengths of the periods of the orbits Bz”l ) (Qam+1) B(;y) (Qam+1)
and Bq’ (Q2m+1) in the generalized quaternion group (Jom+1 with respect to the generating pairs

(z,9).

Theorem 4.2. Consider the generalized quaternion group (Qam+1 of order 2™ is defined by the
2m—1

presentation Qom+1 = (x,y | 2*" =y* =1, x =y? yley = x71). Then

LBqa
(z.y)

(Qqni1) = LB

(z,y)

(Qam+1) = LB(L

(z,y) (Q2m+1) = 3. 2mf0r m > 2.
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Proof. Firstly, we calculate the lengths of the periods of the first quaternion-type cyclic-balancing
orbits Bq’ ) (Q2m+1). The sequence ng’g gy (Qami1) is

1 _ 1 _ 12—k 1_ ,35,..6 1 _ ,.355 1 3i,..204k 1 —1189

Gy =T, a1 =Y, Gy =Yy T , a3 =Y "X, Gy =2T y 5 =Y T aa6_y PR
1 _ _.—46611179 1 _ —2716698605 1 __,.2i,,—1583407981k 9228778026

Qg =T ; Q13 = Yx y 1y =Y T 7a15_y yee
1 _  .—71631910824649559 1 _ —4175013720477877005 1 21 —2087506860238938400k

a24 — :L‘ 3 (1,25 - yx ) 26 - y DI
1 _ .—Biou-1 1 _ —DBi2uj 1 _ ,2i,.—Biaut1k 1 _ ,3J ,.B12 +2

Ay =T 7700 Qugyq = YT TN, Qg = YT T, Qg3 = YT

1 _ .Biou+sj 1 Biau+t4k 1 —Bi2u+s 1 3 _B12u+6]

Aoy4qa = X » Aroyts = Yz » Aout6 = y* y Qo7 =Y T
1 _ —DBiout7k Biou4s 2,.B12u+19] i,.B12 +1ok
Algyig = T 02T agy, g =y xRS agy g =yt ag, ) =yt
where B, denotes the n-th member of the balancing sequence By = a, By = b, B, =

6B, — B,—1 (n > 1). In [12], Panda and Rout showed that the length of period of the sequence
{B,} (mod 2™) is 2™. So we get LB a1 o) (Qami1) = lem [12,2™] = 3.2™ for every m > 2.
From the above, we easily see that LB (Q2m+1) = 3.2™.

The proofs for the orbits Bq’ (Q2m+1) and B‘{’E (ny) (Qam+1) are similar to the above and are

omitted. ]

Now, for the generating pair (z,y), we give the first quaternion-type cyclic-balancing orbits
of the quaternion group Qs = (z,y | z* = 1, 2* = y?, y tay = x~'), which is a non-Abelian
group of order eight.

Example 4.1. The sequence B o y) (Qs) is
z, oy, yraThoyTIRt a oy oy
2

i .2k 2i,.—k —J
yr—, %, Yy, yxr -, y]xw'w

2j,.—1 —1,.2§ k
)

T, Yy x 2y

xw, y‘], y-x’,
which implies that LBq;E (o (@8) =
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