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Abstract: In this paper, we derive by using elementary methods some continued fractions, certain
identities involving derivatives of tan x, several expressions for log cosh x and an identity for 72,
from a series expansion of tan x, which gives the product expansion of the cosine function.
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1 Introduction and Preliminaries

In this paper, from a series expansion of tan x (see (1)), which gives the product expansion of
the cosine function, we derive some continued fractions, certain identities involving derivatives
of tan x, several expressions for log cosh 2 and an identity for 72.

In more detail, the outline of this paper is as follows. In Section 1, we recall the Bernoulli
numbers, the Riemann zeta function together with their special values at even positive integers,
and the product expansion of the sine function. We remind the reader of the Euler numbers and
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explicit expressions of them obtained by a contour integral. In fact, these yield a relationship
between Euler and Bernoulli numbers (see (12)). We show that

- 2\’ 1

k=0 w(2k+1)

1 > 1
:8 _—
x(ﬂ i kz (2k + 1)m)? — 4x2>’

=1

by expressing tan x as a series involving the Euler numbers and invoking the aforementioned
explicit expressions of Euler numbers. Then we derive the product expansion of the cosine
function from (1). Section 2 contains the main results of this paper. In Theorem 2.1, we derive a
continued fraction for 7. In Theorem 2.2, by successively applying differential operators to the

expression
[e.e]

tanx
8x — 7r2 Zl (2k+1 — 42

n+1
we show that it is equal to >, (W) . By taking the (2n — 2)-th derivative of the
partial fraction expression,

t :2 —_
ane kz:% <(2k—|— Dr—2x  (2k— 1)7r—|—23:)’

of (1), dividing by 227! (2n—2)!, and evaluating at x = > we have the expression in Theorem 2.3,

(1) -l -1.9).

Here ((s, =) is the Hurwitz zeta function. By taking the derivative of (1), and letting x = 2T We

obtain an expression of 72 as an infinite series, which is valid for any integer n. Letting n = 0,

which is equal to

we get an expression of 7 in Corollary 2.5. From the product expansion of the cosine function,
we show that

tanhx —tanzx i

1
£ (2k+ w2+4x2_(2k+1)2w2—4x2>'

From the identity obtained by letting x = ( T in this, we get a continued fraction for

2(2n+1)

7 tanh(3 2+1)) tan(m) -1
4 2n+1

in Theorem 2.6. Finally, from the observation

22n71x2n71

tanhz = — Z Ezn_lma
n=1

we have several expressions for log cosh « in Theorem 2.7.

For the rest of this section, we recall the facts that are needed throughout this paper.
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The Bernoulli numbers are defined by

1 1 1 1 1 15)
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B2k+1 = 0, (k Z 1)
For s € C with Re(s) > 1, the Riemann zeta function is defined by

=1

(see [1,9,12]). For n € N, we have (see [8])
)n—1<27r>2n

1 (-1
C(Qn):;ﬁ: 2(2n)!

We observe from (2) that

21z .
zcotz = o T— +zz:1+nz:1(2—n>!z

From (4) and (5), we get the following product expansion of the sine function

sin z :,ﬁl(l B (%)3

z

(see [2,8,13]). It is well known that a continued fraction for 7 is given by
4
m =
12
1+ 2
2+ =2
2+

72
92

2+
2+

(see [5,14]). In [14], another continued fraction for 7 is given by
12
T=3+ 2
6 + =
6+
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92
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6 +
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The Euler numbers are defined (see [7,8,11]) by

2 > z"
= E,—. 8
e +1 ; ! ®
From (8), we note that (see [8])
" /n
Ey=1, En:—g ) E;, e N). 9
" 1=0 <Z) (n ) ( )
The first few terms of FE,, are given by:
1 1 1 17 31 691
Eo=1FE =—— FE3=-FE=— FE=—,FE=——, 1 = —
0 ) 1 2a 3 4a 5 27 7 ] ) 9 9 ) 11 4 )
5461 929569 3202291 221930581
13 9 5 15 16 ) 17 9 ) 19 4 ) )
Ey =0, (k>1).
For n > 2, by (8), we get
2 1
0= lim —dz

N—oo [o e+ 127

[e.e]

2 1 2 1
= 2ri( R — R =)
m Z:e(? ez + 1 zm T kzzoo z:(zkisnm er+ 1z

( En - —2
= 27rl<m +kz_oo W)a

where the contour C'y is the (positively oriented) circle with radius 2/ N7 centered at the origin
(N =1,2,3,...). Thus we have

1 < 1
E,1=2(n-1)! —_ 10
—1)? & 1
4(n —1)! (=1 , for n even,
— T L= (2k 4+ 1)
0, for n odd.

From (10), we note that

Eapy = 4(2n — 1)!(_1)n > ! (11)

As Es, = By,+1 =0 forn > 1, the following holds true:

2<2n+1 _ 1)

E,=—
n—+1

Bhi1,  (n>0). (12)
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‘We observe that

(13)
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From (11) and (13), we have
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By (14), we get

——logcosx =tanx = —
dx

20 )2 (15
(2k+1)7r)

HCE

log cos & = ilog (1 - (ﬁf) (16)
1°gH(1—(zk+1> ))

Hence, by (16), we get the product expansion of the cosine function

(2k+1 ) 296)1_( :
="

From (15), we have

(e e

ol ()

(17)
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2 Explicit formulas related to Euler product expansion

for cosine function

From (14), we note that

o0

tanz = ) (ﬁ)gx (le—”ﬁf) (18)

k=0 (2k+1)7
1 > 1
=8| ——— )
x(wz — 4x? * ; ((2k+ 1)m)? — 4ZE2>
From (18), we have

L s 5
—tanz = )
Rz 4x2 p (2k + 1)m)? — 42

Let z = 7 in (19). Then we have

1 - 1
32 ]; ((2k + 1)m)2 — 42
- (20)

- 1
=2 (2k — 1)(2k + 3)72

Multiplying 72 on both sides of (20), we get

> 1 1 1
= 21
;Qk—1 )(2k + 3) 1-5+3-7+5.9Jr b

Let x = 7 in (19). Then we see that

14 & 4
S . 22
27 32 ; (4k + 1)(4k + 3) w2 @2)

Multiplying %2 on both sides of (22), we get

1 1 1
2 , 23
3 2Z<4k+1 4k+3> 23)

k=1

ool x

Thus, by (23), we get

37?— i 1 B
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1
TR IR (24)
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From (21), we get
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Therefore, by (25), we obtain the following theorem.

Theorem 2.1. We have the following continued fraction for 7 :

1
52
72
92
112
24 ...

5+

2+

2+
2+
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By (19), we get

1 d (tanzx N 1 _i 1
Srdr\ 8z 472 — 72 ) (((Zk +1)m)2 — 41:2)27

1 d 1 d (tanx 1 > 1
16 A Ry e to s )= Z 3
16z dx 8x dx \ 8z 4x T (((2k +1)7)2 — 4x2)

Continuing this process, we have

00 1 n+1
26
; (((Qk D)) = 4x2) (26)
1 d 1 d 1 d1d (tanz 1
" Snzdr8(n— l)zdr  16zdr8zdr\ 8z | dz?—72)’

where n is a positive integer.
From (26), we note that

1 d 1 d 1 d 1 d [tanz n 1
8nrdr8(n—1)xdr 16z dr8xdr\ 8z 4?2 —m2 )| _
4n+1 0

1 n+1
w2 L ((4k +1)(4k + 3)) '

Theorem 2.2. Forn € N, we have

i (((Qk n 1)17r)2 - 4x2>n+1

k=1
1 d 1 d 1 d 1 d (tanx 1 )

8na:da:8(n—1)x£.”@£§% 8x 4x? — 72

By (18), we get

tan x

> > 8x
Z ( E+1 ) — 42 B Zo (2k + 1)m — 2x)((2k — 1) + 2x) @7)
1

I
S}

(2
1
— (2k+1)r —26  (2k—)m+2z)

From (27), we have

1 1 P

2201 (20— 2)1 da?n 2 7 %)

k=0 ((Qk? + 1)7T _ 21,)271—1 ((2]{; n 1)7T n 21})27%1 )

where n € N. Taking n = 1 and x = 7 in (28), we get

f_i 1 — 1 —1_1+1_1+1_i+
4 = \4k+1 4k+3) ~ 3 5 7 9 11 ’

which agrees with the result in (24).
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Letting x = 7 in (28), we have

1 1 22 > 1 1 A
t = - ) e
921 (27, — 2)] [dx%—? am} . Z<(4k Tl (4k+ 3)2n—1) <7r> (29)

T=y k=0

Thus, by (29), we obtain the following theorem.

Theorem 2.3. For n > 2, we have

T 2n—1 1 d2n72 .
4 (2n — 2)! | dx?n—2 e

Tr=

where ((s, x) is the Hurwitz zeta function given by

= 1
:Z , s€C with Re(s)>1
n+ )

n=0

By (18), we get

d = 1
sec’r = —tanz = 8 + 8x 30)
dx — ((2k+1)7)° - Z ((2k+1) ) — (22)2)°
i ((2k+1) ) + 4a?
o 2k’ +1 ) — 4x2)2.
From (30), we note that
1 = (2k + 1)%72 + 422
—sec2xzz (2k +1)°r" + 4z 5. (31)
8 — (422 — (2k + 1)2m2)

Let x = s2—, (n € Z) in (31). Then we have

2n+17?

< (2k+1 4 ?

lseCQ( T ):Z (2k +1)°7* + (2n+1) . (32)
8 n+1 k=0 (Mﬁ) — (2k + 1)*72)

(44 (2n+1)%2k + 1)%) (52)"
72 ) (551

2 i
(2n + 1)(2k +1)?) (2n+1)
Thus, by (32), we get the following theorem.

Theorem 2.4. For n € Z, we have

00 2 2
:8(2n+1)20052( m > 44+ 2n+1)°(2k +1)

2n+1 P (4 — (2n+1)2(2k + 1)2)2-

Let n = 0 in Theorem 2.5. Then we have

o

4+ (2k +1)?
=3 : 33
" kZ:O (4 — (2k +1)2)° 3)

Thus, by (33), we obtain the following corollary.
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Corollary 2.5. The formula of 70 /2 is given as follows:

From (17), we note that

JQi 44 (2k +1)2

— (2k+1)2)"

As cosix = cosh z, from (34) we have

s 2
hz = 1 e —
cosh x H( +((2k+1)7r

By (17) and (35), we get

o

coshz cosx = H
k=0

0o
k=0

From (36), we have

k=0

(- () 1L

(- (w5))

d
tanhx — tanx = T <log cosh x + log cos 93)
x

d
= —log ( cosh z cos .r)
dx

=%log<ﬁ(1—<ﬁ>4>
w2 (- (e )

)

(2k+1 B ((2k+1)r) :

8x

3 (
Thus, by (37), we get

tanhx — tanzx

8x

(2k+1

1—

(e}

(wome

)

2
2k + 1w

1
2k +1 27T2 +4x? kZ:O (2k +1)%72 — 4;102)'

-3

k=

0

1

1

(Qk—l— 1)272 4 422
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Letting 2 = 557, (n > 1) in (38), we have
tanh (2(2:+1))47r_ tan (2(2&1)) (39)
2n+1
B i": ( 1 1 )
- s 2 o s 2 ’
k=0 (2K 4+ 1)°7% + (2n+1> (2k +1)?m? — (277,—1—1)
Thus, by (39), we get
m 7r 7r
" ftanh (") —tan | 40
4(2n+1)l an <2(2n—|—1)) o <2(2n+1)>] 40)
B i 1 B 1
B —\(2k+1)2@2n+1)2+1  (2k+1)2(2n+1)? -1
1 1 1 1

T2+l ndlP—1 BEntr1P+l PenrlE-1

From (40), we note that

42n+1)

W(tanh (m) — tan (m))
1
= -1

w(tanh (2(2:+1) ) —tan (2(2:+1) ))
4(2n+1)

1 (41)

1 1 1 1
I- (2n+1)241 + (2n+1)2—1 ~ 32(2n+1)2+1 + 32(2n+1)2—1
1 — 1 + 1 — 1 T
(2n+1)2+1 (2n+1)2—-1 32(2n+1)2+1 32(2n+1)2—-1
(2n+1)2+1  (2n41)2+1 + (2n+1)2+1
(2n+1)2—1 ~ 32(2n+1)24+1 " 32(2n+1)2—1

= (2n+1)° + 1 1 1 1
(2n+1)2+1  (2n+1)2—1 + 32(2n+1)2+1  32(2n+1)2—1 o
(2n+1)%2+1)?

1— (2n+1)2+1 + (2n+1)241  (2n+1)%41 ..
(2n+1)2—1 " 32(2n+1)2+1  32(2n+1)2-1
1 _ 1 + 1 —
(2n+1)2-1  32(2n+1)2+1 ' 32(2n+1)2-1

(2n+1)2+1)?

= (2n+1)> +

= (2n+1)* +
( ) (2n+1)2 —1)?
-2+
1 (2n+1)%2-1 (2n+1)2-1
T 32(2n+1)2+1 + 32(2n+1)2—-1
1 1
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_nt1)Pt (2n+1)2+1)?

(2n+1)% —1)?

(3%2(2n + 1) +1)?

1 — 32(2n+1)24+1 | 32(2n4+1)241
32(2n+1)2—1 ' 52(2n+1)2+1

~2+

8(2n +1)2 + 2+

1

_ 1 4o
32(2n+1)2—1  52(2n+1)2+1
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(2n+1)> +1)°
(2n+1)> - 1)°
(32(2n +1)2 +1)°
(3°(2n + 1)2 — 1)
(5%(2n + 1) +1)2
(52(2n + 1) —1)2
24(2n+1)2 + 2+ ---

=2n+1)*+

—2+

8(2n+1)2 + 2 +

2+

16(2n+1)2 + 2 +

Therefore, by (41), we obtain the following theorem.

Theorem 2.6. For n > 1, we have

(ztanh(2(22+1)) - tan(2(2:zr+1)))1

4 2n+1
(2n+ 1) 4+ 1)°
(2n+1)2—1)?
(32(2n + 1) +1)°
(3%(2n +1)2 — 1)°
(52(2n + 1)* +1)?

(5°(2n +1)% — 1)?
24(2n+1)2 42 + - -

= (2n+1)*+1+

2+

8(2n+1)2 4+ 2+

—2+

16(2n+1)2 + 2 +

Observing that

2
tanh :1——:—2 Es,_
anh z o 2n—1
we have

d
—tanhz = T log (cosh .CL') = Z FEs, (42)

From (42) and (11), we note that

—logcoshx = Z Esn 1 2" (43)
n=1

(2n —1)12n




By (35), we get
0 2
log cosh(x Zlog (1 + ( 2t Dr ) ) (44)
9 2
_Zk’g<1+< 2k —1)n ) )

Therefore, by (42), (43) and (44), we obtain the following theorem.
Theorem 2.7. For x € R, we have

o'} 9 2
log cosh x = Zlog <1 + (ﬁ) )
k=1

& 22]671

--N"EBy 2
D B Yok — 12k

k=1

_ : (2%)%(_1;_1 (1 - %)g(%).

2k

In particular, we have
22k 1

2k — 1"

2k—1

tanhz = — ZE% 1

k=1

3 Conclusion

In this paper, we demonstrated that a series for tan x, which gives a product expansion of the
cosine function, is very useful in deriving various results. Indeed, by using this series we obtained
some continued fractions, certain identities involving derivatives of tan z, several expressions for
log cosh x and an identity for 72.

Especially, we obtained two continued fractions of 7, the one in Theorem 2.1 and the other in
Theorem 2.6. We remark here that the one in Theorem 2.6 gives an infinite family of continued
fractions for 7, since we can choose n as any positive integer.

The authors have studied many stuffs related to Bernoulli and Euler polynomials and numbers
by using many different ideas and methods. We would like to continue to carry out researches
centered around Bernoulli and Euler polynomials and numbers.
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