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1 Introduction

Let s > 1 be an integer. Jordan’s totient function, denoted by (,, or Js, is introduced, for integer
n > 1, as the number of s-tuples of integers a;, with 1 < a; < n, j = 1,2,...,s, such that
ged(ay, .. .,as,n) =1 (see [1, pp. 147-155]).

When s = 1, ¢, coincides with Euler’s totient function .
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The generalized Dedekind psi-function, denoted by v, could be introduced by:

p2s(n)
beln) = ps(n)
for an integer n > 1.
When s = 1, ¢ coincides with the well-known Dedekind psi-function.
Below, we introduce extensions of these functions on the complex plane setting:

QOS(D = @Z)S(D

1
ps(n) =n’ H (1 — E) p runs over the prime divisors of n, (1)
P

1
hs(n) =n’ | | (1 + —) p runs over the prime divisors of n, (2)
pS
p

for integer n > 1 and s being a complex number.

It is obvious that ¢, and v, are entire functions with respect to s and are multiplicative
functions with respect to n. ¢, is an extension of Jordan’s totient function ¢y, since for integer
s > 1 both functions coincide. The same is true for the extension ¢/ and the generalized Dedekind
psi-function ;.

2 Properties for real numbers s

It is clear that

1, n=1;
wo(n) =
0, n>1.
and thus
po(n) =Y p(d),
din
where p is the Mobius function.
Also, we have
to(n) =290,

where, for n > 1, w(n) denotes the number of distinct prime divisors of n and w(1) = 0. It is
clear that for prime n we have:

For composite n the following assertion is true.

Lemma 1. Ifn > 4 is a composite number and s > 0 is a real number, then the inequalities:

pa(n) <n®—vn® 3)
bs(n) = n® +Vn? “)

are valid, where equalities hold only for n = p?, p is a prime number.
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Proof. Let p be the greatest prime divisor of n. Then (1) yields:

ws(n) < ns<1—i> = ns—n—s < n® —ns,
p® p®
since p < \/n.
Thus (3) is proved.
In the same manner we have

1
baln) > 0 (1+—) SR
pS

since p < y/n. Thus (4) is proved. O

v

Since ¢1(n) = ¢(n), (3) is a generalization of the well-known inequality of Sierpinski for ¢,
see [2, p. 231, Theorem 5]:
p(n) <n—+/n
which is valid for any composite number n > 4, and the equality holds only for n?, n is a prime
number.
Let s > 0 be an arbitrary real number. Then for n > 1, we have:

Hence, the relation

_ 1)) ’
oatm) = 2 0) (Hp) ®

holds.
Equality (5) shows us how does the extension of ¢, look for the negative real numbers. When
n is a squarefree number, (5) yields

p_s(n) = (=1)*"n""p,(n). (6)

In the same way one may obtain

1 S
p
For the squarefree number n > 1, (7) yields

Y_s(n) =n"%YPs(n). (8)

Equalities (5)—(8) are valid for arbitrary comlex numbers, too.

129



3 Properties for complex numbers s

From the definitions of ¢4 and ¢ (see (1) and (2)), it is obvious that for any complex number s,
the relation:

P2s (TL) = Ps (n)¢s (n) (9)
or, which is the same, ()
Pas\ N

s = s 10

vuln) = S (10

holds.
This means that the extension of the generalized Dedekind psi-function is expressed only by
the extension of the Jordan’s totient function. As an analogue of the famous Gauss’s equality:

n=> o(d) (11)

d|n

(see [3, p. 141, Theorem 7.6.]), we have the equality
n® = es(d), (12)

din

which is valid for an arbitrary complex number s.
The proof of (12) follows from the multiplicativity of the function ¢ and from the
multiplicativity of the function

Fn) =Y euld)

dn
(see [3, p. 109, Theorem 6.4.]).
Using the Md&bius inversion formula, from (12), we obtain

¢4n>=:§:u(§)d8=:§:u«0(§)s:=nf§:‘§?. (13)
dn din
Comparing (1) and (13), we obtain

()£

4 Main results

Below, we will deduce an important connection between functions ¢, 15 and the Riemann’s
function (.
Considering the sequence of all primes:

2,3,5,7,11,13, .. .,

we denote it by:
b1,P2,P3,P4,P5, D65 - - -,
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and observe that all prime divisors of n! are

P1,D2,P35 - - -5 Pr(n)s
where 7(n) is the number of primes p, satisfying p < n. Hence, see (1):

(n!)? 1

@ (n!) Pl 1—piz'

3

(n)

(15)

Let n tend to +o00. Then 7(n) tends to +oo and in the right-hand side of (15) all primes take
part. If s is an arbitrary complex number with Re(s) > 1, then from the Euler’s identity

C(S):Hl_%

peP p

(P is the set of all primes.) (16)

and from (15), we obtain the following theorem.

Theorem 1. The relation

im < ) (17)

n—oo g (n!)
holds for all complex numbers s, such that Re(s) > 1.

Corollary 1. For all complex numbers s, such that Re(s) > %

2
' 2s
lim (n))

n—00 (Do (n')

= ((2s) (18)
holds.

From Corollary 1, (18) and from (10) we obtain one more corollary.
Corollary 2. For any complex numbers s, with Re(s) > 1,

i " C(29) (19)

nooo Py (nl) - ((s)

holds.

In the particular case when s is a natural number, using Euler’s relation:
162s—1 w2
2s) = (=1)°7"2*~ By,
C( S) ( ) (28)' 2

where B, are the Bernoulli numbers (see [4] and (18)), we obtain

(n!)2s s—162s—1 %

= (-1
(=1) (2s)!
As a final illustration, we remark that if we substitute s = 2 in (19), we obtain:

(n!)? w2

n=oo g (n!) 15

lim
n—00 (Do (n! )

Bos.
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5 Conclusion

The proposed extensions for the Jordan’s totient function and the generalized Dedekind psi-function
provide many new opportunities for further research, thus making them particularly meaningful.

References

[1] Dickson, L. (1966). History of the Theory of Numbers. Vol. I: Divisibility and Primality.
Chelsea Publishing Co., New York.

[2] Sierpiniski, W. (1964). Elementary Theory of Numbers. Panstwowe Wydawnictwo Naukowe,
Warszawa.

[3] Burton, D. M. (2007). Elementary Number Theory (6th ed.). McGraw Hill Higher Education,
New York.

[4] Jahnke, E., Emde, F., & Losch, F. (1960). Tables of Higher Functions. Teubner, Stuttgart.

132



	Introduction
	Properties for real numbers normalnormals
	Properties for complex numbers normalnormals
	Main results
	Conclusion

