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Abstract: In this work, we determined the general terms of almost neo cobalancing numbers,
almost Lucas-neo cobalancing numbers and almost neo cobalancers in terms of cobalancing and
Lucas-cobalancing numbers. We also deduced some results on relationship with Pell, Pell-Lucas,
triangular and square triangular numbers. Further we formulate the sum of first n terms of these
numbers.
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1 Introduction

A positive integer B is called a balancing number [2] if the Diophantine equation
1424+ (B=-1)=B+1)+(B+2)+---+(B+R) (1.1)

holds for some R € Z* which is called balancer. A positive integer b is called a cobalancing
number [16] if the Diophantine equation

I1+24+--+b=0b+1)+b+2)+--+(b+7) (1.2)

holds for some r € Z* which is called cobalancer.
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Let B,, denote the n-th balancing number and let b,, denote the n-th cobalancing number.
Then from (1.1), B, is a balancing number if and only if 8B + 1 is a perfect square and
from (1.2), b, is a cobalancing number if and only if 802 + 8b,, + 1 is a perfect square. Thus
Cn = \/W and ¢, = \/W are integers which are called Lucas-balancing
number and Lucas-cobalancing number, respectively. It is clear from (1.1) and (1.2) that every
balancing number is a cobalancer and every cobalancing number is a balancer, that is, B,, = 7,41
and R, = b,, for n > 1, where R,, is the n-th balancer and r,, is the n-th cobalancer.

Ray proved in his PhD thesis [18] that

B a2n an,bn _ a2l _ gan—1 - 1’071 _
442 442 2
forn > 1, whereao =1 + V2 and B=1-— v/2 which are the roots of the characteristic equation
of both Pell P, and Pell-Lucas (),, numbers (see also [12,17]).
Balancing numbers and their generalisations are studied by many mathematicians nowadays
(see [4,8-11,13-15,19,21-23,25-28,30]). Recently Chailangka and Pakapongpun [3] defined

neo balancing numbers. They said that a positive integer n is called a neo balancing number if

a?n + B2n
2

a2n—1 + 5271—1

d ¢, =
and c 5

the Diophantine equation
1424+ n—-1D=n-1D)4+n-0+n+1)+n+2)+---+(n+r)

holds for some r € Z™, which is called neo balancer. In [29], Tekcan and Yildiz said that a
positive integer n is called a neo cobalancing number if the Diophantine equation

1424+---+n=Mn-1)4+n-0+Mn+1)+n+2)+ -+ (n+r)

holds for some r € Z*, which is called neo cobalancer. In [24], Tekcan defined almost neo
balancing numbers. He said that a positive integer n is called an almost neo balancing number if
the Diophantine equation

(n—1)+n—-0+n+1)+n+2)+--+n+r)—[1+24+---+(n—-1)]|=1

holds for some » € Z* which is called almost neo balancer.

2 Almost neo cobalancing numbers

In this section, we first define almost neo cobalancing numbers, almost Lucas-neo cobalancing
numbers and almost neo cobalancers and then try to determine the general terms of them in terms
of cobalancing and Lucas-cobalancing numbers.
A positive integer n is called an almost neo cobalancing number if the Diophantine equation
(n=1)4+n—-0)+n+1)+n+2)+ -+n+r)—(1+2+---+n)|=1 (2.1
holds for some r € Z™", which is called almost neo cobalancer. From (2.1), we have two cases:
Case . f(n—1)+(n—-0+n+1)+n+2)+--+n+r)—1+2+---4+n) =1,
then n is called an almost neo cobalancing number of first type, r is called an almost neo
cobalancer of first type and hence
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 —2n—1+V8n? —8n+ 17
= 5 .
Let 0;°°* denote the almost neo cobalancing number of first type. Then from (2.2), b]*°*

2.2)

r

is an almost neo cobalancing number of first type if and only if 8(b"¢°*)? — 8h7°o* 4 17
is a perfect square. Thus

cTeo* \/8(b2€0*)2 _ 8bzeo* + 17 (2.3)

n =

is an integer which is called the almost Lucas-neo cobalancing number of first type. We

neox*
n .

denote the almost neo cobalancer of first type by r

Case2. If(n—1)+(n—0)+n+1)+(n+2)+---+n+r)—(14+2+---+n)=—1,
then n is called an almost neo cobalancing number of second type, r is called an almost
neo cobalancer of second type and hence

—2n—1++V8n?—-8n+1
r= .
2
Let b*** denote the almost neo cobalancing number of second type. Then from

(2.4)

(2.4), bre** is an almost neo cobalancing number of second type if and only if
8(breor*)2 — 8preo** 41 is a perfect square. Thus

Czeo** _ \/S(bzeo**>2 _ 8b;7ieo** +1 (25)

is an integer which is called the almost Lucas-neo cobalancing number of second type.
We denote the almost neo cobalancer of second type by r“°**.

2.1 Almost neo cobalancing numbers of first type

From (2.3), we see that 0]°°* is an almost neo cobalancing number of first type if and only if
8(bneor)? — 8hmeo* 4 17 is a perfect square. So we set

8(b260*>2 - 8bzeo* 117 = y2

for some y € ZT. Then 2[4(b1°*)? — 4b"**] + 17 = y? and hence 2(207°* — 1)? + 15 = y%
Taking x = 207°°* — 1, we get the Pell equation (see [1,7])

2% — y? = —15. (2.6)
Let Q* = {(z,y) : 222 — y* = —15}. Then we can give the following theorem.
Theorem 2.1. * = {}.
Proof. For the Pell equation in (2.6), the indefinite form is F' = (a,b,c¢) = (2,0,—1) of
discriminant A = 8. So 7 = 3 + 24/2. Therefore for m = —15, we get

(2)(=15)(3 + 2v/2)
8

1
1 1 2
(4 o) =

T

1
3422

But in the range 0 < y < 5, Ay? + 4am = 8y? — 120 is not a perfect square (see [5, p. 121]).

amT

U:A

(1+ ) ~ 5.477.

So there are no integer solutions, that is, Q* = {}. O
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From Theorem 2.1, we get the next theorem.

Theorem 2.2. There are no almost neo cobalancing numbers, almost Lucas-neo cobalancing
numbers and almost neo cobalancers of first type.

Proof. Note that Q* = {}. Since x = 2b'*°* — 1, there is no integer

1
bzeo* — T +
2

So from (2.3), there is no integer

et = \/8(breor)? — 8breor + 17

and from (2.2), there is no integer

neox* neok
neox __ _2bn -1+ Cp

" 2

Therefore, there are no almost neo cobalancing numbers, almost Lucas-neo cobalancing numbers
and almost neo cobalancers of first type. ]

2.2 Almost neo cobalancing numbers of second type

From (2.5), we note that b7,°°** is an almost neo cobalancing number of second type if and only if
8(breor*)2 —gpree** + 1 is a perfect square. So we set

S(bzeo**)Q . 8()260** 1= y2

for some y € Z". Then 2[4(b7***)? — 4b7*°**] + 1 = y* and hence 2(207“** — 1)? — 1 = y2.
Taking x = 207" — 1, we get the Pell equation

2% — = 1. 2.7)
Let Q™ = {(z,y) : 22* — y* = 1}. Then we can give the following theorem.
Theorem 2.3. ™ = {(2b, + 1,¢,) : n > 1}.

Proof. For the Pell equation in (2.7), the indefinite form is /' = (2,0, —1). The set of represent-
3

atives is Rep = {[£1 1]} and M = 5 3| Here we notice that [x,, y,] =[1 1]JM"! for
C, 4B,
n > 1. Since the n-th power of M is M" = 0B O , we get

2 yul=[1 1M" ' =12B, 14+ Chy 4By_1+ Cphl.

Thus Q** = {(2B,,-1+Cy—1,4B,_1+C,,—1) : n > 1}. It can be easily seen that 2B, _1+C,,_1 =
2b, + 1and 4B,,_1 + C,,_1 = ¢,. Consequently, Q** = {(2b, + 1,¢,) : n > 1}. O

From Theorem 2.3, we deduce that:
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Theorem 2.4. The general terms of almost neo cobalancing numbers, almost Lucas-neo

cobalancing numbers and almost neo cobalancers of second type are

—2b, + ¢ — 3
by =b, + 1, ;" = ¢, and r}"" = ——;c
forn > 1.
Proof. Note that Q** = {(2b, + 1,¢,) : n > 1} by Theorem 2.3. Since x = 2b""**** — 1, we get

L1 2, 4141

for n > 1. Thus from (2.5), we obtain

Czeo** _ \/S(bgeo**)2 . 8bzeo** +1
= /8(b, +1)2—8(b, +1) +1

— /802 + 8b, + 1

:C’I’L

forn > 1, and from (2.4), we get
neowr _2bzeo** -1 + eo** B _an + [— 3

—_ n —_
" 2 2
forn > 1. [l

Here we note that almost neo cobalancing numbers of second type must be positive form
definition. But for n = 0, 8(0)? — 8(0) + 1 = 1% is a perfect square. So we can accept 0 to be an
almost neo cobalancing numbers of second type, that is, bj“°** = 0 just like 0 and 1 accepted to
be balancing numbers by [2]. Thus from (2.4), r{*** = 0 and from (2.5), cj**** = 1.

Theorem 2.5. Binet formulas for almost neo cobalancing numbers, almost Lucas-neo cobalancing

numbers and almost neo cobalancers of second type are

2n—1 _ 22n—1 1
bzeo** — a B 4 =
442 2
O{211—1 _|_52n—1
" 2
2n—2 _ 2Q2n-—2
pneowe _ @7 — B

n 4\/§

forn > 1. The recurrence relations are

TEO** ___ TLEO** TLEO**
byl = 6by " — b — 2
neoxx TNEeOo** TNEO**
Cn-l—l - 6671 —Ch
neoxx __ NEO** TNEO**
Tnyl = 6Tn — T +4
forn > 2.
Proof. It can be easily derived from Theorem 2.4. [
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In Theorem 2.4, we deduced the general terms of almost neo cobalancing numbers, almost
Lucas-neo cobalancing numbers and almost neo cobalancers of second type in terms of
cobalancing and Lucas-cobalancing numbers. Conversely, we can give the general terms of
balancing, cobalancing, Lucas-balancing and Lucas-cobalancing numbers in terms of almost neo
cobalancing numbers and almost Lucas-neo cobalancing numbers of second type as follows.

Theorem 2.6. The general terms of balancing, cobalancing, Lucas-balancing and Lucas-
cobalancing numbers are

szeo** _I_ C:Lleo** _ 1
2

Bn — 7 bn — bzeo** . 17 Cn — 4()260** + P ) ¢, = (TVeok*

n n
forn > 1.

Proof. Applying Theorem 2.5, we get

a?n - an

B, = —4\@
@ (1vD) - (- VD)
= NG
e )
2
2 <—a2”’;;§2"_1 + %) + (—“2"_1§52”‘1) 1
B 2
gpreort 4 gneors _ |
B 2
The others can be proved similarly. [

3 Sums of almost neo cobalancing numbers of second type

Theorem 3.1. The sum of first the n terms of almost neo cobalancing numbers, almost Lucas-neo

cobalancing numbers and almost neo cobalancers of second type are

4

n neokx neokk _ 9

E CTeoRE Chy1 — Cp
! 4

=1

n

§ preoss bZiOl** - bzeo** +2n
’i p—

=1

neokx PreORE _ An ]

n
E preoRE Tl — Tn
i 4
=1

forn > 1.
Proof. Recall that 0},%%™" = 6b;,°** — b;’'* — 2 by Theorem 2.5. So
preoxx _ b;rlleo** — 5b260** o bze_ol** —9

n+1

and hence
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bgeo** . b?feo** _ 56717,60** o bgeo** )
bgzeo** o bgeo** — 5br2wo** o b’izeo** )

bZLGO** _ bgeo** — 5bgLeO** . bg,eo** _ 2

TLEO* * neoxkx __ TN EO0** TN Eeo**

If we sum both sides of (3.1), then we obtain

3.1

ij_O]ik* _ b’ileo** — 5(b7f€0** + bgL@O** + . + bzeo**) _ (bgeo** + b?]iLGO** + . + bneo**) _ 2n

n—1

Since bje** = be** =1, we get

bneo** — 5(b’£},60** + b;LeO** + . + bzeo**) _ (b?iLeO** + . + bn?)l** + bzeo**) + bzeo** _

n+1 n
and hence

BICORs — A(DTOR 4 BRSO .. [rEO) Ly pneots _ o
Thus

NEO** Neo**
b?eo** + bgeo** L bzeo** — n+1l bZ + QTL

The others can be proved similarly.

For the sums of Pell numbers, it is proved in [20, Lemma 1] that
2
" 2n1)
P 21

Theorem 3.2. The sum of the first 4n + 1 nonzero terms of Pell numbers is

4An+1

Sn-
i=1

Similarly we can give the following result.

4An+1

D Pi= (—8bT 43T+ 4)”
=1

n
Proof. Note that lei = w and P, = 0‘2:/; . So we get
1=

In+1

ZBZP4”+2+P4”+1_1
=1

2
O[4'n+2 _ﬂ4n+2 a4n+l _ﬁ4n+l
2v/2 2v2

2
a4n+2(1+a71)+/64n+2(_1_571)

22
2 2

a4n+2 + 64n+2 -9

4
(a2n+1+52n+1 2
)

-1

2

-2 3 2 §)
2

— |:a2n+3(ﬁ+§>+ﬁ2n+3(ﬁ+
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2n+3 _ p2n+3 1 2n+3 2n+3 2
|:_8 <%+_> +3(%> +4:|
44/2 2 2

= (-8HS” + 3h” + 4
by Theorem 2.5. U

Apart from Theorem 3.2, we can also give the following theorem which can be proved
similarly.

Theorem 3.3. For the sums of Pell, Pell-Lucas, balancing and Lucas-cobalancing numbers, we
have

4n—1
L+ ) Pr= (405" — ™ — 2)%,
i=1

2n
ZQQi—l = (=4 + 26507 + 2)%,
i=1

2n

ZQQH—I
S = (80 + 3+ 4),
2n
_an;zlo** + ano** + 1
ZBQi—l — ( 2n+1 5 2n+1 )27
i=1
In+2

_ Neo** Neo** 2
1+ E : G = (4b2n+2 — Copta — 2) :
i=1

Panda and Ray proved in [17, Theorem 3.4] that

2n—1

=B, +b, (3.2)
2

=1

Later Gozeri, szog and Tekcan proved in [6, Theorem 2.5] that

2n—1
i=0
Since R,, = b,,, (3.2) becomes
2n—1
> P =B,+R,. (3.3)

As in (3.3), we can give the following result.

Theorem 3.4. The sum of the first 2n — 2 Pell numbers is

2n—2

__ lNneoxx neo**
E Py = by 4 1)
i=1
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Proof. Since ZP = Lp”_l and P, = ¢ i , we observe that

=1 2v2
2n—2
Py, 1+ P _—1
ZP _ Top—1 T+ Iop-2
2
i=1
a2n—1752n—1 042"_275277'_2
2
-1 6271—1 a2n—2 _ 62n—2 1
— _|_ - —
44/2 44/2 2
2n 1 2n—1 aQn—Q _ A2n—2
— (—ﬁ + ) + (—B _ 1)
442 2 442
— preoxx + pTeoRH
by Theorem 2.5. L

4 Relationship with Pell and Pell-Lucas numbers

We can give the general terms of almost neo cobalancing numbers, almost Lucas-neo cobalancing
numbers and almost neo cobalancers of second type in terms of Pell numbers as follows.

Theorem 4.1. The general terms of almost neo cobalancing numbers, almost Lucas-neo

cobalancing numbers and almost neo cobalancers of second type are

Pop1+1 Py 9 —2
bzeo** _ on—1 1 ’ Cgeo** _ P2n—1 + P2n—2 and T;Leo** _ 2n—2
2 2
forn > 1.
Proof. Recall that 0] = 0‘2%;;\/;2”71 + % by Theorem 2.5. So we get
~1 _ pon—1 afnzlopantl | g
preox* — — B 1 _ 242 _ Pgn,1 +1
44/2 2 2 2
The others are similar. O

Conversely, we can give the general terms of the even and odd ordered Pell numbers in terms
of almost neo cobalancing numbers and almost Lucas-neo cobalancing numbers of second type
as follows.

Theorem 4.2. The general terms of the even and odd ordered Pell numbers are
Py, = =200 + "+ 1 and  Po,_y = 60, — 2¢;507 — 3

forn > 1.
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Proof. Since P, = 25" we deduce that

2v2
2n _ Q2n
p, ==
2V2
a1+ v/2) — (-1 - V2)
22
—2 1 —2 1
2n+1 2n+1
= X _— —Iv— — — _— =
2n+1 _ Q2n+1 1 2n+1 + 2n+1
:_2(%4__) + (%) _|_1
42 2 2
— 20 e+ 1
by Theorem 2.5. Similarly we can prove that Py, _; = 605%™ — 2¢;%%" — 3. []

We can also give the general terms of almost neo cobalancing numbers, almost Lucas-neo
cobalancing numbers and almost neo cobalancers of second type in terms of Pell-Lucas numbers
as follows.

Theorem 4.3. The general terms of almost neo cobalancing numbers, almost Lucas-neo
cobalancing numbers and almost neo cobalancers of second type are

neokxx __ Q?n - Q2n71 + 4 neoxx __ Qanl neoxx __ _QQn + 3Q2n71 -8
by = S . Cn =5 and 1) = S

forn > 1.
Proof. It can be proved similarly to Theorem 4.1. O]

Conversely, we can give the general terms of the even and odd ordered Pell-Lucas numbers in
terms of almost neo cobalancing numbers and almost Lucas-neo cobalancing numbers of second
type as follows.

Theorem 4.4. The general terms of the even and odd ordered Pell-Lucas numbers are
Qan = 8" — 210 — 4 and  Qayy = —16b1 + 6% + 8
forn > 1.

Proof. It can be proved similarly to Theorem 4.2 was proved. [

S Relationship with triangular and
square triangular numbers

n(n+1)

Triangular numbers are the numbers of the form and denoted by 7),. There is a
correspondence between balancing (and also cobalancing) numbers and triangular numbers.

Indeed from (1.1), we note that

(n+r)(n+r+1)
5 =n".
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So
Tp,+r, = B

Similarly from (1.2), we note that

(n+r)(n+r+1)

2
- + .
9 =n n

So
Ty, v, = b2 + by, (5.1)

Asin (5.1), we can give the following theorem.

Theorem 5.1. For 0;°°** and r,,°°**, we have
Tb%eo**+rﬁeo** = (b;leo**)2 o bzeo**'

Proof. Let n be an almost neo cobalancing number of second type. Then from (2.1), n satisfies

the equation
1 1
2n—1—|—nr+r<r; ) — n(n2+ ) =—1.

If we rearrange the last equation, then we get

1
(n—l—r)(r;%—r—l— ):n2—n.

Thus,

T _ bneo** 2 bneo**
b%eo**+r;r77:eo** _— n n

1s obvious. ]

Square triangular numbers are the numbers that are both squares and triangular numbers and
are denoted by S,,, and can be written

to(tn +1
S, =s% = g
2
for some s,, and ¢,, which are the sides of the corresponding square and triangle. Binet formulas
are

4an 4n_2 2n _ Q2n 2n 2n_2
a4 pro2 el A2 (52)

NG 4
for n > 1. We can deduce the general terms of almost neo cobalancing numbers, almost

Sp =

Lucas-neo cobalancing numbers and almost neo cobalancers of second type in terms of s,, and %,
as follows.

Theorem 5.2. The general terms of almost neo cobalancing numbers, almost Lucas-neo

cobalancing numbers and almost neo cobalancers of second type are

bzeo** =8, 1 +t, 1+ 1
et =4s, 1+ 2t, 1+ 1

7, =81 — 1

forn > 1.
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C‘{277,—17182n—1

Proof. Recall that b = + % by Theorem 2.5. Thus we get

4v/2
2n—1 _ A2n-1 1
bzeo** _ % 4=
44/2 2
-1 -1 -1 -1
-1, % o o2n—1 1
=N ( e ) — L
a2n—2 _ Q2n—2 2n—2 + 2n—2 2
= P + 2 b +1
442 4
= Sp—1 + tn—l +1

by (5.2). The others are proven in a similar way.
Conversely, we can give the following theorem.

Theorem 5.3. General terms of S,,, s, and t,, are

4(bneo**)2 + (Cneo**)Q [ pneoxx pneoxk 4b;zﬁf)1** + 262‘1);* + 1

S _ n+1 n+1 n+1 “n+1
" 4
e a1
" 2
_ ey — e -3
" 2
forn > 1.
Proof. Since S,, = % by (5.2), we deduce that
an An 2
S, = a2
32
012— a2 3 2 22 2
a4n(3 3\/5 )"'64“( 8 +8\fﬁ )_i

4

2n+1__ g2n+1 2n+1__ o2n+1 2n+1 2n+1
G () g (T
_4(a2n+1_62n+1 . l)(a2n+l+182n+l ) . 2<a2n+1;52n+1 ) + 1

_ 42 2 2
4
s o v el
X (S 4 ) () 1
4
AR ) + (ensi™)” — Ay e — dbnsy™ + 20555 + 1
4

by Theorem 2.5. The others can be proved similarly.
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