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Abstract: We find various series that involve the central binomial coefficients (27?), harmonic
numbers and Fibonacci numbers. Contrary to the traditional hypergeometric function ,F
approach, our method utilizes a straightforward transformation to obtain new evaluations linked
to Fibonacci numbers and the golden ratio. We also gave a new series representation for ((2).
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1 Introduction

Harmonic numbers 1, are defined by the recurrence relation

1
Hy=Hy 1+ —
(0%

fora € C\ Z~ U {0} with Hy = 0.
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The recurrence relation imply that if & = n is a non-negative integer, then
1
H n — Z .
=17

In an article published in 2016, Chen [4], gave a generating function for the sequences
(*") H,, (2:) (Hy, — H,,), C,,(Hy, — H,) and few others, where C,, is the n-th Catalan number

n

C, = ] (2:) In search of interesting series associated with central binomial coefficients and
Harmonic numbers, Chen established several interesting sums as follows:
. 1 2n
— H,, — H,) =7mln2 - 2G, 1
;4"<2n+1>(n)( 2~ Hn) =ln M
i; 2n (Hyp 1 — H,) =2+2In2+1n*2 + 4G — 7(1 + 2In 2) (2)
c=4m(2n+ 1)\ n ’
i;(]}[ =2+4In2—-4G -7+ wln2 3)
Sdn2n+3) " ’

where G is the Catalan’s constant, which is defined in [1]
— (—1*
G = E —_—
2
— (2k + 1)

Later in this paper, we established the following results:

> n 2n 3T — n? 2n 3
2 47(2n — 1)2(2n + 1)(2n + 3) <n> ~ 256 Zl (20 —1)2(2n + 1) (n) T 32

n=1

From [4], we have the generating function:

M () = i (2:) Hoz" — \/12—W In <1;g) (4)

n=1
which converges on [—1/4,1/4).

Now, before we continue, let F,, and L, denote the n-th Fibonacci and Lucas numbers,
respectively, both satisfying the recurrence relation I';, = I',,_1 + I';,_2, n > 2, with conditions
Fy=0,F =1land Ly = 2,L; = 1. Also, L_,, = (-1)"L,, and F_,, = (=1)""'F},,.
Throughout this paper, we denote the golden ratio o = %‘F’ and write its conjugate § = %5,
so that «f = —1 and o + § = 1. We have the Binet formulas for the Fibonacci and Lucas

numbers to be:
a™ — ﬁm

Fm_ ) Lm: " "
a—f ar+h

for any integer m.
We will require the following, which are consequences of the Binet formula and well-known
identities that are valid for integers m and n.

o’m — OémFm\/_ o (_1)m+17
o™ =a™ L, — (—1)™, 5)
ﬁQm — EmLm _ (_:l)’rn7
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F2 4 (=)™ F2 = F B,
Lgm 4+ (=1)™Lyy_pp = Ly Ly
and using the identity o® = o"F,v/5 — (—=1)"" in (4)

. 1
Now setting x = o § (1))

for r € N we get that:

[e.e]

> 1 2
5 e (o)
— (4V/5)ramFr \ n

. 1 a4 (=)t -1 JarFVB -1
a2r+<_1)r+l - a2r+(_1)r+1 - o/"FT\/g )

Thus, upon substitution we have

Notice,

> 1 2n 2v/ " F.A/5 \/a’"Fr\/g + \/Oz’”Fr\/g —1
Zﬁ( )an 111( ) (6)
= (4VB)namEy arF/5 — 1 2/ F/5 — 1
Evaluation at r = 1, 2, 3 in (6) gives:
i 1 (%)H _ 2VaB 1n<¢a_\/5+m> -
= (22V/5)an " Vavs-1 2v/av/5 — 1
f’: 1 (Qn)H _ 25 (a(‘/SJr \/m> )
— (22V/5)na?n ! a2v/5 — 1 2v a5 — 1
i 1 (2n>H 2\/_\/a3— (\/2@3\/_+ V2035 — 1) o)
— (23y/5)rasn " V2035 — 1 21/203/5 — 1

Also from (6), by replacing r with 2r we get,

i 1 (2n>H 20"V B . o/ ForV/5 + Va2 Fy /5 — 1 (10)
“— (4V/5)a?mFy. a2 Fyn/5 — 1 2/ a2 Fy /5 — 1

In this paper, by exploiting .# () in (4), we shall produce more interesting results. To ensure

accuracy, all formulas appearing in this paper were numerically verified by Mathematica 13.3.

2 Main theorems

Theorem 2.1. If r is a natural number, then

i 1 2n o — 2v/a" L, In va'L, ++ao'L, — 1
4nornn " VoL, —1 2varL, — 1

in (4) and using (5) (the second identity from the list of

(11)

n=1

. 1
consequences from Binet’s formula in the Introduction), the result follows immediately. O]
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Example 2.1. Evaluationatr =1,2,3 in (11), gives:

= 1 /2 Va—1
> ( n)H = (f+ < ) (12)
vt 4nan \ n 2V —1
= 1 [2n 2a\/_ a3+ 322 — 1
Z 12nq2n Hy = 3 ) (13)
1 o n 2V 3a% —1
i 1 (2n) i 2V 4+ vdad — (14)
= 16hat \n ) T 2v/A0? — '
Corollary 2.1. If r is a natural number, then
- 1 2n VL, o \/LQT +Va? Lo, —
Z na2rnn Hn = 2 ln 2 (15)
— 4o L2r n (67 rL2 — « TLQ —1
Proof. Replace r with 2r in (11), and the proof follows. O]

Theorem 2.2. Ifr > 0 is a non-negative integer, then

e 1 2n ao’L, va'L, ++/a L,—1
- Hy,—H,)=— 1 , 16
nzl gnrn L ( n )< an—Hn) == 27— n( 2oL, ) (16

i 1 <2n) (Ho,) = — aFon/5 . (\/&TFT\/E—F \/o/"Fr\/E—l)' 17
= (4V5)rarmEy o arF/5—1 0 ar F/5

Proof. Before we establish the identities above, we shall establish a generating function for the

sequence ( )(Hgn H,,) in the manner of [4]. Observe that:

(oS5 e SHE ()]

n=1 n=1 k=1 k=1 n=k

By setting (n = m + k), we have that:

S ()b (e
Sz ()]

Since, (from [ [6], p.203])

= 2m+k 1 1—+1—49
m— 1/4
Z( m )19 1—419( 20 ) o<1/

m=0

Thus, we have that

i(Qn) (Hop—H, )a" = —— i% <ﬂ)k: ! _in (1—M) .

—~\n 1—4x P 2 1— 2
N = L dzx= L in (18), th 17 d (16) foll
ow set T = o 1 () and z = o 1 (<)) in (18), then (17) and (16) follows
directly. [



Example 2.2. Evaluation atr = 1,2,3 in (16) and (17), respectively, gives

S (A

S (e (S8
3 i (o) 1=~ L (PG
im(?)(mn—m):— ?\;\/—5_11 (O‘\[JFZZ\O;T> (23)

- 1 2n o V2VaeR5 V2V a5+ Vad2v5 — 1
3 o ) ) == ( NN )(24)

The following identity connects Catalan numbers, harmonic numbers, to Apery’s constant.

o

1
Theorem 2.3. Let C,, be the n-th Catalan’s number, ((s) = Z —, provided R(s) > 1 and
nS

n=1

(2k),if n is even,

—
I3
3
|
—
|3

1

nll = H (n—2k) =< i+1

k=0 2
H(2k —1),if nis odd.

\ k=1

Then,

S G ) 2w oo st

Proof. From [4] we have that:

=, /2n 1 1
E Hy, — —H,)a" = ————=1nV1 -4
<n>( an =y Ha)a" = ==l v

n=1

Immediately we see that:

. 1 1

E Cn(Hgn—éHn) =5 —(1—V1—dz+V1—4rlnV1—4z), |z|<1/4
T

-1

1
For the interesting part, set x = 2 sin®t fort € (—m/2,7/2). Then we have that:

}J'n'_'_1¥ﬁ . 2
g 2 )51112”15: _ 275(1—cosiqu(zostlncost). (25)
sin
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Now multiply (25) by ¢ cost and integrating both sides from O to 7/2. We have:

4n 0

n=1

us

2 . 9
tcostsin“"tdt = 2/

0 sin

2 tcost
5—(1 —cost + costlncost)dr

Thus, we evaluated the integral on the right hand side to In 2+ % (—12+7(—1+1n8))+ 1—76<(3)
and using integration by part for the integral on the left we have that:

2 tcost 7
/2 ‘con (1—cost+costlncost)dt:1n2—|—1(—12+7r(—1+1n8))—|——C(B),
o sin“t 24 16

3 1 2n)!l
/thostsinzntdt: z—& .
0 2n+1\2 (2n+ !

So the result follows immediately. O]

In the next theorem, we present two new Ramanujan-like series involving harmonic numbers.

Theorem 2.4. For the Catalan’s constant G,

o0

Hy, — H,) (20 +2\ 1
ch( 27; n)(n+ >:_6(2G_|_7T—2—1n2—7T1H2),
n=1 e ntl :
=2(2 —2In8).
; 16™ <n> 7_(( + 7 n )

Proof. Integrating both sides of (18) with respect to x, we obtain the generating function for the
sequence C,,(Hsy, — H,,) as follows:

Z Cn(Hay — Hp)a" = QL {(1 —V1—4z)+(1+V1—4z)ln (#)] (26)
x
n=1
Likewise, from [1] we have that:
= (2n W1 1+v1—4z
;(n)]{%x —mlln( 5 )—21n\/1—4x} 27)

For this reason, integrating both sides of (27) we have that,

f:Cannm” = %[(1—\/1 —4z)—(1+v1 — 42) In(1+v1 — 42)+In 2++/1 — 42 In(2—8x)]

(28)
in (26) and (28) and integrating both sides with respect to x from 0 to 7/2,

.2
sin“t
Now set x =

while using the following results:

J

22
/ 3 [(1—cost) — (1 +cost)In(l+ cost) +In2+ costIn(2cos’t)] dt =247 —2In8,
o Sin

[NIE]

1 t
{(1 —cost) + (14 cost)In (#)} dt =2G+71—2—In2—7ln2,

and

™

2 2n)!
/Zsin?”talt:Z (2n) ,
0 2

Then the series follows directly. [
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The next result provides a new series representation for the Basel sum, whose value was first
determined by Leonhard Euler in 1734.

[e o]

1
Theorem 2.5. For ((s) = Z —, provided R(s) > 1, we have that,
nS

n=1

i": 1024n (*"
3(2n —1)2(2n + 1)(2n + 3)2 (>72)

n=1 n+1

Proof. From [3], we have that:

= 2" 2n 1 sin~!x
= (V1—22+2zsin o — : 29
;4" 2n—1 2n+1)(n) 8( v sy x ) (29)

Next we multiply (29) by 22 and integrate both sides with respect to z to get:

i 203 m (82* — 822 4+ 3)sin ' 2 + /1 — 22(62° — 37)
= 4"(2n — 1) 2n+1)(2n+3)

128
(30)
which converges for z € [—1, 1]. Now, we set z = sint in (30) and integrate over the interval 0
to 7 /2. The result follows. O

We present a Ramanujan-like series involving the ratio of the Catalan’s constant G' and 7.

Theorem 2.6. For the Catalan’s constant G and w, we have that,

i n? 2n 2_G+1
167(2n —1)2(2n+ 1)\ n ) 47 8«

n=1

Proof. We begin by differentiating (29) with respect to x to get,

> on2gp2n—1 2n 1
222 4 1 —aV/I— 2). 3]
Zzw on — 1) 2n+1)<n> 8:62((:6 +1sin" e —avl—a G

n=1

Now we multiply (31) by x and set x = sin ¢, then we integrate both sides over the interval 0
to 7 /2. Finally, using the result:

2 ¢(2sin?t + 1) — sintcost 2 Pt
/ (2sin +.) Si i cos dt:/ (2tsint—cost)dt—|—/ ——dt =1+2G,
0 0 0

sint sint

the series follows immediately. U
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3 Some interesting series

Observe that the series in (26) converges on [—1/4,1/4). Setting x = —1/8,1/16 and —1/16,
respectively, we obtain the following series:

f: 1)"Cr (Hop — Hy) = = [(\/_—\/§)+(\/§+\/§)IH<M>], (32)

n=1 \/5 2\/5
= C, 2+ V3
Zﬁ(l-]zn Hn):4[(2—\/§)+(2+\/§)ln( 4f>], (33)
n=1
= (-1)"C, 2+ 5
Z%(Hzn—]-]n):—él [(2—\/3)+(2+\/g)ln< 4\[>]. (34)
n=1
In a similar manner, recall from (30) that it converges on [—1, 1]. By setting x = 1 and z = —1,
respectively, we obtain two interesting series:
- 2n
35
;4n(2 —1) (2n+ (2n+3) (n> (33)
o —1)2F3n 2n\ -3
> ) ( ) . 36)
~ 4n( 2n—1 2n+1)2n+3)\ n 256
From (31) we have:
- n? 2n
= 37
S o e @)
Also, from (18) we get that
"~ Hyy — H, (21 3 V2 -1
=—Vv2In , 38
5 () (2@) o
~ H,, — H, (2 2 2 —
2n n < TZ> — —Z In \/§ : (39)
~ 16" n V3 2v/2
— C, 1 1 In2
Z—(Hgn——Hn>:4<1———n—), (40)
— " 2 2 2v2
= C, 1 3 V3. V3
Z—(Hgn— Hn>:8 VB VB V3 41)
“—~ 16" 2 2 2 2

4 Conclusion

In this paper we presented new closed forms for some types of series involving the central
binomial coefficients (%f) To prove our results, we used some generating functions, combined
with basic differentiation and integration. Using similar techniques, we established series
evaluations involving Harmonic numbers with Fibonacci and Lucas sequences. In addition,
readers can exploit (29), (30) and (31) to generate more exotic series. To assure accuracy of
the results, we verified all the series via Mathematica 13.3.
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