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1 Introduction

The Bell number ¢, is defined as the number of partitions of a set of n elements. Eric Temple
Bell [1] presented an explicit formula for the Bell numbers as follows:

r=0

André Weil [2] introduced the uniform structure to study the uniform continuity in the context
of topological spaces. We first recall the definition of the uniform structure on a set X.
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Definition 1.1 ([3]). Let X be a non-empty set. A collection U of subsets of X x X is said to be

a uniform structure or diagonal uniformity on X if

(Ul) ACE, forall E € I, where A = {(z,z) : x € X}

(U2) ENF € U whenever E, F € Al

(U3) If E eland ECF C X x X, then F € 4l

(U4) E~' € U whenever E € $, where E~' = {(z,y) : (y,z) € E}.

(U5) For each E € {4, there exists F' € W such that F o ' C E, where F'o F' = {(z,y) :
(x,2),(2,y) € F, for some z € X}.

Throughout this paper, we fix X as a nonempty finite set. We first introduce some notations
and phrases.

* For any set S, | S| denotes the cardinality of S.

* Let P, be the class of all partitions of the positive integer n. Every element of P, can be
considered as a function P : {1,2,...,n} — {0,1,2,...,n} which satisfies the condition

> P(i)i = n. If P is the function representing a partition of n, then P(i) counts the
i=1

number of occurrences of 7 in the partition of n. In particular, if

n=ny+mn +--+ny+tng+ng+---+nNgt--+Ng+Ng+---+n

TV
q1-times go-times q¢-times

is a partition of n, then P(ny) = g, for k =1,2,... tand P(i) = 0 for ¢ # n;, for any k.
* By a partition of X, we mean a collection Q@ = {5, Sy, ..., Sy} of nonempty subsets of X
¢
suchthat |J S; = X and S; N S; = @ for ¢ # j.

i=1
* For a given P € P, let

{ni,ng,...,n} ={i: P(i) # 0} and P(ny) = qx,Vk = 1,2,... . (2)

Let ¢ = > P(i) and &p denote the class of all partitions {5, Sa, ..., S¢} of the set X such
i=1

that

(711, f1<i<q

ng, fq+1<i<q+g

|Si] =

t—1 t
ne, if S qr+1<i< > g
k=1 k=1

n t t
Note that ¢/ = > P(i) = > P(ng) = >_ qx-
' k=1 k=1

i=1
* For given positive integers n and r such that r < n, (f) denotes the number of ways of
choosing 7 objects from n objects.

In this paper, we count the number of uniform structures on a set of n elements and find the
cardinality of each uniform structure on a finite set. Finally, we present yet another formula for
the Bell number ¢,,, which is written in terms of the partitions of n.
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2 Characterization theorem

Theorem 2.1. Let X be a finite set and i\ be a collection of subsets of X x X. Then i is a

uniform structure on X if and only if
k
U={F CXxX:FDA}where A= ‘L_JI(SZ- X S;)

for some partition Q = {S,Ss,...,S,} of X.

Proof. Assume that 4 is a uniform structure and let A = (") F. Since X is finite, using the axiom
Fell
(U2), we get A € il and clearly FF O A, forall FF € 4. We observe that A is an equivalence

relation on X. Indeed, the axioms (U1), (U4), and (U5) of the uniform structure imply
ACA A1'=A and Ao A C A,

respectively. The equivalence relation A gives a partition of X, say {51, Ss, ..., Sk}. We observe
that A = ¢Q1<Si x S;) because (z,y) € Aif and only if 2,y € S;, for some iy € {1,2,...k} if
and only if (x,y) € S;, X 5;, if and only if (z,y) € 1;@1(5" x S;). Clearly, by the definition of A,
weget ={F C X xX:FDA}

Conversely, let {Sy, S, ..., Sk} be a partition of X, A = iL_kjl(Si xSi)andU={F C X xX:
F D A}. We shall show that 4l is a uniform structure.

(U1l) Given z € X, there exists i, € {1,2,...,k} such that z € S; . Therefore, (z,z) €
Si, xS;, CACE, forallz € X and forall £ € l. Hence A C FE, forall £ € AL

(U2) fE, Fesl,then E D Aand ' O Aandhence ENF DO A. Thus ENF € 4l
(U3) If EeMand F O E,then FF O O A and hence F' € {l.

(U4) Since (S; x S;)7t = (S; x S;), we have A~! = A. Therefore, for a given F € §l, we have
AC Fandhence A= A1 C E~!. Thus E~' € §l.

(U5) We first show that Ao A C A. If (x,2) € Ao A, then there exists y € X such that
(x,v), (y,2) € A. Then, there exist i,j € {1,2,...,k} such that (z,y) € 5; x S; and
(y,z) € S; x S;. Therefore, y € S; N S;. Since {51, Ss, ..., Sk} is a partition of X, we
have i = j and hence x, z € S;, which implies that (x,2) € S; x S; C A. Thus, we get
Ao A C A. Therefore, for each E € 4, we seethat Ao A C A C FE.

Thus 4 is a uniform structure. OJ

Hereafter, for a given partition Q of X, $lo denotes the unique uniform structure associated
with Q as in the above theorem. That is, Q and L, satisfy the following condition:

U(SXS): ﬂ F.

SeQ Fellg

We say that a uniform structure { on X is associated with P € P, if {l = o, for some Q € &p.
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Corollary 2.1. The number of uniform structures on a set of n elements is the Bell number ¢,

Proof. Let X be a set with n elements. The map Q — g is a bijection between the class of
all partitions on X and the class of all uniform structures on X. Hence the number of uniform
structures on X is the number of partitions of X which is the Bell number ¢,,. ]

Sincet ={FCXxX:FDA}={AUB: B C (X x X)\ A}, we obtain the following
corollary.

Corollary 2.2. The cardinality of a uniform structure on a finite set X is 21X =14l ywhere A C
X x Xissuchthat d = {F C X x X : FF D A}.

Corollary 2.3. The cardinality of any uniform structure L is 47 for some j € N.

Proof. Let 1 be a uniform structure on X. Then, & = Ly, for some partition Q of X. If
k

Q={51,52,...,Stand A= |J(S; x S;),thenth = {F C X x X : FF O A}. Therefore,
i=1

k k
X[ =18, [A] =D ISi?, and |y = 2XFF14L

i=1 i=1

Now we show that | X|? — | A| is even. If |:S;| is even foreach i = 1,2, ..., k, then | X| is even and
|A] is even. Thus, | X |*> — |A| is even. Suppose that there is some S; such that |S;| is odd. Without
loss of generality, we assume that

|S;|isodd for 1 < i < ¢ and |S;|iseven for { + 1 < i < k.

If | X| is even, then / is even and hence | A| is even. Thus, | X |* — |A] is even. If | X| is odd, then
¢ is odd and hence |A| is odd. Thus, | X|?> — |A| is even. Therefore, | X |* — |A| = 27, for some
j €N. So, |4l = 2% = 47, O

3 Cardinality of uniform structures

We first find the number of partitions of a set X with n elements, associated with a given partition
P of n. We also find the number of elements in each uniform structure on X, which are associated
with P.

t
Theorem 3.1. For a given P € P,, lett, n;’s, and qi.’s be as in (2), and m = n? — > quni’.
k=1
Then,

k—1
qr—1 _ .| — g
: H n (Zzl anz) Ik
(a) |6p| =11 | j=0

k=1 Tk

!
(b) |o| = 2™, forall Q € &p.
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Proof. If t, ny’s, and ¢;’s are depending on P as mentioned in (2), we can write

n=n;+n+--+N +tNg+Ng+ - +Nogt-+Ng+N+ -+ 7.

~
q1-times q2-times qt-times

where n; # n; for i # j. To choose a partition of X in &p, we first choose a set S; with |S;| = ny
from the n elements of X, then choose a set Sy with | Sy| = n; from the remaining n—n; elements
of X, then choose a set S3 with |S5| = ny from the remaining n — 2n, elements of X, and so on.
We repeat this procedure for ¢; times. In the ¢;-st time, we choose a set S,, with |S,, | = n; from
the remaining n — (q; — 1)n; elements of X. Thus there are

G0 =)

such selections. Since each permutation on {Sy, S, ...,S,, } will contribute a repetition in the
counting, there are

q—1 n_jnl
(o) () () - (™) 1 ( m )

q! q!
selections of the pairwise disjoint subsets Sy, Sa, ..., S, of X with |S;| = ny, forall 1 <i < ¢.

ik
U Si
=1

k—1
= > gin;, then there are

k-1
Similarly, foreach k € {2,...,t},if up, = > ¢; and oy, =
=1 i=1

qr—1 o o
n—og) (N—0k—nk\ (n—0g—2n% n—og—(qr—1)ng H <n i Jnk>
e e I G

. . . . . . ll‘k .
selections of pairwise disjoint subsets .S, 1,542, - -, Su+q, of X \ U S; with |.S;| = ny, for
i=1

all pp + 1 <@ < g + qi. At the end of this process, we get that

k-1

N e O
I1 =

H 7=0 N

k=1

Q!
number of selections of pairwise disjoint subsets 57, So, . .., Sy of X such that

(

ny, ifl1<i<q

ny, fqg+1<it<q+q
|1Si| = < : : 3)

t—1 t
k=1 k=1
This completes the proof of (a).
¢
To prove (b), let Q={51,Ss,...,S;} € &p be arbitrary and let S;’s satisfy (3). If A= (S;x.S;),

=1

¢ ¢
then |[A| = 3 [Si|? = 3 guns?. Using Corollary 2.2, we get that |$lg] = 27"~ 14l = 2m, O
=1 k=1
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The following corollary is a particular case of the previous theorem.

Corollary 3.1. If P is a partition of n into distinct parts ny,ns, . .., Ny, then

(a) |Ep| = (,:Ll) (n_nl) (n_nl_nz) e (n_m_m_m_nk’l) = ( " ), where

na ng i 12
(osmgrm) = st

(D) |Ho| = 2™, forall Q € &Ep where
== (1) () () g (o)),

ni ng ns ng

The corollary follows at once, since the given partition is same as P € P, such that
{ni,ne,...,m} ={i: P(i) # 0}, P(ng) =1, forallk =1,2,...,t.

From what we have developed so far, we get the following analytical formula for the Bell
numbers.

Corollary 3.2. The Bell number ¢, is given by

k-1
e | # n— (Z qmi> — Jnk
3 I1 =
€n = H 3=0 N

PeP, | k=1

qx!

where t, ny’s, and q;.’s are depending on P as mentioned in (2).

4 Conclusion

We find the number of uniform structures on a given set of n elements and we obtain a novel
expression for the Bell numbers.
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