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Abstract: We will discuss how the Bentkus—Gotze—Freeman variant of the Davenport—Heilbronn
circle method can be used to study F,[t] solutions to inequalities of the form

ord()\lplf + -+ )\spf —y) <,

where constants \q,...,\s € F,((1/t)) satisfy certain conditions. This result is a generalization
of the work done by Spencer in [11] to count the number of solutions to inequalities of the form

ord(Aipf + -+ + ApF) < 7.
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1 Introduction and statement of the result

The Davenport—Heilbronn method was developed to study the number of integral solutions to
Diophantine inequalities of the form

IAah + - Ak <7 (D)

Copyright © 2024 by the Author. This is an Open Access paper distributed under the

terms and conditions of the Creative Commons Attribution 4.0 International License

(CCBY 4.0). https://creativecommons.org/licenses/by/4.0/




where k and s are positive integers with £ > 1, 7 is a fixed positive real number, and Ay, ..., A
are non-zero real numbers not all in rational ratio. The number of solutions to (1) such that
x € [—P, P]* N Z* is denoted by Ny(P, A). The condition that the ); (1 < i < s) do not all have
the same sign is added in the case that k is even, to guarantee the existence of a real solution. The
method was constructed by Davenport and Heilbronn in [3]. In the aforementioned paper, they
showed that for s > 2* and (P,)°° | a sequence increasing to infinity that depends on X,

No(P,, A) > P,

In 2001, Hsu in [7] used the Davenport—Heilbronn method in function fields to study the
number of solutions of
ord(Apf + -+ A\ pF) < 7,

where each p; is a monic irreducible polynomial in [F,[t], the ); satisfy appropriate conditions,
k < char(FF,), and

2F 4+ 1, when 2 < k < 11,

2[2k?log k + k*log log k + 2k* — 2k] + 1, when k > 11.
This broadened in scope the previous work Hsu had done on counting solutions in the linear case
with three monic irreducible polynomials (see [6]). In 2008, Spencer (see [11]) continued the
study of such methods to count solutions of Diophantine inequalities in the function field setting
by developing the Bentkus—Go6tze—Freeman variant of the Davenport—Heilbronn circle method
for function fields.

The Bentkus—Gotze—Freeman variant of the Davenport—Heilbronn method was developed

over 50 years after the paper in which Davenport and Heilbronn first presented their method.

The variant established an asymptotic lower bound and asymptotic formula for Ny(P, ), for all
sufficiently large values of P (see [1,4,5,13]). For

s > k(log k + log log k 4+ O(1)),
an asymptotic lower bound for Ny( P, X) was established, and for
s > K*(log k +log log k + 2+ o(1)),

an asymptotic formula for Ny(P, A) was established. Spencer used the Bentkus—Gotze—Freeman
variant of the Davenport—Heilbronn circle method for function fields to provide an asymptotic
lower bound for all sufficiently large positive numbers P on the number of F,[t] solutions to

ord( Aok + -+ A aF) < 7

in F,((1/t)), for a real number 7 and for s sufficiently large in terms of & and ¢. In this paper, we
follow much of the same methodology while considering the inequality

ord(A\jzh + -+ A2t —7) < 7,
where v is an element of F,((1/1)).
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First, we establish some basic notation. Let p be the characteristic of . Let A = IF,[t] denote
the ring of polynomials over F,, let K = F,(¢), and let K, = F,((1/¢)) be the completion of K
at the infinite place. If a € K, \{0}, it can be expressed as

where n € Z, each a; € F,, and a,, # 0. In this case, we define ord @ = n and lead @ = a,,, and
if v is a polynomial, then ord o« = deg . We set ord 0 = —oo and let res « be the coefficient of
th

There is a non-Archimedean valuation on K., defined by |a| = (a) = ¢°4*. If u is a real
number, let & = ¢*. We now rewrite

ord(A\jzh 4+ -+ Azt —4) <7

as
Mk - Aah - ) < 7

Here k£ > 1 and s are positive integers with p 1 k. Let Logxz = max{1,logx} for any positive
real number . Define ¢(k) = v, (k) by (k) = ap+ a1 + - - - + a,, where k has base p expansion
k=ay+ap+---+ a,p” with0 < a; < p — 1. We denote B, (k) by

1, when k < 2¢72

By(k) =
! (1—27¢0N)=1 " whenk > 2¢72.

Let
Sqr = By(k)k(Logk + Log Log k + 2 + B,(k)Log Log k/Log k).
We now state our generalization of [11, Theorem 1.1].

Theorem 1.1. There exists a positive absolute constant C with the following property. Suppose
that k and s are natural numbers with k > 1,

s > sqr + Cky/LogLog k/Log k,

and char(F,) 1 k. Let T be some fixed integer, let v be an element in K, and let )y, ..., )\ be
fixed non-zero elements of K., not all in F(t) ratio. Suppose also that the equation

M4+ A2 =0 )

has a non-trivial solution z in K_. Then, for all sufficiently large positive real numbers P, the
number of IF[t|-solutions N (P, X) of

(Alx'f+---+/\sxf—'y) <7
with (x;) < pfor 1 <i < s satisfies
N(P,A) > PF,

The implicit constant may depend on s, k, q, A, 7, and .
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Stemming from results of Chevalley and Weil (see [2] and [12], respectively) and discussion
in [11], the following conditions on s, k, and ¢ provide cases where a non-trivial solution to (2)
exists in KZ_.

Proposition 1.1. Suppose that char(F,) { k and let \1, . .., \s be non-zero elements of K. The
equation M\ 2¥ + - - - + \;2% = 0 has a non-trivial solution z € K3_ whenever one of the following

three conditions are met:
(1) s >k*+1,
(2) ¢ > k*and s > 2k + 1,
(3) (k,q—1)=1ands >k + 1.

2 Proof of the theorem

2.1 The Davenport-Heilbron method for function fields

To produce the results found in Theorem 1.1, we utilize the Davenport—Heilbron method for
function fields. Let e, : F, — C* be defined by ¢,(a) = e2™*(@/P where tr : F, — F,, is the
trace map. We define e : K, — C* by e(a) = e4(resa). Let T be a compact additive subgroup
of K defined as T = {« : ord @ < 0}. We normalize a Haar measure on K, so that

/dazl.
T

First, like in [7], define the function ., : K., — R by

7, when (o) < 771,
X-(a) = A1
0, when (a) > 771,
Then as in Lemma 2.2 of [7], we construct an indicator function:

/Kw e(af)x-(a)do = 1,

We define the set of R-smooth polynomials A(P, R) as
A(P,R) = {z € A : () < P;wirreducible and w | z = (w) < R},

where R < P for some real numbers P and [2. Whenever R is used in the remainder of the paper,
we take R = nP, and when R occurs in a statement, we are asserting that there exists a positive
number 77y such that the statement holds for all 0 < n < 79. Denote

F(a) = F(a; P) = Z e(azx™)
(z)<P

and

fla)=f(e; P,R)= > elaz").

z€A(P,R)
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Set Fi(a) = F(\a) for 1 < i < sand f;(a) = f(\ja) for 3 < j < s. We now have that the
integral

/ Fi(0)Fa(a) f5(0) -+ - fu(@)e(—a)x-(a)da

counts the number of solutions x € A® of
(Alx’f—l—“’—%)\smf—’y) <T,

where (z;) < Pfori=1,2and z; € A(P,R) for3 < j < s.
We say that a positive number u > 2k — 2 is accessible to the exponent k when there exists a
positive number ¢ for which

/ |F(a; P’ f(a: P, R)"|da << P25,

where n denotes the set of & € T such that for a and g in A, when (ga — a) < P and g # 0,
then (g) > P. By Theorem 9.4, Corollary 13.3, and Lemma 14.1 of [10], Theorem 1.1 is the
consequence of the following theorem.

Theorem 2.1. Suppose that k and s are natural numbers with k > 1 and char(F,) { k. Assume
that uw > 2k — 2 is accessible to the exponent k and that s > u + 5. Let T be some fixed integer,
let v be a non-zero element in K, and let \1, . .., \s be fixed non-zero elements of K., not all
in F,(t) ratio. Suppose also that the equation A2 + - - - + \yz¥ = 0 has a non-trivial solution

z in K&_. Then, for all sufficiently large positive real numbers P, the number of F ,[t]-solutions
N(P, A7) of
Mzh 4+ Aah ) < 7

with (x;) < P for 1 <i < s satisfies
N(P,A,7) > Pk,
The implicit constant may depend on s, k, q, A, v, and T.

Following the Davenport—Heilbronn method, we split the region K, into three arcs. First, set
S1(P) = (Log P)/8. Define the major arc by

M={aecK,:{(a)< Sl(P>P7k}v

the minor arc by
m={aecKy:S (PP <(a) <771},

and the trivial arc by
t={acKy:{(a)>7"1}L

The trivial arcs provide no contribution to the bound, as
[ R () f(@el ) (a)da =0
a)y>7-1

780



Thus, for Theorem 2.1 to hold we want

/ Fy(a)Fy(a) fy(a) -+~ fu(a)e(—ay)x-(a)da = o P*F)

and
| Fi@)Fa(@) (e -+ fa)e(=amx-(a)da > P

for sufficiently large values of P.

2.2 The minor arc

To establish the desired bound on the minor arcs, we need an appropriate Weyl-type estimate and
a suitable mean value estimate for f(a). We will closely follow the analysis provided in Sections
3 and 4 of [11], with a slight difference in the proof of one of the lemmas.

The machinery provided by Lemma 4.1 of [11] will still be used to establish a mean value
estimate for f(«a), without any changes. However, our discussion of the Weyl-type estimate will
slightly diverge from what is given by Section 3 of [11]. In [11], the proof of Lemma 3.1 cites a
result from a preprint that never appeared in the literature. We will provide a proof analogous to
Lemma 3.1 of [11] using a result that does currently exist in the literature.

We will first provide definitions for terms that are used in the statement of the result we will
cite. Let IC be a finite set of positive integers. We define the shadow of K to be

S(K) = {j €L :pt (r) for some r € IC},
J
where we adopt the convention that if 7 > 7, (;) = 0. We can then construct
K*={keK:ptkandp’k ¢ S(K) forany v € Z"}.

We are now able to state the result we will use in proving Lemma 3.1, which is Theorem 3.1
from [9].

Theorem 2.2. Fix q and a finite set kC C Z™. There exist positive constants £ and C, depending
only on IC and q, such that the following holds. Let ¢ > 0 and let M be sufficiently large in terms
of K, € and q. Suppose that h(x) = i) Q2" is a polynomial with coefficients in Ko
satisfying the bound

> e(h(@)| = ¢", 3)

(xy<M

for some positive number o with o < {M. Then for each maximal k € KC*, there exist a € F[t]
and monic g € F[t] having the property that

ord(gay —a) < —kM + eM + Co and ordg < eM + Co.
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For the purpose of this paper, we set K = {k}, h(z) = az®, M = P + 1, ¢ = 1/4, and
o = min{P/(4C),{P}. Furthermore, we have that {k} C S(K) C {1,...,k} and K* = {k},
since p 1 k and p*k > k for all v € Z*. Thus, if (3) holds and P is sufficiently large in terms of &
and g, it follows that there exists a € F[t] and monic g € F,[¢] satisfying

ord(ga —a) < —k(P+1)+e(P+1)+Co < (3/4— k)P
and
ordg <e(P+1)+Co < 3P/4.
Let n, denote the set of &« € T such that, for a and monic g in A satisfying ord(ga — a) <
(3/4 — k)P, we have ord g > 3P/4. Since k is maximal in /¥, by the contrapositive of Theorem
2.2, there exists a small positive constant v = v(q, k) such that

sup |F(a; P)| < P,

QEN,
We adapt the proof of Lemma 3.1 of [11] using the set n, defined above.
Lemma 2.1. There is a positive constant ¢, depending at most on k and q, with the following
property. Suppose that P is a real number, sufficiently large in terms of k and q. Suppose that o

is a positive number with P~"/2 < § < 1. Then, whenever |F ()| > 6P, there exist a and g in A
such that (a,g) = 1,1 < (g) < 0% and (g — a) < 67%PF,

Proof. Suppose there exists an o € Ko, such that |F(a)| > 6P, where 0 is a positive number
with P~v/2 < § < 1. It follows from Lemma 3 of [8], that for all & € T, there exist unique a and
gin A, where (a,g) = 1, g is monic, (a) < (g) < P*3/*and (ga — a) < P~F+3/4,

Suppose that (g) > P3/4. Thus, a € n,, and |F(a)| < P'~*. Taking P sufficiently large,

1

~ 1 -
F < ZP'v2 < Z5p.
|F(a)]| 5 <3

This contradicts our assumption on the size of | F/(«)|; thus we assume that (g) < P3/4.
By Lemma 4.1 of [10], there exists a positive constant ¢ such that

F(a) < ¢/*P({g) + P*(ga — a))™/".

By assumption, we have that |F(a)| > 6 P, thus

A

(g) + P*{ga —a) < c67F.
The result follows. 0
The following are Lemma 3.2 and Lemma 3.3 of [11], respectively.

Lemma 2.2. Suppose that S is a fixed real number with 0 < S < 7~'. Then one has

lim sup |Fi(«a)F(a)] =0.

P00 g<(a)<i-1
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Lemma 2.3. Suppose that S(P) is a function on (0,00) that increases monotonically to infinity
and satisfies 1 < S(P) < P. Then there exists a function T(P) on (0, 00) depending only on Ay,
o, k, q, T, and S(P), that increases monotonically to infinity, satisfies 1 < T(P) < S(P) and
satisfies the property that

sup  |Fi(a) Fa(o)| < PET(P) /),
S(P)P-k<(a)<?—1

We have now established a Weyl-type estimate that can provide our desired bound on the
minor arc.

Lemma 2.4. Suppose that u > 2k — 2 is accessible to the exponent k and that s > u + 5. One
has

A

/ Fy(0)Fa(a) fa(a) -~ fo(0)e(—a)x-(a)da = o( ).

Proof. Letv = |s/2] — 2. By the triangle inequality,

/ Fu(@)Fafa) fa(a) -~ fu(@)e(—am)xs(a)da < / IFi(0) Fa() fa(a) - fo(0)|xr (@)da,

so the result follows from the proof of Lemma 4.2 of [11]. ]

2.3 The major arc

First, define
Fla) = Fi(a)Fy(a) fs(a) - - - fo(a)
and

G(a) = Fi(@) -+ Fi(a).

For the major arcs, we want to compare

; /Em F(a)e(—ay)da

to the singular integral
sk = /  Gla)e(—ay)da.
(a)y<Ps—Fk

The following lemma uses the Dickman function, p(u), which is the continuous function on
the real numbers that is uniquely defined by the differential equation up’(u) = —p(u — 1), with
the initial condition that p(u) = 1 for u € [0, 1].

Lemma 2.5. Suppose that s > k + 1. One has

| Fl@)e(-an)da = p(P/R) 20 < PHLog P00
m
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Proof. Set P > 1 large enough so that 2P/ log(2P) < R < P —log(P). From [10] and [11], we
have that
Fla)e(—ay) = p(P/R)G(a)e(—ay) < P(Log P)™*

for o € 9. It follows by the triangle inequality that
/ F(a)e(—ay)da — p(P/R)*~ 2/ Gla)e(—ay)da < P**(Log P)~Y/4.
Furthermore, Lemma 4.1 in [10] provides the bound
Fi(a) < P(1 4 PMa)) ™V,

Thus,

e(—om)‘da

| gte-anda~ s < [ Jote
< P / (1 + P*(a))**do,

where ¥ = {a € K : S;(P)P™* < (a)}. The remaining details follow from the proof of

Lemma 5.1 in [11]. L]

Lemma 2.6. Let s > k+1, and suppose that the equation \12¥ +- - -+ \,2* = 0 has a non-trivial
solution z in K. For sufficiently large values of P, one has J,j > ps—k,

Proof. By Lemma 1 of [8], we have

Jor = / Gla)e(ay)da = PFW, 4)
() pPl-k
where W denotes the number of s-tuples (x1, ..., xs) € A® with
Oqah + -+ N2k —4) < PEL (5)

and (z;) < Pfor1 <i < s. Asin [11], choose 7 such that (\,2F) is maximal. Let d = ord \,
and w = lead \,. For 1 <7 < s, we define a; by

lead z;, when (\;2F) = (\,.2F),
a; =
0, otherwise,

and m; as

{d— ord \; + k- order

Letn = | P] — max m; — max 0, 1

n+m; >0forl <i < sandd+ k(n+m,) > ordy. For1l < i < s, write x; € A as
x; = a;t"™ + y;, where y; € A and ordy; < n + m;. Let

, and suppose that P is large enough so that

T, = aTtn—&-mr + bn—&—mr—ltn—i_mr_l 4+ 4 507
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where each b; € F,. We define ¢; € [F, via the relation

Mk 4+ At -y = Z at,

l=—

Thus, (5) holds when ¢; = 0 for all [ > (k — 1) P. We note that ¢, = 0 for all [ > d + k(n + m,.)
via the relation
ord \; + k(n+m;) <d+ k(n+m,).

Also, the coefficient ¢4 (n+m,) = 0 by the definition for a;, the construction of the z;, and our
hypothesis.
‘We consider what occurs when

d+ (k—=1D(n+m,) <l<d+k(n+m,).
From our construction of the x;, we have
= kwalj_lblfdf(kfl)(n+mT) + hy,

where /; is an element of IF, depending at most on A, a, y, b; withi > [ —d — (k — 1)(n + m,),
and y; with j # 7.

For j # r, let y; be arbitrarily selected. Note that kwa*~! # 0. We can choose by, 1
so that ¢4 x(ntm,)—1 = 0, and similarly we can then select b,y —2 80 that cqirnim,)—2 = 0.
Continuing in this manner, we can choose z, such that ¢, = 0 foralll > d + (k — 1)(n + m,.).
From our construction of 7,

d+ (k—1)(n+m,) < (k—-1)(|P] - max im; +m,)

< (k—1)P.

Then, due to the y; being arbitrarily selected for j # r, W > P51 for P sufficiently large. In
summary, by (4), J, ;, > ps—Fk. O]

Combining the results of the previous lemmas gives us the following:

Lemma 2.7. Let s > k+1, and suppose that the equation \12¥ +- - -+ \,2* = 0 has a non-trivial
solution z in K _. For sufficiently large values of P, one has

/m Fu(@)Fa(0) fa(a) -+ ful@)e(—ya)xo(a)da > PF.

Theorem 2.1 now follows by Lemma 2.4 and Lemma 2.7.
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