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Abstract: In this paper, we define the complex-type Pell p-numbers and give the generating
matrix of these defined numbers. Then, we produce the combinatorial representation, the gener-
ating function, the exponential representation and the sums of the complex-type Pell p-numbers.
Also, we derive the determinantal and the permanental representations of the complex-type Pell
p-numbers by using certain matrices which are obtained from the generating matrix of these
numbers. Finally, we obtain the Binet formula for the complex-type Pell p-number.
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1 Introduction

The generalized Pell (p,i)-numbers are defined [12] by the following equation for any given
p(p=1,23,...),n>p+1land0<i<p

P (n)=2P% (n—1)+ P (n—p—1)
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with initial conditions P\ (1) = --- = P (i) = 0and PV (i +1) = P (i4+2) = -+ =
B (p+1)=1.
The complex Fibonacci sequence { F}*} is defined [8] by the following equation: for n > 0
F»;: :Fn_l'iFn-l—la

where v/—1 = ¢ and F}, is the n-th Fibonacci number (cf. [1,9]).
Suppose the (n + k)-th term of a sequence is defined recursively as a linear combination of
the preceding k terms:

Qpik = Colp + C10pp1 + -+ + Ck—10ptk—1,

where cg, ¢y, . .., cp_1 are constants.
Kalman [10] showed that number sequences can be derived by a matrix representation. He
derived closed-form formulas for the generalized sequence by companion matrix method as

follows: _ _
o 1 0 --- 0 0
o o0 1 .- 0 0
o 0 o0 --- 0 0
AL =
o 0 0 --- 0 1
L o C1 C2 -+ Cp_2 Cg-1 |
Also, he proved that
Qo Ap,
n a1 An41
(Ax) .=
Ap—1 Antk—1

There have been many studies on this paper in the literature: see, for example, [6, 7, 14—
20]. Some linear recurrence sequences are defined and their various properties are given using
the matrix methods by many authors in [5, 11-13]. Also, in [5] and [4], the authors defined
new sequences using the quaternions and complex numbers and then they gave miscellaneous
properties. In this paper, we define the complex-type Pell p-numbers and give the generating
matrix of these defined numbers. Then, we determine the relationships between the complex-
type Pell p-numbers and the generalized Pell (p,i)-numbers. Also, we give number-theoretic
properties of the complex-type Pell p-numbers such as the generating function, the exponential
representation, the combinatorial representation, the sums, permanental and determinantal
representations, and the Binet formula.

2 The complex-type Pell p-numbers

Define the complex-type Pell p-numbers as shown:
* o p+1 * . *
Py(n+p+1)=2i""-P (n+p)+i-P(n)

for any given p (p = 2,3,...) and n > 1, with the initial conditions Py (1) = --- = By (p) = 0,

Py(p+1)=1and v—-1=1.
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From the definition of generalized the complex-type Pell p-numbers, we can write the following
matrix relation:

Pr(n+p+1) Py (n+p)
Py (n+p) Pr(n+p—1)
: :Kp'

Py (n+2) Py (n+1)
Pr(n+1) | i Py (n) |

where K, is a (p + 1)-square companion matrix as following:

[ 27+l 0 i

1 0 -~ 0 0

K, = 0 1 0 0
0 0 - 1 0

The matrix K, is called to be the complex-type Pell p-matrix.

By an inductive argument for n > p, it is easy to see that the n-th powers of the matrix i, is

[ Pr(n+p+1)  iPr(n+1) iPr(n+2) - iPf(n+p) |
Py (n+p) iPy(n) iPy(n+1) - iPr(n+p—1)
(Ky)" = : : : : M
Pr(n+2) iPy(n—p+2) iPi(n—p+3) --- iPy(n+1)
| Py(n+1) iBj(n—p+1) iPy(n—p+2) - iPy(n) |

Using the (K,)" matrix, we derive the following relationships between the complex-type Pell
p-numbers and the generalized Pell (p, 7)-numbers for n > p such that every even p integer:

()" P (ot p 4 1) ()" B (4 1) ()" P (n 4 2) e ip+12"+” P{D (n + p)

(izwrl)“’*l P}(j) (n+p) (ip+1)7‘ P}(j) (n) (¢p+1)n+1 P}(j) (n+1) (ip+1)” p—1

Plgi) (n+p—1)
(Kp)" = : : : . :
(@) T RO 2y () TP RO ety (#P) TP RO (nmp iy ()" D (1)
(#+)" PP (4 1) (iP*l)"fp“ PS) (n—p+1) (iP“)"iﬁQ P (n—p+2) - (#+1)" PSY (n)

where the generalized Pell (p, 7)-numbers are considered for the case i = p.

Let K (ky, ko, ..., k,) be av X v companion matrix as follows:
ki ke -k,

1 0 .- 0
K(klak%"'?kv): . :

0 -~ 1 0
Theorem 2.1. (Chen and Louck [3]) The (t,j)-th entry k" (ki ks,....k,) in the matrix
K" (kyi, ko, ..., k,) is given by the following formula:

ittt +t, (it t,

k(n) k k k‘v _ i 7+ % ktl,..ktv 2

t,](l’ 25 ) ) (t tzt) t1+t2++tv t17--~7t’u 1 v ()
1,025+, v
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where the summation is over nonnegative integers satisfying t1 + 2to + - - - +vt, =n — 1 + J,

ti+- b (1)
.oty ) !ty

is a multinomial coefficient, and the coefficients in (2) are defined to be 1 if n =1 — j.
Then we have the following Corollary for the complex-type Pell p-numbers.

Corollary 2.1. Let P} (n) be the complex-type Pell p-number. Then

1 t t R t et
Pi(n) = = Z 2 t+it3+ -+ tpi y 1+ + p+1) (Zip+]_)t1 (Z’)tp“
Z(tltg...tk)tl+t2+"'+tp+1 t, s tp

_ 1 Z t3ttya+ -+t o <t1 +"'+tp+1) (2Z'p+1)t1 (5)tr+
{ ti+te+ -+l ty ooy tpta

(t1,t2..,t)

= l Z - . tp-i—l . % <t1t+ ce : tp+1) (2Z.p+1)t1 (i)tp_H
t (tl,tQ...,tk) 1+ 2+"'+ p+1 1y-- -5 lptl

where the summation is over nonnegative integers satisfying t; + 2ty + --- + (p + 1) t,11 = n.

Proof. If wetakev =p+ 1,7 =7 = Asuchthat2 < XA < p+ 1 in Theorem 2.1, then the proof
is immediately seen from (1). O

The generating function of the complex-type Pell p-numbers is given by:

gt?

(%) = Ty — gt

Theorem 2.2. The complex-type Pell p-numbers have the following exponential representation:

k
gi) () = 2" exp (Z % (27! + imp)k) .

Proof. It is clear that
(@)
In e —ln(1—22p T — 2P )

By the function Inx we obtain the relation

1
—In(1—2i""z —ia?*t) = — {—x (27! + i) — 5952 (27! 4+ ia?) — -
1,
——x" (20" ) — |
n
A simple calculation shows that

(%) k
9p (.T) _ x p+1 . k
In oL = OXP ( E ", (22p + Z:L‘p) .

Thus, this completes the proof. [
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Let .
j=1

and suppose that P, is the (p + 2) x (p + 2) matrix such that

10 0
1
P,=10 K,
- 0 =
Then it can be shown by induction that
10 0]
Ship

Definition 2.1. A u x v real matrix M = [m, ;| is called a contractible matrix in the k-th column

(respectively, row) if the k-th column (respectively, row) contains exactly two non-zero entries.

Brualdi and Gibson [2] show that per (M) = per (V) if M is a real matrix of order o > 1
and N is a contraction of M.
Let p > 2 be a positive integer and let R = [7’&'}’“")] be the u x u super-diagonal matrix,

defined by

(p+1)-th
!

[ 2iPtL 0 0o - 0 i 0o -+ 0 0 0 ]

1 27t 0 0 -~ 0 i 0 -0 0

0 1 27t 0 0 0 4 0 0

o -~ 0 1 27 0 0o - 0 i 0

RPD = | 0 o - 0 1 2 0o 0 - 0 i

0 0 0 - 0 1 27 0 0 0

0 0 0 0 O : 0 1 2Pt 0 0

0 0 0 0 0 0 -~ 0 1 2P 0
|0 0 0 0 O 0 0 -~ 0 1 2t |

foru > p+ 1.

Then we have the following theorem.
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Theorem 2.3. Foru >p+ 1andp > 2,
perRPY) = Py(u+p+1).

Proof. For the proof, we apply the inductive method on w. Let the equation hold for v > p + 1.
Now we prove that the equation is satisfied for u + 1. Then expanding the perR?" with the
Laplace expansion relative to the first row, so we get

pequ(ﬁil) = 2Pt perRPY 44 . perR(up_’i,Z.

Since per R = P (u+p+1)and pequ(lp_’ig = P (u + 1), from definition of the complex-
type Pell p-numbers P (n) , the following equality is achieved:

per R = P2 (ut p+2).
Thus, the proof is complete. []

Letp > 2 and let V""" = [vt@;z“)] be the u X u matrix, defined by

((2iPT! ift=Fkand j=kforl<k<u—p-1,
1, ift=kand j=k+pforl <k<u-—p,
o) = 1, (ft=k+1land j=kforl<k<u—p—2)
and (if t = kand j=kforu —p <k <),

0, otherwise.

foru >p+ 1.
(pvi) — |:l(p7i7u)

Now we define the © x v matrix Ly ey } as follows:

L) = | 0 v, P

0

Then we can give the following Theorem by using the permanental representations.
Theorem 2.4. (i). Foru >p—+1,
perV, P = Py (u).

(17). Foru > p+2,

u—1

per P9 = Z Py(n).

n=1

Proof. (i.) Let the equation hold for v > p + 1, then we show that the equation holds for u + 1.
If we expand the perVu(p ) by the Laplace expansion of permanent according to the first row, then
we obtain
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perV, by = 27+ perV,®) + i - perV,?y)
271 . P* (u) +i- P (u—p).

So, we have the conclusion.

(71). Since we expand the pequ(Lp ) with the Laplace expansion relative to the first row, we reach

(p_’i) + perVu(f i)

u—1

pequ(Lp’i) = perL

The inductive argument and by the result of part (i) in Theorem 2.4, the result has been
reached. []

A matrix M is called convertible if there is an n x n (1, —1)-matrix K such that perM =
det (M o K), where M o K denotes the Hadamard product of M and K. We will now address
the determinantal representations for the complex-type Pell p-numbers. Let © > p + 2 and let J
be the u x u matrix, defined by

Corollary 2.2. Foru > p + 2,

det (R o J) =P (u+p+1),
det (VP9 o J) = P* (u)

u

and

u—1
det (LP 0.J) => Py (n).

Proof. Since perR¥" = det < P9 5 J), perV,P =det (Vu(p’i) o J) and per L") =
det (Lff DB J ) for u > p + 2, by Theorem 2.3 and Theorem 2.4, we have the conclusion. ]

We now derive a generalized Binet formula for the complex-type Pell p-numbers.

From companion matrices, it is known that the chacteristic equation of the complex-type Pell
p-matrix is zPt1 — 27T 2P —i = (, which is also the characteristic equation of the complex-type
Pell p-numbers.

Lemma 2.1. The equation P! — 2iP1 . 2P — i = 0 does not have multiple roots for p > 2.

Proof. Let f (z) = xP™1 — 21 . 2P — 4. It is clear that f (0) # O and f (1) # 0. Let d be a
multiple root of f (z), then 6 # 0 and 0 # 1. Since ¢ is a multiple root

F(5) =ortt — 2Pt 5P — =0
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and

) = (p+1)o*— (2@‘194rl -p) YV
= 5p—1 ((p—i— 1)5 . (2Z~p+1 p)) —0

Thus, we obtain § = %. For p > 2, f(0) # 0, which is a contradiction and with this
contradiction the conclusion is reached. O

Let g1, 2, - .., qy+1 be the eigenvalues of the matrix /&,. Then by Lemma 2.1, it is known that
¢1,G2, - - -, qpt1 are distinct. Letbe a (p 4+ 1) x (p + 1) Vandermonde matrix W7 as follows:

(91>p (Q2)p o (%H)p
(@) " ()" o ()"
Wp — E . . .
q1 q2 cee dp+1
| 1 1 . 1 |

Assume that
n+p+1—t
((h)

(q2)n+p+l—t

W =

(q +1)n+p+17t
p

and WP (t,j)isa (p+1) x (p+ 1) matrix obtained from the W7 by replacing the j-th column
of WP by WP,

Theorem 2.5. Let (K,)" = [k['}'], then

o det WP (t, 7)
L det WP
forn > pandp > 2.

Proof. The matrix K, is diagonalizable because the eigenvalues of the matrix K, are distinct.
Let Q, = diag (¢1,¢2, - - -, gp+1), then we easily see that K,/W? = WP(Q),. Since the matrix W7
is invertible, we may write (W?)~' K,JW? = Q,. Then the matrix K, is similar to Q,; so, we
obtain (K,)" WP = WP (Q,)". Thus, we have the following linear system of equations:

k—1 n k—2 n n 1—
()" + &y (@) "+ + ki = (@) e
k— n k— n n —
(@) + k5 (@) 7 4+ R = ()"

n k—1 n k—2 n n+p+1—t
LR (@) R (o) "+ R = (o) .
Then for each ¢, j = 1,2,...,p+ 1, it is obtained £};" as follows

det WP (¢, j)
det Wp -
This completes the proof. [

p?n E—
kt,j o
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Corollary 2.3. Suppose that P (n) is the n-th element of complex-type Pell p-number n > p
such that p > 2, then

3

. et WP (2,2)
B = = qawm
et WP (3,3)
 i-detWr

det WP (p+1,p+1)
1-det WPp '

Conclusion

This paper focuses on defining and analyzing the complex-type Pell p-numbers, which extend the

concept of traditional Pell numbers into the complex domain. We introduce the generating matrix

for these numbers and derive various mathematical representations, including combinatorial,

exponential, and determinantal. We also present the Binet formula in these complex numbers and

explore their applications in matrix theory, contributing to the broader understanding of linear

recurrence relations and their complex extensions.
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