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Abstract: In this paper, we define a new quadra polynomial sequence by using Ozko¢ numbers
as the coefficients. Then, we derive some properties for this polynomial sequence by the help of
Fibonacci and Pell polynomials. Additionally, we attempt to define the companion matrix of this
polynomial sequence.
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1 Introduction

The integer sequences and the polynomial sequences corresponds to these integer sequences were
studied by many mathematicians. Some of these are Fibonacci polynomials, Pell polynomials and
the most general version Horadam polynomials [1,2,5].

Now, we will give some properties for the Pell and Fibonacci polynomials which are used in
this paper.

Definition 1.1. [1] For n > 0, the recurrence relation of Pell polynomials P,(x) is

P,(z) =22P,_1(z) + Pya(x), Py(xz) =0, Pi(x) =1 (1)
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In [1], the generating function for this polynomials is obtained as
- t
1= 2t — 2

and the sum of the first n terms of Pell polynomials is

P(z) 2)

- ~ Pua(x) + P(z) -1
;B(x) = > : 3)

Definition 1.2. [5] For n > 0, the recurrence relation of Fibonacci polynomials F,,(x) is
Fo.(x) =2F,_1(z) + F,_2(z), Fo(z) =0, Fi(z) = 1. 4)

In [5], the generating function for Fibonacci polynomials is given as

B t
1 — ot — 2

and the sum of the first n terms of Fibonacci polynomials is

Fu() )

ZE(x): Fn+1(x)+Fn<x)_1. (6)

T

Moreover, some sequences defined with the fourth order recurrence relations [7, 8]. In [7],
Tasci defined quadrapell numbers with the fourth order recurrence relation

D, = D,_5+2D,_3+ Dn747 n > 47

where Dy = Dy = Dy = 1 and D3 = 2 are the initial values. After that, Kizilates et al. gave
some properties and matrix sequences of these numbers [4].

Inspiring the definition of quadrapell numbers, some quadra sequences defined in [3,6]. In [6],
Ozkog¢ numbers introduced recursively by

Wn = 3Wn—1 - 3Wn—3 - Wn—4a n > 4a

where Wy = W, = 0, W, = 1 and W5 = 3. The most important property of this sequence is that
the characteristic equation of the sequence consists of the roots of the characteristic equations of
Fibonacci and Pell numbers.

2 Main results

Definition 2.1. For n > 4, the quadra polynomial sequence W, (x) is defined by the recursive

formula
(0, ifn =0,
0, ifn=1,
W,(x) =< =, ifn=2,
322, ifn =3,
[ 32W,_1(z) — (222 — 2)W,,_o(x) — 3zW,,_3(x) — W, _4(z), ifn >4
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In Table 1, the first few elements of this polynomial sequence WW,,(x) can be seen.

Table 1. The first few elements of W,,(x)

|

| Wa () |

0

0

x

32
T2 + 2x
1521 + 922
312° + 2822 4 3z
632% + 7Hx* + 1822

12727 + 1862° + 7023 + 4z.

ol N|o|luglbs|lwinn|~lofS

The characteristic equation of W, () is
vt — 32v® + (222 — 2)v® + 32v + 1 =0,
and the roots of this equation are

Ox)=x+Va2+1, VY(zr)=z—va?+1

v+ Va2 +4 r— v+ 4 )
a@)=———— Al =—7—

where ®(x) and V(z) satisfy the characteristic equation of Pell polynomials and «(x) and /()
satisfy characteristic equation of Fibonacci polynomials.

As an observation, it is seen in Table 2 that W;(1) = W (i) fori = 1,2,3,...,n, where W (i)
is the i-th Ozkog number.

Table 2. Ozkog¢ numbers and polynomials

n Jo[1][2] 3| 4 5 6
Wo(z) || 0 | 0 | = | 322 | T2®+2x | 152" + 92?2 | 31a° 4+ 282° + 3z
W, 01011 3 9 24 62

Wi(z) = Pu(7) — F(x), (8)

where P, (x) and F,(x) are the Pell and Fibonacci polynomials, respectively.
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Proof. We apply induction method on n. For n = 0, it is clear. Assume that the theorem holds
for the integers less or equal to n — 1. Now, we will show that the theorem holds for n.

By using the recurrence relation of Pell and Fibonacci polynomials, we obtain the followings,
respectively,

P,(z) =2zP,_1(x) + Py—a(x)
=3zP,_1(z) —xP,_1(x) + 2P, _2(x) — Py_ao(x)

+ I'Pn_3($) — ZL’Pn_g(l') + Pn_4($) — Pn_4(l') (9)
= 32Py1(7) — 2(Pa-i(x) — Paos(@)) — (Pa2(x) — Paca())
+ 2P, o(x) —xP,_3(x) — Py_4(x)
= 32P,_(x) — (20 — 2)Py_s(x) — 32P,_3(x) — Py_s(x)
Fo(x) =2F, 1(z) + F,_2(x)
=aF, 1(z) + 2F, 5(z) — F,_o(x)
=aF, 1(z) +2F, () — an 3(x) — F_y4(x)
=3zF, 1(z) — 2zF,_1(x) + 2F, _s(x) (10)
—3zF,_3(x) + 22F,_3(x) — F,,_4(x)
=3xF, 1(x) — 2x(F,_1(x) — F,_3(z)) + 2F,_2(x)
= 3(Fn2(z) = Fooa(z)) — Foou(2)
=32F, 1(z) — (22° — 2)F,_o(2) — 32F, _3(x) — F,_4(2).
By substracting the equation (9) and (10) side by side, we get
Pu(t) = Fu(2) = 32(Po1(2) — Fus(2)) — (202 — 2)(Paa(z) — Fy_a(2))
= 32(Py-3(x) — Fus(x)) = (Po-a(z) — Fooa()).
By using the assumptions of induction and the recurrence relation of WW,,(x), we obtain
P.(z) — Fo(z) = 32W,,_1(x) — (227 — 2)W,,_o(x) — 3aW,,_3(x) — W, _4(x)
= W, (z). O
Theorem 2.2. The generating function for W, (x) is
xt?
t) = .
) 1 — 3t + (222 — 2)t2 + 3xt + t*
Proof. The formal power series expansion of the generating function for W,,(x) at z = 0 is
ZW Wo(z) + Wi (2)t + Wa(z)t? + Wa(2)t® + - - . (11)
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Then, by multiplying (11) by —3zt, (222 — 2)t?, 3zt and t*, respectively, we have
—33tG(t) = 3xWy(x)t + 3aWy(2)t? + aWa(2)t? + 3aWs(x)t* + - |
(22 — 2)2G(t) = (20% — 2)Wy ()t + (22 — 2)W, (2)¢?
+ (2% — 2)Wy(a)t* + (222 — 2)Ws(2)t® 4 - - -,
3rt°G(t) = 3aWy ()t + 3zWy (z)t* + 3aWa(2)t® + 3aWs(x)t® + - |
G (t) = Wo(z)t* + Wi (z)t® + Wa(z)t® + Wa(2)t® + - -
So, we get
(1 — 3t + (222 — 2)t> + 32> + tHG (1)
= Wo(z) + Wi(z) — 3aWo(2))t + (Wy(x) — 3zWi(z) + (22% — 2)Wy(z))t?
+ (Ws(z) — 3aWa(x) + (20 — 2)Wy(x) + 3aWy(x))t?
+ (Wy(z) — 3aWs(x) + (20 — 2)Wa(z) + 3aWy(x) + Wo(z))t + - - -
Since, Wy(z) = Wi(z) = 0, Wa(z) = z, W3(z) = 322 and
Wo(x) = 3aW,,_1(x) — (22 — 2)W,,_o(z) — 3zW,,_3(x) — W,,_4(2),
we have
(1 —3at + (22° — 2)t* + 32t® + tHG(t) = at*.
Therefore, the desired result is achieved. O

Theorem 2.3. Forn > 0, the Binet Formula for W,,(x) is

" (z) —W"(x)  a(x) —

Wal@) = G =0@ @)=

where ®(x), ¥V (z), a(x), and 5(x) defined in (7).
Proof. In Theorem 2.2, we get the generating function for W,,(x) as

B at?
© 1 — 3wt + (222 — 2)12 + 3wt + 4

Wa(z) (12)

By using the partial fraction decomposition, (12) can be written as

B t t
1 —2xt—12 1 —at—1t2

where ﬁ is the generating function for the Pell polynomials and m is the generating

function for the Fibonacci polynomials given in the equations (2) and (5) , respectively.
Hence, we get

_ 0"(x) U x)  a(x) — B (x)

Wn T) = - )

=R ) a8

where % is the Binet formula for the Pell polynomials and % is the Binet
formula for the Fibonacci polynomials obtained in [1] and [5], respectively. [
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Theorem 2.4. The sum of the first n terms of W, (z) can be evaluated by the following formula

ZVVZ(@ _ Wi (z) + Wy (2) —anﬂ(m) — F(z) + 1’

where F,(x) is the n-th Fibonacci polynomial.

Proof. By equation (8) , it is obvious that

n n

S Wila) = Y Pi@) = YO Fil).

i=1 =1

If we use equations (3) and (6), then

- _ Bun(@) + Po(@) =1 Fapa(z) + F(z) — 1
Poii(z) = Fua(z) + Po(z) — Fu(x) — Fop(x) — Fo(z) + 1
2z
Wii1(@) + Wi(z) — Faga(z) — Fu(z) +1

= 9 . []

Definition 2.2. The companion matrix for W, (x) is

3v —(222 —2) -3z -1

Ml,:l 0 0 O’
0 1 0 0
0 0 1 0

where det(M,.) = 1 and the characteristic equation of M, is
M =323+ (222 —2)A2 + 32N +1 =0

with the eigenvalues \ = V(z), Ay = ®(z), \3 = a(x), and A\, = B(x).

Notice that, setting 2 = 1 we get the companion matrix of the Ozkog numbers.

3 Conclusion

In this paper, we define a new quadra polynomial sequence by using the Ozko¢ numbers as the
coefficients. Then, we get some properties for this polynomial sequence by the help of Fibonacci
and Pell polynomials. Also, the companion matrix of these polynomials defined.
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