Notes on Number Theory and Discrete Mathematics
Print ISSN 1310-5132, Online ISSN 2367-8275
2024, Volume 30, Number 3, 530-537

DOI: 10.7546/nntdm.2024.30.3.530-537

A partial recurrence Fibonacci link

Anthony G. Shannon!, Hakan Akkus?, Yesim AKkiiziim?,
Omir Deveci* and Engin Ozkan®

1 Warrane College, the University of New South Wales
Kensington 2033, Australia

e-mails: tshannon@warrane.unsw.edu.au, tshannon38@gmail.com

2 Department of Mathematics, Graduate School of Natural and Applied Sciences,
Erzincan Binali Yildirim University, Yalnizbag Campus, 24100, Erzincan, Tirkiye
e-mail: hakan.akkus@ogr.ebyu.edu.tr

3 Department of Mathematics, Faculty of Sciences and Letters, Kafkas University
36100 Kars, Turkiye
e-mail: yesim 036@hotmail.com

4 Department of Mathematics, Faculty of Sciences and Letters, Kafkas University
36100 Kars, Turkiye
e-mail: odeveci36@hotmail .com

® Department of Mathematics, Faculty of Sciences, Marmara University
Istanbul, Tiirkiye

e-mail: engin.ozkan@marmara.edu.tr

Received: 7 May 2024 Revised: 19 September 2024
Accepted: 29 September 2024 Online First: 30 September 2024

Abstract: The purpose of this note is to develop a conjecture for a Fibonacci number generating
function in terms of the elements of a second-order two parameter partial recurrence relation
which arose in an operations research problem on Poisson distributed lead time in inventory
control.

Keywords: Fibonacci numbers, Lucas numbers, Operations research, Partial recurrence relations.
2020 Mathematics Subject Classification: 11B30, 11K31.

Copyright © 2024 by the Authors. This is an Open Access paper distributed under the
terms and conditions of the Creative Commons Attribution 4.0 International License
(CCBY 4.0). https://creativecommons.org/licenses/by/4.0/




1 Introduction

The Fibonacci and Lucas sequences are famous sequences of numbers. These sequences have
intrigued scientists for a long time. Fibonacci and Lucas sequences have been applied in various
fields such as Algebraic Coding Theory, Architecture, Engineering, Biomathematics, Computer
Science, and so on.

For neN, Fibonacci numbers F, and Lucas numbers L, are defined by the recurrence

relations, respectively,
F.,=F,., +F,,with F;,=0and F =1,

n+1

L.,=L,,+L,,withl,j=2and L =1.

For F, and L, the Binet formulas are given by the following relations, respectively,

n n

Fn:(p — and L, =¢"+ 0"
—w
where 1+‘f and o */_ are the roots of the characteristic equation r> —r —1=0. Here

the number ¢ is the known Golden ratio.

Many kinds of generalizations of the Fibonacci sequence have been presented in the literature
(see for details in [1, 3, 5, 11]). Stanton [10] in a paper on Poisson distributed lead time in
inventory control [4] utilized the following second order two parameter partial recurrence relation

in his key j-th order equation
an=f o0 (L.
ma, ., +a ., J=m

with initial conditions 1,1 = 1. From this he obtained Table 1 which we shall use initially. With
different initial conditions we obtain Table 2, which we shall use for the interested reader to
extend, and then to generalize as it has many connections with the Sloane sequences [9].

Table 1. Initial term a1 = 1.

i\m| 1 2 3 4 5 6 7 8 9 |10
1 1 0 0 0 0 0 0 0 0 | o0
2 1 1 0 0 0 0 0 0 0o | o
3 1 3 1 0 0 0 0 0 0 | 0
4 1 7 6 1 0 0 0 0 0 | 0
5 1 15 25 10 1 0 0 0 0 | 0
6 1 31 90 65 15 1 0 0 0 | 0
7 1 63 | 301 | 350 | 140 | 21 1 0 0 | 0
8 1 127 | 966 | 1701 | 1050 | 266 | 28 1 0 | o
9 1 255 | 3025 | 7770 | 6951 | 2646 | 462 | 36 1 | o
0| 1 511 | 9330 | 34105 | 42525 | 22827 | 5880 | 750 | 45 | 1
A... [ 000012 [ 001348 [ 000392 | 003519 | 000481 | 000770 | 000771 | 049434 | 049447 | —
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The purpose of this paper is to link the sequences {ajm} with the sequence of Fibonacci

numbers; that is, the aim to prove that for the Fibonacci numbers {Fn}

SFK" =3 (1) & (0")Fyrs
where - -
Af (n)=f(n+1)-f(n)
and

A" (n") :mz_l(r?]r!ami’rn‘.

i=0

(1.2)

(1.3)

(1.4)

Collectively, (1.2) with (1.3) and (1.4) are, in effect, a generalization of the results in [7] and [8],
which, in turn, extended [2] and [6] respectively. The coefficients of A" (nm) forr=1,2,..., 10,

are tabulated in Brousseau [2] and summarized in our appendices.

2 Preliminary results

The formulas that are used include with slight adaptations from [2] and marginal modifications

from standard usage include
A(0°F,)=(n+1)"F,,, -n’F,

and its nominal inverse

n°’F, =A™ n’F,, +(2n+1)F,, |+C,

so that
A(nm Fn+r+1) = nm I:n+r + A(nm ) Fn+l’+2
and
A_l (nm Fn+r ) = y (_l)t At (nm ) Fn+r+2t+l + C
t=0
with
nm I:n+r = ikm Fk+r - nz_lkm Fk”
k=1 k=1
and
A71 (nm Fn+r ) = Ekm I:k+r !
k=1

where the arbitrary constant C may involve Fibonacci numbers (independent of »).
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(2.1)

(2.2)

(2.3)

(2.4)



3 Main results

We conjecture from Table 1 that

ma +a,

j-1,m j-1,m-1 =

as suggested.
We consider the array on the right-hand side of (2.1):

m-1 r m-1 m .
Z(_l) Fn+2r+lZ[ . jr!a‘m—i,rrII

=0 izo \ I
and use induction on » for which we take the case for m = 7, simplified from [2]:

n=1: F,=F,,-127F ,+1932F  —10206F,,, + 25200F , —31920F. ,
+ 20160F.,,, —5040F.

which can be confirmed when r = 1, for instance.
The complication in practice is that we have 3 variables: m, n, r, so that if we let A*(u,v) denote

the entry in the v-th row and the (u + 2)-th column of Table A2 in the appendices, where v > 2
and u=>0, then

a) A(0v)=A’(0,v-1)+4 A*(O,v—3)+2] forv>5.
b) A*(uu+2)=A*(u-Lu+1)+2(u+1) for u>1. 2o
c) A’(uu+2)=(u+2)(u+l) foru>0. (3.2)

(

d) A’(uu+3)=(u+3)(u+2)(u+l) foru>0.

4 Concluding comments

The interested read might like to try the foregoing with the elements of Table 2, or A111669 as a
triangular array in [9].
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Table 2. Initial term a1, = ao,1 = 1.

j\m 0 1 2 3 4 5 6 7 8 | 9|10
0 0 0 0 0 0 0 0 0 0100
1 1 0 0 0 0 0 0 0 0100
2 1 1 0 0 0 0 0 0 0100
3 1 2 1 0 0 0 0 0 0100
4 1 3 4 1 0 0 0 0 0100
5 1 4 11 7 1 0 0 0 0100
6 1 5 26 32 11 1 0 0 01010
7 1 6 57 122 76 16 1 0 01010
8 1 7 120 423 426 156 22 1 01010
9 1 8 247 1389 | 2127 | 1206 288 29 11010
10 1 9 502 | 4414 | 9897 | 8257 2934 491 | 37 | 1|0
11 1 10 1013 | 13744 | 94684 | 210990 | 172980 | 49566 | 787 | 46 | 1

A... | 000012 | 000027 | 000259 | 249999 | — — — — — | —|—
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Appendices (from Brousseau and Sloane)

Table Al. Coefficients of A(n™)
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m 1 nt n2 n3 n* n° né n’ né n°
1 1
2 1 2
3 1 3 3
4 1 4 6 4
5 1 5 10 10 5
6 1 6 15 20 15 6
7 1 7 21 35 35 21 7
8 1 8 28 56 70 56 28 8
9 1 9 36 84 126 126 84 36 9
10 1 10 45 120 210 252 210 120 45 10
A | 000012 | 000027 | 000217 | 000292 | 000332 | 000389 | 000579
Table A2. Coefficients of A*(n™)
m 1 nt n2 n3 n* n° né n’ né
2 2
3 6 6
4 14 24 12
5 30 70 60 20
6 62 180 210 120 30
7 126 434 630 490 210 42
8 254 1008 1736 1680 980 336 56
9 510 2286 4536 | 5208 | 3780 | 1764 | 504 72
10 1022 5100 11430 | 15120 | 13020 | 7560 | 2940 | 720 90
A 000198 | 052749 | 000554



Table A3. Coefficients of A*(n™)

nt n2 n3 n*

36 24

150 180 60

540 900 540 120

1806

3780

3150

1260

210

5796

14448

15120

8400

2520

336

Ol Nlo|log|l Nl w3

18150

52164

65016

45360

1890

0 | 4536

504

=
o

55980

181500 | 2

60820

216720

113400

37800

7560

Table A4. Coefficients of A*(n™)

1

nl

n2

n3

n4

24

240

120

1560

1440

360

8400

10920

5040

840

40824

67200

43680

13440

1680

186480

367416

302400

131040

30240

3024

Blo|lo| N|o|uo|~3

818520

1864800

1837080

1080000

327600

60480 | 5040

Table A5. Coefficients of A°(n™)

1

nl

n2

n3

120

1800

720

16800

12600

2520

126000

134400

50400

6720

()N JIENTIN NN IR

834120

1134000

604800

151200

15120

5103000

8341200

5670000

2016000

378000

30240

Table A6. Coefficients of A°(n™)

1

nl

n2

n3

720

15120

5040

191520

120960

20160

©o|lo|lN|lo| 3

1905120

1723680

544320

60480

16435440

19051200

8618400

1814400

151200
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Table A7. Coefficients of A”(n™)

1

nl

nz

5040

141120

40320

©|oo|l |3

2328480

1270080

181440

29635200

23284800

6350400

604800

Table A8. Coefficients of A®(n™)

m

1

nl

n2

8

40320

9

1451520

362880

10

30240000

14515200

1814400

Table A9. Coefficients of A®(n™)

m 1 nt
9 362880
10 16329600 | 3628800

Table A10. Coefficients of A'(n™)

m 1

10 | 36288

00
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