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1 Introduction

For a positive integer n > 1, let d(n) denote the number of all positive divisors of n. OQur aim
in what follows will be to offer bounds for d(n) in terms of functions of n, or other arithmetic
functions, such as the Euler totient function ¢(n) or o(n), the sum of divisors of n. We will use
also the function w(n) denoting number of distinct prime factors of n.

If n = pi* - p% (p; distinct primes, a; positive integers) is the prime factorization of n, then
it is well-known that

d(n) = (a1 +1)---(ar + 1), (D)
where a; > 1 (i =1,2,...,r);so (1) immediately gives
2 < 2¢M) < d(n). 2

A classical upper bound for d(n) is

d(n) <2vn (n>1), 3)
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while it is also known that (see [6])
d(n) < v/n for n > 1262. 4)
If n is composite, then it is well-known that [8]
p(n) <n—+/n, &)
where ¢(n) denotes the Euler totient function. Thus, from (4) and (5) we get
¢o(n) <n—+/n<n-—dn) for n > 1262,
composite, so we get
d(n) < v/n <n—(n) for such values of n. (6)

In [7] it has been shown that
d(n) < 4y/n, n>1 (7

and this clearly improves (3) of (4) for sufficiently large values of n.
In what follows, we will offer other bounds which are more precise for certain values of n.

2 Main results

Theorem 1. One has

wln)on) +o(n) _ 4o oln) = (Vi1 _

a(n)
n v v

for n > 2, where the second inequality holds true for n # 6.

®)

Proof. Asw(n) > 1, the first inequality of (8) follows by o(n)-w(n)+¢(n) > o(n)+¢(n) > 2n.
This last inequality follows, e.g., by o(n) > ¢ (n), where

zﬂ(n)—n'H(l—i—%)

denotes the Dedekind arithmetical function. By the algebraic inequality

TT+ ) +f[(1 — ) >2

=1

for x; € (0, 1) the result immediately follows (by letting x; = i). For the second inequality of

2

(8), use the following result of the author [4]:
w(n)o(n) + ¢(n) < nd(n) ©)
for any n > 2, n # 6; with equality only for n = 10 or n = prime.
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Finally, the third inequality of (8) is a consequence of another result by the author [3]:
o(n) >=n+1++n-[dn) -2 (10)

This follows by n + 1 — 2y/n = (y/n — 1)?, and simple computations. The last inequality of (8)
o(n)

is trivial, but we note that it improves the classical result d(n) < NG i.e.,
o(n)>d(n)-vn (n>1), (11)
due to Sivaramakrishnan and Venkataraman. O]

Remark 1. Particularly, we get the new inequality

wn)a(n) +en) _ o(n) - (vVn-1)?
7 < i (n # 6),

or written equivalently :
a(n) - [Vn—w(n)] > ¢(n) + V- (vVn - 1)* (12)
forn # 6;n > 2.

Theorem 2. One has

o2(n
n) > \/d(n)[d(n) — 1] - n+ o9(n) > [d(n) — 1]v/n + 2(1) (13)
d(n)
for any n > 2; where g9(n) denotes the sum of squares of divisors of n.
Proof. Let a; (i = 1,n) be positive real numbers, and let A, respectively, G, denote their

arithmetic, respectively, geometric means of (a;). Let Q,, = (/2 Zl L a?. In paper [5] is proved
among others the inequalities:

n?- AL >nc[(n=1)-GL+ Q] = [(n—1)- Gu + Qul”. (14)

Let n = d(k), where k > 2; and a; = d;, where 1 = d; < dy < --- < d,, are the distinct divisors
of k. Then, it is immediate that A,, = M, G, =(dy---d )1/" = vk which is well-known, see

d(k)
e.g. [6]), (Q,)* = (( )) After some elementary computations, from (14), we get inequality (13),
where the inequality (13) is considered for & (in place of n.) [

Remark 2. From the first inequality of (13) we get

0(n) — o3(n)

d(n) - [d(n) = 1] £ —————. (15)

n

We now consider extensions of inequalities of type (7). We will use the method of [7]. One has
the following similar inequalities.
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Theorem 3. One has

d(n) < ky - v/n, where k; ~9.1118..., (16)
d(n) < ka-v/n, where ko ~ 33.4725..., (17)
d(n) < ks - /n, where k3 ~ 188.7496.. ., (18)
d(n) < ky - v/n, where ks ~ 2539.882..., (19)

foranyn > 2.
The following auxiliary result will be used:

Lemma 1. One has

(a+1)-p** < My(p), (20)
where
My(p) = —— - plowr—4)/klox 1)
log p

foralla>1,p>2; k> 2.

Proof of Lemma 1. Let us consider the real variable function f(a) = (a+1)-p~%*. This function
has a derivative

=0

fi(a) =p~/* {1 - %}

. . k . . . . . .
if and only if @ = ay = —1. If is immediate that a( is maximum point to f, the maximum
og

being attained at ag. We get that f(a) < f(ag) = Mk(p), so inequality (21) follows.
Asa+1=d(p*), we get from (21) that

d(p*) < p** - Mi(p). (22)
This completes the proof of the Lemma. U

Proof of Theorem 3. Now, remark that p* > (a + 1)* follows by p® > 177 if 17* > (a + 1)
Since 17! > 2* = 16, by an easy induction argument the inequality holds true for any a > 1. As
n=[]r[]»
p<13 p=217
we get that d(n) < My(2)My(3)Ma(5)My(T)My(11)My(13) - ] 5, p** = ka4 - n'/*. Now, by
a computer we get that My (2) = 2.524 ..., My(3) = 1,762..., My(5) = 1.367..., My(7) =
1.230..., My(11) = 1.117..., M,(13) = 1.089. .. and we get that k, ~ 9.11 ..., so inequality

(16) follows.

For the proof of (17) we will use the inequality 37%/° > a + 1, and proceed in the same
manner, as in the case k = 4.

A computer computation gives us

I[ Ms(p)~334725...,

2<p<31

and the inequality (17) follows.
The proofs of (18) and (19) can be derived in the same manner, and we omit the details. [
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Remark 3. Ifn is odd, the above inequalities can be further sharpened. For example, when k=3,
(when M3(2) = 1) we get

d(n) < (1.842...)%/n < 2/n (n odd), (23)

and for k = 4 and 5,
d(n) < 4-+/n (nodd), (24)
d(n) < 11-+/n (nodd). (25)

Remark 4. The method of Theorem 3 can be used also for k = 2, and as Ms(2) - My(3) =
1.7413 ... we get
d(n) < (1.75)v/n (n > 2) (26)

and
d(n) < (1.16)y/n (n odd) (27)

which further improve relation (3).
Lemma 2. Letk,l >0anda; > 1(i=1,2,...,n). Then

n n n n n 1 n
ng af“—g af-g aézg af-g ——n-E ak! (28)
i=1 i=1 i=1 i=1 “ i=1

1= =1 1=

oL~

Proof. We will use the classical Chebysheff inequality

Zn:l‘i'zn:yz‘—n'zn:%yz‘ﬁoy (29)
=1 i—1 i—1

for the sequences (z;) and (y;) having the property (x; — x;) - (y; —y;) > 0 forall i,j €

{1,2,...,n}. Letx; = af, y; = a! + & Remark that y; — y; :al-—i-ﬁ—al-—ﬁ = (a} - d})-
i J

aé ? J
(af —ab) - (af-a} — 1) and as (af — a¥) - (af —a}) > 0andaf-a} —1>0bya; > 1,a; > 1,
inequality (29) can be applied. After simple computations, we get relation (28). ]

Remark 5. For k = | we get from (28)
n n 2 n n
1
. 2k _ F)> k. — ) =n2>0 30
ey (L) 2 (S) - (B5) -z @
where the last inequality is well-known.

Lemma 3. Let (a;), (b;), (i=1,2,...,n) be two sequences with the property (a;—a;)(b;—b;) <0
(1,7 €{1,2,...,n}). Then one has the inequalities

n n

i=1 =1 =1 =1

i=1

and

n n n

Zn:aibig n-Za?bfg Za?-Zb?. (32)
i=1 i=1 i=1 i=1
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Proof. First remark that, the converse of inequality (29) is true now, so the first inequality of
(31); and also the second inequality of (32) (applied to x; = a?, y; = b?) follows. The classical

n 2 n
inequality (Z xl) < nz y? applied first to x; = a;, then x; = b; gives the second inequality

i=1 i=1
of (31), while applying it to x; = a;b; we get the first inequality of (32). ]

Remark 6. Both inequalities offer a refinement of the classical Cauchy inequality

(gaibi)QS (Zcﬂ)(;zﬁ)

i=1

Theorem 4. For any m > 2 and k,l > 0 one has

1

i) fowa(m) + ora(m)] = o) -nfon) - (14 1), 3
where o,(m) denotes the sum of a-th powers of divisors of m.
Proof. Let 1 = d; < dy < --- < d,, = m be the distinct divisors of m, where n = d(m).
Applying Lemma 2 for a; = d;, after simple computations we get relation (33) by remarking that
o_i(n) = oy(n)/n". O
Remark 7. For k = [ we get from (33)

1
dm) - fomm) + )] = (on(m) - (14 1), 34)
Theorem 5. For m > 2 one has
1

m' - op_i(m) < W op(m) - oy(m) < \/oor(m) - ou(m), (35)
and

m' - oy (m) < mi\/d(m) - ogp_ai(m) < /oor(m) - oo (m). (36)

Proof. Apply relation (31) to a; = d¥ and b; = (n/d;)! where 1 < d; < --- < d,, = m are the
distinct divisors of m. Remark that 1 < d’f < e < d’fL, while (d—’”‘f)l > (%)l > e > (%)l, SO
Lemma 2 can be applied. After simple computations, inequality (34) follows. The proof of (35)

follows in the same manner from relation (32). O

Remark 8. For k = [ we get

m* - (m) < “’;E:; < oo (m), (37)
m" - d(m) <m* - d(m) < oor(m), (38)

where the first inequality of (38) is trivial.
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Remark 9. Forl =k — 1, we get

m* 1. o(m) < ﬁ - oR(m) - op_1(m) < \/oor(m)ogr_s(m), (39)
mk_l : U(m) S mk_l . \/d(m) . ng_g(m) S \/agk(m)agk_Q(m). (40)

The first inequalities of (39) and (40) provide:

or(m) - or_1(m)

() <d(m) < T o (m) (41)
Finally, we prove:
Theorem 6. Forn > 0, k arbitrary one has
Okd(m)+1(M) > kdm)/2, (42)
or(m)
k() - Tamy—1y (m) < [d(m) = 1] - Tpany (m) + d(m) - m*m72; (43)
Thd(my(m) + d(m) - [d(m) — 1]m*Hm/2 > pkdm)/2., (U’“?(n—nz))g (44)
Proof. For the proof of (42) we will use the Faiziev’s inequality (see [2]):
a/?+1+"'+a2+1Z(al"'an)'(al+"'+an)- (45)

Put a; = df (where 1 < dy < --- < d,, = m the distinct divisors of m. As it is well-known that
dy -+ d, = ma™/2 the left side of (45) i T4a(m)+1(m), so relation (42) follows.
For the proof of (43) we will use J. Surdnyi’s inequality (see [1])

(14 +an)- (@ +-a) < (n=1)-(af +- - +ap) +nay--a,  (46)

while for the proof of (44) we will apply V. Cartoaje’s inequality [1]

1 1
a]ln_’_..._l_az_'_n(n_l)a/l...a/n Zal...an<a1+...+an). (a_+..+a_) (47)

1 n
The proofs are similar to that of (42), and we omit the details. [l

Remark 10. For k = 1 we get from (44):
2
o(m

d(m) - [d(m) —1] > —< (m)) — Ogm)(m). (48)
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