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Abstract: A Lucas polynomial sequence is a pair of generalized polynomial sequences that
satisfy the Lucas recurrence relation. Special cases include Fibonacci polynomials, Lucas
polynomials, and Balancing polynomials. We define the (a, b)-type Lucas polynomial sequences
and prove that their Melham’s sums have some interesting divisibility properties. Results in this
paper generalize the original Melham’s conjectures.
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1 Introduction

Let F), and L,, be the n-th Fibonacci and n-th Lucas numbers, which are defined by the recurrence
relations
Fn—l—l =F,+F,_1 and Ln+1 = Ln + Ln—h

respectively, for n > 1 with initial values fy =0, F; = 1land Ly =2, L, = 1.
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Melham [8] made two conjectures on sums involving odd powers of certain Fibonacci
numbers and Lucas numbers with even index.

Conjecture 1. Let m > 1 be a positive integer. Then the sum

n

LyLy- - Lomir Y Fot!
k=1

can be expressed as (Fy, 11 — 1)* Moy, _1(Fony1), where Mo, () is a polynomial of degree
2m — 1 with integer coefficients.

Conjecture 2. Let m > 0 be a positive integer. Then the sum

n

LyLs- - Lomi1 Yy L3
k=1

can be expressed as (Lay1 — 1) Nay (Lony1), where Noy, () is a polynomial of degree 2m with
integer coefficients.

Ozeki [9] was the first one to give an expression for the sum »_;_, FQm+1 as a polynomial
in power of Fj, 1. Subsequently, Prodinger [11] did the same thing independently and obtained
more summation formulae of similar type. Indeed, they gave the following so-called Ozeki—

Prodinger identity:
- (1)t 1 2m AN+ +4
F2m+1 — ( F27€+1 ( ) '
; 2k ZX(; 5m—€ 2+1;L2j+1 m—7j 2€+1 j—g
1 m i 2m +1 FQ' 1
T Em > (= ( , ) Li
m—=1J] 2j+1

j=0
In 2004, Wiemann and Cooper [16] proved that the summation
S )
=0 m—7j ) Laji

is a multiple of 5. Hence, the second term of Ozeki-Prodinger identity is an integer. Sun
et al. [12] gave proof for Melham’s two conjectures. In fact, in a spirit of Wang and Zhang’s
previous work [13], they proved the polynomial version of Melham’s conjectures as follows.

Theorem 1.1 ([12]). Let F,(x), L,(x) be the n-th Fibonacci polynomial and the n-th Lucas

polynomial, respectively. For any positive integers m and n, the Melham’s sum
Ly(z)L3(z) - - - Loy (x Z FQmH

can be expressed as (Fop1(x) — 1)?Poy_1(x, Fani1(x)), where P, _1(x,y) is a polynomial in

two variables x and y with integer coefficients and of degree 2m — 1 in y.
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Theorem 1.2 ([12, 13]). For any positive integers m and n, the Melham’s sum

n

Ly(2)Ls(x) - Loy (2) Y L3+ ()

k=1
can be expressed as (Lay.1(x) — 1)Qaom(x, Lopy1(x)), where Qo (x,y) is a polynomial in two
variables x and y with integer coefficients and of degree 2m in .

In 2019, Chen and Wang [3] used a different approach to conclude that

n

Ly(2)Ls(x) - Lonia () Y Fy™(x) = 0 mod (Fynpa(2) — 1)

k=1
The above congruence with x = 1 also gives a partial answer of the Conjecture 1.

For any two non-zero polynomials p(z) and ¢(x) with integer coefficients, we introduce the
Lucas polynomial sequence W, (z) [4, 5] as the sequence of polynomials satisfying the Lucas
recurrence relation

Wo(z) = p(x)W,—1(x) + q(z)W,_o(z) forn > 2,

with the initials Wy (x) = 0, and W;(x) = 1. Its companion sequence w,, (=) was defined in [4,5]
by satisfying the same recurrence relation with slightly different initials

wo(z) =2, and wy(x) = p(x).

A (a,b)-type Lucas polynomial sequence is a pair of generalized polynomials ylad (x) ==
Vi (), and v(*®) (z) := v,,(x) which is defined as p(z) = ax and ¢(z) = b for integers a, b with
a® + b% # 0. That is, they satisfy recurrence relations

Vo(z) = (az)Vi—1(x) + bVa(z), vp(x) = (ax)vp_1(2) + bv,—o(x) forn >2, (1)

with initials Vy(z) = 0,Vi(z) = 1,v9(z) = 2, and vy(x) = ax, respectively. For simplicity,
we denote the (a, 1)-type Lucas polynomial sequence by W,,(x) and w,(z), and the (a, —1)-type
Lucas polynomial sequence by W, (x) and w,(x). It is worth noting that many important
polynomial sequences satisfy the recurrence relation (1), such as Fibonacci polynomial, Lucas
polynomial, Pell polynomial, and so on. See Table 1 on the next page.

Our main results are listed as follows.

Theorem 1.3. For any positive integers m and n, the Melham’s sum for the (a,b)-type Lucas

polynomial sequence
vi1()v3(x) - Vampa (2 Z VZmH

is divisible by (Vap11(x) — 1) only if |b| = 1.

Theorem 1.4. For any positive integers m and n, the Melham’s sum

n

wi(2)ws () - - wamgr (x) Y W ()

k=1

can be expressed as (ax)™ (Wapi1(2) — 1)2Hop 1 (2, Wans1(z)), where Hap 1 () is a

polynomial in two variables x and y with integer coefficients and of degree 2m — 1 in y.
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Table 1. Special cases of Lucas polynomials

’ Polynomials ‘ (a,b) ‘ Initial values
Fibonacci F,,(z) (a,b) =(1,1) Fo(z) =0,F(z) =1
Lucas L, (z) (a,b) = (1,1) Lo(z) =2, L1(x) =z
Pell P,(x) (a,b) = (2,1) Py(z)=0,P(z) =1
Pell-Lucas @, () (a,b) = (2,1) Qo(x) =2,Q1(z) =2z
Chebyshev of the first kind 7,,(z) (a,b) = (2,-1) | To(x) =1,T1(z) = x
Chebyshev of the second kind U,,(x) | (a,b) = (2,—1) | Up(z) = 1,U;(x) = 2z
Balancing B,,(z) [10] (a,b) = (6,—1) | Bo(x) =0,B1(z) =1
Lucas-balancing C,,(z) [10] (a,b) = (6,—1) | Co(x) =1,C1(x) =3z
Dickson D, (z, «) [2] (a,b) = (1,—«) | Do(z,a) =2, Dy(z,a) = x
Fermat F,,(x) [14] (a,b) =(3,-2) | Fo(z) =0,Fi(zx) =1
Fermat—Lucas f,,(x) [15] (a,b) = (3,-2) | fo(zx) =2, fi(zx) = 3x

Theorem 1.5. For any positive integers m and n, the Melham’s sum

(@2 )" W ()W) - W (1 ZWZS“ (x)

can be expressed as (W, 1(x) — aa:)QMgm_l(x,EgnH(x)), where Mgm_l(l’, y) is a polynomial
in two variables x and y with integer coefficients and of degree 2m — 1 in y.

An outline of this paper is as follows. In Section 2, we derive basic properties of (a, b)-type
Lucas polynomials and derive the expansions of sum involving odd powers of (a, b)-type Lucas
polynomials with even index. This paper also gives some analog results of Wiemann and Cooper

n [16]. We prove Theorem 1.3 in Section 3, and then discuss the case b = 1 and prove Theorem
1.4 in Section 4. In light of expressions W,,,, () (respectively, w,,,(x)) as a polynomial in W,,(z)
(respectively, polynomial in w,,(z)) for odd m, we derive the Ozeki—Prodinger-like identities for
some Lucas polynomial sequences. The discussion of the case b = —1 and the proof of Theorem
1.5 will be given in Section 5. Some remarks are made in the concluding section.

2 Preliminaries

Let a and b be integers. According to the recurrence relation (1), we define the negative index of
(a, b)-type Lucas polynomial sequences as below:

_1\n+1 _1\n
Vioo(z) = H)b—nv”(x)’ and v_,(z) = (1)b+(x>’ (b 0) )
for any positive integer n.

Let a(z) = (ax + va?z? +4b)/2 and S(z) = (ax — Va?x? + 4b)/2 be the roots of the

characteristic polynomial A — ax\ — b = 0 such that a(z) + 3(x) = ax and a(z)3(z) = —b. It
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is easy to obtain A(z) := a(x) — f(z) = Va?x? + 4b. Also it is easy to derive, for n > 1, the
Binet formula:
o"(z) = B"(x)

Note that on(@) + Al2)Va (2) on(@) — Alz)Va (@)
(@) = D F DD g tald) — SEITal)

Proposition 2.1. For integers m and n, we have

@) Viu(2)on(2) = Vi (2) + (=0)"Vion (2).

(b) A%(2) Vi (2) Vi (2) = Vinsn () — (=0)"Vimn ().
(©) Vi (2)05(2) = Vi (@) + (=) Vi ().

(d) %vn(x) = anV,(z).

[ 1 1)y, ,
(e) Fora # 0, Von1q (Z x2 + ?> = (1) Zi +1(x)’ where i2 = —1.

Proof. Part (a), (b), and (c) follows easily by the Binet formula and (2). For part (d), note that
d a d a
—a(r) = ————=a(r), —f(r) = ———=0(x).
dx (z) va2x? + 4b () dlﬂ( ) Vatx? + 4b5( )

So we have
d an

— (1) = ———
dx (@) Vaza? + 4b
For part (e), let y = iy/2? + 2%. If a > 0, we note that

a(y) = ia(z), and B(y) = —if(v).

Thus, we obtain ve, 1(y) = (—1)"iA(z)Va,41(x), or equivalently,

/ 4b —1)"vq,
Vono (z y2+—2> _ (=1)™v2p41(y)
a ay

The proof is similar when a < 0, so we omit here. O]

[ (x) = 5" (2)] = anV,(2).

It is also easy to obtain the following relation between V' and v-polynomials,
Um(:E) = Vm—&-l(x) + bvm—l(x>7
for any integer m. For instance, one can prove this by induction on m.

Proposition 2.2. There are explicit formulae for V,(x) and v, (z):

V() = (" e 1) (az)" 211, 3)
0

and

() = n (” N g) (az)" 2%, n £ 0. &)



Proof. By part (d) of Proposition 2.1, it is sufficient to show the explicit formula for v, (x). We
prove by induction on n. For n = 1, the formula holds obviously. Suppose that it is true for n < k
with k£ > 2. If £k is even, say k = 2t, by (1) we have

vo(x) = (ax)vge—1(x) 4 bvg_o(x)

(
Lot 1 (21— Lot —9 (-2
— e — L= 2—207.0 — — <= 2U—2-2070+1
ZQt—l—ﬁ( V4 )(ax) b+22t_2_€( / )((m) b
/=0 =0
2

t— t

_ 2t t 2t -t 2t—20p0 t__ 2t 2t — ¢ 2t—2070
= (ax)* + 5 7\ ¢ (ax)™ =" 4 20" = ;275—6 ’ (ax)* ="

(=1

[y

Here we have used the combinatorial identity:

20-1 (2t —1—-4 n 20-2 (2t—-1-0\ 2t [(2t—4
26 —1—( ( 20-1—0\ (-1 ) 260—0\ (¢ )
This proves the explicit formula for vy (z) when k is even. Similarly, the formula holds when
k = 2t — 1 is odd. So our proof is done by induction. O]

For integers m > 0 and n > 1, by the Binet formula for V,,(x), we have

- (SR

1 m—+1 A 9 1 - A
sy X (U (T ar@pnen)

3=0 J

m

__ (4 D)jpng <2m + 1> a@mH1=20n () _ BEm+1-2j)n (4)
An(a) JZ( v J a(z) — B(z)

1 = i (2m 1
~ g 0 (P ),
7=0

J

This implies

Z Vo i) = (a2 + 4b)™ Z(_ ( > Z PRI Vi nen(z). (5)
)=0

p —J

Similarly, we have

3

2m +1 .
USIT—H Z ( ) Z ka(m J)U(2j+1)2k($). (6)

k=1 =0

The next two propositions deal with a divisibility of V' —v type convolution which is motivated
by a result in [16].

Proposition 2.3 ([16]). For any non-negative integer m, we let f,,(y) be a polynomial in y defined
by

m /92 1 2j+1 1
foy) = (y+ D@+ 1) (P + 1) ;(—1)7”_]( " +j )%

Then f,,(y) has a polynomial factor (y — 1)*™*1,
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We can say further that f,,(y) has another polynomial factor (y + 1)™. To see this, for each
joweletmi(y) = (y+ 1) ¥+ )™ = 1)(@¥" +1)--- (y** + 1) and note that
(y+1) ] (y¥* +1) since 2j + 1 is odd and

(y+1)™ | m(y),

forall m > 1. And f,.(y) = D7 (—=1)"" (ggzl)ﬂj(y) implies that (y + 1)™ is a polynomial
factor of f,,,(y).

Lemma 2.1 (See also Lemma 3 in [16]). Let m and k be integers with k < m. Then

m

>y () =

Jj=0 J
where h(j) is any polynomial of odd degree 2k+1 and h(i) = —h(2m—i+1) fori =0,1,...,m.

Proof. Let A denote the forward-difference operator. That is, Ah(x) = h(x + 1) — h(x). We
have

A2m+lh(o)=2§1(—1)j+1(2m.+1)h<j)=2§:(—1)j+1(2m.+1)h(j)-

§=0 J =0 J

The second equality holds by the hypothesis of the polynomial h(j). However, A2"T1h(0) = 0
since h(j) is of degree 2k + 1 < 2m + 1. Thus, we conclude our assertion. O

Proposition 2.4. For a non-negative integer m, we let g,,(y) be a polynomial in y defined by

2m + 1\ ¥t + 1
; y2j+1_1'

gm) = -1 =1 @ =1 (1)

m —
=0 J

Then g,,(y) has a polynomial factor (y — 1)™(y + 1)>™+1,

Proof. Ttis clear that g,,(y) has a polynomial factor (y—1)". (See the paragraph after Proposition
2.3) Let by (y) := Y7o (—=1)™ 7 (05 (9% + 1) /(y> 1 — 1). We rewrite hp, () as

m=j

) = 3 (1) (2’” - .1) (14202 — 1))

m J—
=0 J

We prove that g,,(y) has a polynomial factor (y + 1)*™! by claiming that

hin(y) =0 forp=0,1,...,2m. (7)

y=-1

dy

Clearly h,,(—1) = 0 and this proves (7) when p = 0. Now we apply a result given by Leslie [7]:
For any n times continuously differentiable function g(x), we have

i (9] ~ 20 (i) i [0

k=1
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Then we have

dar ( 1 > 2 k (p + 1) 1 dP g k
el ) = 22D e 1)
dyr \y#+1 —1 — k+1) (y = 1)kt dyp

_ i< )k p+1 1 @ - (—1)b" k Y@L
k+1) (y»th — 1Dt dyr \ r

_ = <p + 1) Z ( ) ((Qj + 1)r) Y2+
k +1 27+1 1 k+1 P

So we have forp > 1
" 2m+1 dr 2
Z d_yp Y2t — 1

y=-1 7=0

=2<—1>mj<2;”f;>;#<z:>é<ﬁ>ﬂ<wzm>-

J

y=-1

Following [16], we let a,,, := > F_ (—1)k+r2r- k(iﬂ) ( ), and have (see Lemma 5 in [16])
p
> (~1)a,,* =0, )
r=1

for two positive integers p and ¢ with p > 2t.

n(") - 3" s(p. 00,

=0

We need the expansion

where s(p, £) is the signed Stirling number of the first kind.
Now we should rewrite the above evaluation as

Sl S () EELE ()

=-1 j= r=1 k=r
X}jﬂn@“%+ﬁﬁy
—1rt & & - 2m+ 1\ . .
_( 22) s(p,0) Z aprrgz ( , )(2] + 1)~
£=0 r=1 =0 —J

This expression vanishes by dividing the summation into three cases by ¢ = 0, ¢ > 1 odd, and
¢ > 1 even. The result is zero when ¢ = 0 since s(p,0) = 0. When / is a odd number, by Lemma
2.1since / < 2m — 1 (¢ < p < 2m and / is odd), we see that the inner sum

é(— (2m +]1) (25 + 1)f = Zm;(—l)j (Qm;r 1) (2m—2j+1)" =0

When / is an even number, say ¢ = 2t for some integer ¢ > 1, we just apply (8).

Therefore, we have showed that %hm (y)‘ = 0forp =0,1,...,2m and complete the
proof. [

390



We remark that all coefficients of both f,,(y) and g,,(y) are even for m > 1. It is because of

Fu¥) = gm(y) = > <2m - 1) (y+ 1)@ +1) - (" 4+ 1)

m —
=0 J

=4"(y+ D)+ 1) (" 1) =0 (mod 2).

3 Proof of Theorem 1.3

Assume that b = 0. Then V,(z) = (ax)" ! and v,(z) = (az)". So it is obvious to have
Vaont1(z) — 1 = (ax)® — 1 which can not divide va,11(2) Y1, Vi (z) completely. For
example, letting n = m = 1, we see that

(a*z* — 1)t (ax)".

For |b| > 1, suppose that

n

(Vans1(2) = 1) | or(2)vs(2) -+ vamea (@) Y V" (),

k=1

and write 1 (2)v3() Va1 () Dopy Vol T (2) = (Vanyai(w) — 1) h(z), with h(z) € Zz].
We consider the whole identity under modulo |b| and have

n

o1 (2)05(2) - vamar (@) 3 VA (@) = (Vana () — D A(x)  (mod ).

k=1

It can not happen based on the discussion in the previous paragraph.

Remark. If b = —1, for our convenience, we consider the Balancing polynomial B, (z) and
Lucas-Balancing polynomial C,,(x) [10]. Assume that n = m = 1, we get

Bs(z) — 1 = (362° — 1) 140, (2)Cs(z) B3 (7) = 6482°(122° — 1).

Altogether, in view of discussion in the next section, Theorem 1.3 may be rephrased as the

Melham’s sum

01(55)713( U2m+1 Z V2m+1

is divisible by (Va,11(x) — 1) if and only if b = 1.

4 Thecaseb=1

Throughout this section, we assume that b = 1. Recall that, the (a, 1)-type Lucas polynomial
sequences are denoted by {W,,(z) }nez and {w,,(x) },ez. We begin with a simple lemma.
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Lemma 4.1. For any positive integers n and m, we have

W(2n+1)m(x) B Wm (l‘)

n @) if m is odd,
_ Wy (T
Z Wopm () = Wans1ym () — W (@) i is even
(@222 + )W, (x) ’
W nm . .
n "cj—(a(:f) if m is odd,
; Wek-1ym(z) = {Z}an(x) _9 o s even
- (a?2? + )W, (x) ’
and
n QU(QL()m)(x) —1 ifmisodd,
_ Wy (T
; watn) = M —1 ifmiseven
Win() ’
n % if m is odd,
; Wek-0m(®) = W) ifm i
=1 —_— if m is even.
Proof. Let a(z) = (ax + Va*z? +4)/2 and B(x) = (ax — Va?zx? 4+ 4)/2. Using the Binet
formula and noting that a(x)S(x) = —1, we have
n n a2km(x) o 62km(l,)
W2km(];) =
; ; a(z) — p(z)
B 1 O{2m(n+1)<l’) _ a2m(x) B ﬁ?m(n+1)(x) _ ﬂ2m(x)
Va2 +4 a”™(z) — 1 g () —1
_WQm(n+1) (l‘) - Wan(J;) - W2m<x)
Wam () — wo(x)
The first identity follows by Proposition 2.1 and the others can be proved similarly. ]

From (5), it follows by Lemma 4.1 that

n

2m + 1
2m+1
D WE @) = s +4 m Z ww ( iy )W<zn+1><2j+1><x> = Cu(®). 9

k=1

where
m—j (2m + 1) W2j+1($) '
—J ) waj(z)

1 m
Cn(z) = m ]Z;(— )

Now we need another important result, which is in the spirit of Jennings’ theorem [6].

Lemma 4.2. For any non-negative integers n and q, we have

q

w024 +1 g+
Wegina(z) = Y (1) W*“—( )(a2m2 + AW ()

20+1\q— /¢
= (10)
+/{
= W) Y (-1 (1 i),
q ——
/=0
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and
q

" 2+ 1 (qg+ /¢
Wags1n(T) = Z(_l)( +1)(q+£)_( )wizﬂ(w)

20+1\q—/¢
= ) (11)
_ Cyngro) (4T 2 2 sy
) 31 (q_guuv+@vn<w.

Proof. Letp = 2qg + 1 be an odd integer and

Yy = O‘n(x)a Z = Bn(x)
and note that yz = (—1)". Write
Win(x) _ o™ (x) — ™" (x)

— :yp_l+yp_22+...+yzp_2+zp_1‘
Wy(z)  a™(z) — B*(2)

Now we have

since p = 2¢g + 1 is odd.
We need the following two identities:

W7 +y ) = Ty )+ (D) Py ) + (1)

“ 12
:Z(—l)‘”’f—Qq+ ! <q+€) (y+y "), (12
=0

20+1\q—1¢

and

q
_ _ _ _ 2+ 1(q+ ¢ _
(9 40) + (P72 4y ) g (P ) 1= () =

By identity (12) we have for n is odd that

Wegrnn(®) _ < 29+ 1/q+t
g nATs -1 q+l( 2,2 4 ik L 20 .
W (2) ZH( e+ g =) e @)

When n is even, identity (13) gives

Wiag+1)n() - 2 2 29+ 1(q+ ¢ 2
TN 4 .
W, (z) ;(a T +4) 20+1\qg—¢ W (@)

So the first expression of (10) follows. Differentiating both sides of the first expression of (11)
with respect to x, and by the part (d) of Proposition 2.1, we obtain the second expression of (10).
Now for (11), consider

Wyn () _ yp—l _ yp—QZ 1 yp—322 o yzp—Q RV}
wy ()

— (le] 4 nyq) 4 (_1)n+1 (y2q72 + y72q+2) 4.
+ (_1)(n+1)(q—1) (y2 + y—2) + (_1)(n+1)q‘
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When n is odd, the identity (13) gives
Wegn(T)

20+ 1(qg+10\ 4
wy () 20+1 (q — €> w ().

When n is even, by (12) we have

tersint) 32 (1wt

wy () — 204+1\qg—"¢

Therefore we obtain the first identity of (11).
In addition, we apply the following two identities

+/{
(W2 4+ y~2) + (22 4y ™22 o () 1 = Z(_1>q+€ (Z N g) (y +y~ )%,

=0
(14)
and
W +y ) = @y ) e+ (DT YY)+ (D)
q
q+/ _ (15)
= < 6) (y -y 1>2£7
=0\
to the expression of w(2q+1), () /wy () to yield
: q+¢
wapen() = wn(e) (1700 (1) @ W), 0

£=0

Remark. If we apply identities (14) and (15) to the expression of Wiagi1yn(x) /Wi(2x) in the
proof of Lemma 4.2, we also get the second expression of (10). By the way, all identities (12),
(13), (14) and (15) can be proved easily by induction on q.

Taking n = 1 into Lemma 4.2, it immediately infer to the following.

Corollary 4.1. For any non-negative integer j, we have

J

2541+t
Wosia(a) = (P (774 (16)
and
J .
() = (a) -1 (1 )t 4y a7
/=0

In particular, Waj1(2i/a) = (—=1)7(2j + 1) and waj41(2i/a) = (—1)72i with i* = —1.

We remark here that, from Lemma 4.2, expansions of W5, (z) and ws;11(2) in (az) can be
derived, namely

L (4t

Wajpa(w) = <._ E) (az)*,

J
(=0

and
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J

2 +1(j+¢
ngﬂ(x) = Z 201 (j _g) (ax)zf-i-l’

=0

respectively. Also these two identities can be derived from Proposition 2.2. Another way is to use
part (e) of Proposition 2.1. By (16) we have

‘ 4 d 2+ 1+
Waji(z) (Z r? + g) - Z(_l)]m (j . 6) (azx)*.
(=0

Thus, by the part (e) of Proposition 2.1, it gives the expansion of wyj1(z) in (ax).

Corollary 4.2. Let the (a,1)-type W sequence be {W,,},>0 := {W,(1)}n>0. For any two odd

primes p, q and a positive integer n, we have

244
Wpn = (a ;_ )Wn (modp),

where (g) is the Legendre symbol and
Wye = W,W, (modpg).

Proof. In light of identity (10), the coefficient of the right hand side divides by p = 2¢q + 1 for
¢ = 0to g — 1. Hence, by the Euler’s criterion, we have

p—1 244
Wy = (a* +4) 2 WP = (a ;_ ) W, (modp).

Letting n = 1 and n = ¢ into the above congruence, we have

244 244
W, = (a i ) (modp) and W,, = <a ;_ )Wq (modp),
p
respectively. Thus, W,, = W,W, (modp). By symmetry, W, = W,W,(modg). O
Let {w, (1) }»>0 be the (a, 1)-type w sequence. Similarly, by identity (11), we conclude that
Wpy, = wy,  (modp),

for any odd prime p and any positive integer n.
Back to the proof of Lemma 4.2, we note that

Wogn(z) T

_ ..2q-1 2q—2 2q—2 2q—1
= = + Z4tyz +27,
W () . Y y y

and

222 + W " 29 _ ,2q
(Va2z? + :i) 2qn () :?/y+z g2l 2072, 208,222 2L

Wnp,

(
withy = o"(x),z = "(x) and yz = (—1)". Now we need two slightly different formulae given
by
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Wy )+ Py ) e Py )+ (YT

q
+0—1 (18)
_ _1)att q —1\20-1
S (" e
and
W =y ) =y ) e+ (DT )

q
+0—-1 YR (19)
/=1

Both identities (18) and (19) follow easily by induction on q.
Repeating the same argument, we have

- (n+1)(gro) (4T C=1\ 9,4
Wan(w) = Wae) S0 (107 uitoto
. (20)

= wy(x) Y (~1)"0 (q;f__l 1) (a®x® 4+ 4) W2 ()

(=1

Combining (20) with identity (10), it leads to the divisible relation

Win(x) | Wa(z),
for any positive integers m, n with m | n.

Theorem 4.1. We have Ozeki—Prodinger-like identities for the (a,1)-type Lucas polynomial

sequences:
(@)
n m 1)m+e s 2m+1\2j+1/(/j+¢
W2m+1 2£+1 ( ) < >
; 2k ;a2x2+4mé on i1 ( ;w2j+1 m—j)20+1\j—/¢
B Z 2m +1 W2]+1( )
a2:v2 + 4)m m—j w2g+1( z)
C Wann(n) & (=) Gm+3«+6
(a%x? + 4)m ez: o7 ; Waj+1 —Jj/\i—¢
_ Zm: 2m+1 WQj.H(ZE)
CL 1’2 + 4 m = m—j ng_,_l(I) .
(i)
" 1 2m + 1 %+&(j+@
2mtL (o 241 ( m
w; w , _ -4
Z Z onp1(T ;ng+1($)<m—])%+1 j—1
m SN (=1 2mA 1N G+ L
= wy(x —1Df(a®2® + )'WE, (x —< < >< >—4m.
();;( I ) 2“();102341@) m=] j—t



Proof. From identity (9) and by Lemma 4.2, we have

Y ; 2m 41\ g~ (=)™ 241+
2m+1 20+1
Z W2k Z w2]+1 (m — ] ) Z (a2x2 + 4)m—£ 20+ 1 ] — ¢ W2n+1(x)

k=1 =0 =0
_ f: (27" + 1) Waja(z)
a2x2 + 4)m = m—7j ) waj1(x)
The first term of the right hand side can be rewritten as

i 1)m+e W i 2m+1\2j+1(j+¢
= a2x2+4m€ Wania J:[ngﬂ m—j)20+1\j—1()

If we start with identity (9) and use identity (10) to expand W(2n+1)(2j+1)(x) as a polynomial in
power of w, (z), the second expression of > _ Wz (z) follows.
Similar proof for (ii), we omit here. ]

Remark. There are certainly formulae of power sums involving (a,1)-type Lucas polynomial
sequences (e.g. for W2 (z), W2m(z), War (), wi ™ (z), wi (), w3 | (x)), and they can

be derived easily through the same way.

Let Hy,,+1(, y) be a polynomial in two variables x and y with the degree 2m + 1 of y defined
by

m - 1 2m+1\2j+1/j+¢
Hy 20+1 -~ - —Ch
2m+1(2,Y) ; a2:132+4m (a2a? + 4ym—t? ;ngﬂ(x) m—j)20+1\j—¢ @

21)

with
2m + 1) W2j+1(l‘)

m—j ) wyj(x)

Cin(z) = (a2x21—|— Lym jz()(_l)m_j(

By Theorem 4.1, we obtain an expansion for the sum Y_;_, W;"*! () in power of Wo,,;1(z). In
other words, >",_, Wt (2) = Hopyr (2, Wap g ().
Substituting () /5 (z) for y in Proposition 2.3, we conclude that

(0% + )™ | wi(@)ws(z) - waa () D (=1 (me jl) Z—éf))

J=0

This implies that w; (z)ws(x) - - - wom1(x)Cyr () is a polynomial with integer coefficients.
Recall the fact that f,,(y) has another polynomial factor (y + 1)™. (See the paragraph after
Proposition 2.3.) Taking y = a(z)/f(x), we obtain

(@) | an(oualo) - wmna(e) (-1 (1) T )

=0 —J ) wajyi(w)
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Lemma 4.3. Let m be a positive integer. For { = 1,2,...,m, we have
¢ .
2m —|— 1\ /2m—j5—1/¢ ,
4 =0
()3

where p(j; £, m) := p(j) is a polynomial in j of odd degree less than 20+ 1 and p(i) = —p(2m —
i+1)fori=0,1,...,m

Proof. Denote b(j) by

b(j) = (Qm_j_g) _@m—j-0@m—j—l-1)---((—j+1)

2m — 20 (2m — 20)!
and note that b(¢ + 1) = b({ + 2) = --- = b(m) = 0. Thus, we rewrite the desired identity as
- (2m+ 1
S (-1 ( " )h(j; t,m) =0,
J=0 J

where h(j; ¢, m) = b(j)p(j; ¢, m). Now h(j; ¢, m) meets all conditions listed in Lemma 2.1 and
the desired identity follows by Lemma 2.1. ]

Remark. One may compare the above result with Lemma 2.6 in [12]. Unfortunately, we feel that
the statement of Lemma 2.6 in [12] is wrong. The correct version requests an extra condition on

the polynomial p(j) as mentioned in Lemma 4.3.
We are now at the stage to give a proof of Theorem 1.4.

Proof of Theorem 1.4. First of all, according to identity (9), we show that

wy (2)ws(x) - W1 (T) = (—1 2m + 1
m Wiy (o; :
(CW) (a2x2 +4 ]z: w2]+1 m— j (2 +1)(2J+1)($)

It, together with (22), shows that (az)™ is a polynomial factor of the Melham’s sum in Theorem
1.4. Let

mi(w, x) = wi(x) - - - waj—1 (T)Waj13(2) - - - W1 (x)

and rewrite the above right hand side as

2m+1

m— ] )W(2n+1)(2j+1)(9€)-

1 U 4
ez 1 4ym Z(—l)mjﬂj(w»$)<

j=0

Notice that (ax)™ | 7;(w, x) for j = 1,2,...,m and our assertion follows.

Let Hy,,11(7,y) be defined by (21). In order to prove the Melham’s sum can be divisible by
(Wayi1(x) — 1)%, we claim that the polynomial Hs,, 1(x,y) and its derivative with respect to y
both vanish at y = 1. Taking y = 1 into Hy,,1(, y), we obtain
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H2m+1(l’ 1)

T (=)™t i 2m+ 1\ 25 +1/j+1¢
Z_O(a2x2+4 f]:ew2j+1 m—yj)20+1\y—/¢

2m + 1\ Waj(2)
w0 ()

(D™ f2m A1 [ 20+ 1 (GHOY, 5 5
- S i 4
ax2+4mzw2j+1 m—j Z( >2€+1 j—7 (a%2” +4)

£=0
1 = _(2m+ 1\ Wajiq(2)
. NT(—qymi 1) Wi @)
@y 2D (m—y ) .

=0.

The last equality holds in view of (16).
Next, by (17), we obtain

9
ay y=1

“ 1)+t i 25 +1 (2m+1><j+€)
— a2x2+4m f] < waja () \m—j ) \j—{
(=1)™ (2j+1)(2m+1) ! <j+£> NP

) a‘x” +4

i) \m ) |2V

(—1)"+(2f + 1) <2m + 1>

ax m—j

Hopi1 (JC, y)

1
(a2z? + 4)m

Ms

J

1
(CLQJZQ + 4)m

M3

Il
)

J

=0.

The last step follows due to Lemma 2.1 with (j) = 2m — 25 + 1 and k£ = 0. Therefore, the sum
wi (2)wz () -+ Wami1(2) Yy War"t! () has a polynomial factor (Way, 1 (x) — 1)2.
To see that Hy,, 1(x,y) is a polynomial with integer coefficients, it remains to show that

() (@) i a2x2+44m<2m+1>2j+1(j+£)
w x)w x) e Wam . )
20+1 2043 2m+1(T . W1 (@ 2W+1\j—¢
is a polynomial with integer coefficients for / = 0,1,...,m. Let
- 2m + 1 25 +1 jH+m—1{
= 35 L () AL ()
- EwQﬁl m—73/)2m—20+1\yj—m+/{

It is equivalent to show that way,,—2p+1(%)Wapm—20+3(x) - - - Womy1 () Tym(x) has a polynomial
factor (a?2z® +4) for{ =0,1,...,m
The case ¢ = 0 is trivial. For ¢ = 1, we have
2m+1 2m+1
_|_

Wyt (T)  Wam—1(7)

Y

TLm(ZL') =
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and T ,,(2i/a) = 0 since wa,41(2i/a) = (—1)™2i by (17), where > = —1. This implies that
Wopm—1(T)Wayt1(x)Th () has a polynomial factor a?z? + 4. In the following we claim that
Tom(2i/a) =0for2 < {<m and TIL,Jrlm(gc)LE:2 =0forp=1,2,...,m— 1.

By the definition of 7} ,,,(z) we have '

Tg,m(%/a)
“ 2m + 1 jH+m—1{
2(2m—2€—1 J_%:E ( ])(2]+1)<j—WL+€>
J4 .
B )™ 2m+1 2m —j —/ ,
2(2m—2€—1—1 ; ( >(2m—2€ )(2m 241,

Hence, by Lemma 4.3 with h(j) = 2m — 2j + 1, we have that 7},,,(2i/a) = 0 for2 < ¢ < m.
Now apply a result of Leslie [7] (see page 8 in this paper), we obtain

p
B P+ 1 1 ar
. Z(_l) (k—l— 1) (2420+1)k+1 {dxpwzjﬂ(x) x:%-

=" k=1

i o)

dxP W41 (l’)
For two positive integers n, p with n > p, by (4) we note that
15]

L@ =Y 4("_.j>p! (”‘Qf)an—ﬁa‘xn—w—p
dzP ez =G\ p
< 9= po 23)
mnfm+p—1
— aPn(p — 1)li"P .
S (i

To see why the last step holds, let
L3]

Ap(n) =)~ fj (" ; y )p! (" ;”) (20)"%7,

j=0
we note that A,,(n) = n! and
2i(2p+ 1)
Ap(n) = ng—_pQAerl(n)'
It would implies that
2i(2p+1)  2i(2p+3) 2i(2n — 1)
A — . e A
»(7) n?—p*> n?—(p+1)2 n?2—(n—-1) n(n);
or
p(ntp—1
In light of the identity
; ; k
w§j+1(x) = [a2j+1<x> ﬁ2]+1($)]
k
_ Z %( ) 2]+1)T($)ﬁ(2j+1)(k_r)<l‘) + Oz(2j+1)(k_r) ($)6(2j+1)T($)]
r
r=0
k

N DTk

= 2 5 , W(2j+1)(k—2r) (),
we have
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2i

L {;1
dxP ng_,_l(I) 2
p k
sf(p+1 1 (—1)T k dP
(=1) (k+1> (24251 )k+1 Z 9 r %w@ﬂl)(kﬁ—?r)(w)
k=1 r=0 z=2

a” i(—l)kﬂ' (Z i D (2 ;Fkigffg 1)! i (i) — 2) ((2j + 1)(/;?p—_2;’) +p— 1)‘

k=1 r=0

xr=

2%

Thus, we obtain
P

@Tpﬂ,m(ﬂ?)

z=2

B Zm: 2m + 1 2j +1 j4+m—p—1\ [ d 1
B — \m—j/)2m—=2p—1\j—m+p+1 dxP wajiq ()

J=m-—p
@ (2 1\ (25+1)?% [ —p—1
—e Y (_1)J(m+‘) (2 +1) (j+m p )
, . m—3/)2m—2p—1\j—m-+p—+1
p
w(p+ 1Y (p—1)!
x ;(_1) (k + 1) Qk+2;p+1
=1
k

y (k>(k_2r)((2j—l—1)(k—2r)+p—1>7

2p —1

=2
a

or

e () ()t
<> ()

y ((2j +1)(k—2r)+p— 1) (2j +1)°.

2p—1

Our assertion follows if we can prove that the inner sum vanishes. That is,

m 1(_1)j(2m+1) <j+m—p—1> ((2j+1)(/f—27‘)+p_1)(2j+1)2 =0,

j=m—p— m_j j—m—l—p+1 2]7—1
forp=1,2,...,m — 1, or equivalently,
p+1 .
j(2m AL\ (2m =g —p—1Y .
—1ym—J His 0 N
]ZO:( ) ( J )< 2m—2p—2) (j’p’m) ) (24)
where

2m — 25+ 1)(k —2r)+p—1
2p—1
It is routine that one expresses H (j) as a product of integers and check that H (i) = —H (2m —i+

H(jspm) = () = (' Jiem -2+ 17

1) fori =0,1,...,m. Also we note that H (j) is a polynomial in j of degree 2p+1 < 2(p+1)+1,
an odd number. Thus, (24) holds by Lemma 4.3. [l
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Another consideration leads to the extension of Melham’s Conjecture 2 or Theorem 1.2.

Theorem 4.2. For any non-negative integers n and m, the Melham’s sum

n

w1 (z)wz () - - - W1 () Z wip ()

k=1

can be expressed as (ax)™ (wan41(x) — a:v)ggm(x, Wan+1(x)), where ggm(x, y) is a polynomial
in two variables x and y with integer coefficients and of degree 2m in y.

Proof. The fact that (axz)™ is a polynomial factor of the Melham’s sum

wy () w3 () - - - Wopg1 (2 Zme“

follows similarly by viewing the proof of our Theorem 1.4. We note that this polynomial factor
(az)™ actually dues to the part of the product wy (x)wsz(x) -+ - wop11(z).
In view of (ii) in Theorem 4.1, we let

1 (2m+1\2j+1[j+¢
Sm 2041 —qm
m1(2, ) Zy ZwQJH(x) m—j )20+1\j—/

Then by (4),
Jj+e
_4qm
<J - 5)

m T (az)2H
Som1(z,ax) = ZZ (2m—|— 1)
i Jj+e (az)26t| — 4m
g =7

(=0 j—¢ 2]+1
(=

i . <2m+ 1)
_ 2_; <2m+1> _am

From this and the binomial theorem, we see Ss,,, 1 (2, ax) = 0 and this implies the sum

wi(x)ws(x) -+ - Wamgr (x Z w2m+1

has a polynomial factor (we, +1(z) — ax).
To see that S, (, y) is a polynomial with integer coefficients, it is suffices to show

m

1 2m+1\2j+1/5+¢
War1 (T)warr3(T) - Wamr1(2) Z PR ( m— i ) 22 1 (i _ g)

j=t 'LU2]+1<I'> —J

is an integer for 0 < ¢ < m. This is clear since

2+ 1 [+ 41 j4 0
=9 — 2
2€+1Q—w> ( j—f) Q—w) 2

is an integer. [

Corollary 4.3. Let (), (x) be n-th Pell-Lucas polynomial and the Melham’s sum for Q,(x)
be define by Q(n,m:x) = Qu(2)Qale) - Qumpr(2) S0, Q2 (x). Then for any positive

integers n. and m, we have the quotient Q(n, m; x)/(Qaon11(x) — 2x) is an integer polynomial in

.
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One can substitute the Melham’s sum in Theorem 4.2 with
2 1
wy (2)ws () - - - Wop1 (2 Z wy™

The only slightly difference is that the value £ begins with zero under the summation sign. It is
easy to derive that

= = 2m+1)2j+1(j+€>

2m+1 2€+1 m

g wy () = g wsy, g , , +4™.
P o1 (¥ waj1(T (m 204+1\y—V¢

Jj=t —J

Thus, we conclude a kind of variation of Theorem 4.2.

Theorem 4.3. For two non-negative integer n, m, the sum
2m+1(
wl(I)w:&(m w2m+1 Z W, m+

can be expressed as (ax)™(Wan41(x) + a2)Sop (T, Wony1()), where Sap (2, y) is a polynomial
in two variables x and y with integer coefficients and of degree 2m in y.

5 Thecaseb = —

In this section, we discuss the case when b = —1. Recall that, in our notation, Vn(a’_l)(x) =
W.,.(x). That is, the polynomial sequence {W,,()},>¢ satisfies the recurrence relation

Wo(z) = (ax)W,_1(x) — W, _o(z) forn > 2,

with initial values Wo(z) = 0 and W;(z) = 1. Let v{* " (2) := w,(x) by analogy.
The following identities are easy to prove by the Binet formula for W () and w(x).

Lemma 5.1. For any positive integers n. and m, we have

SN w(2n+1)m( w2nm(x) —2
Wokm(x) = w = — ,
Z 2o () (a222 — Z (2k=1)m (a2x2—4)Wm(x)
and
- — W(Qn"rl WQnm<x)
Wakm () = Zw(% 1)m
— Wm(x Wo(2)

2m+1 L 2m A+ 1\ W 1) ()
—2m—+1 (2"+1)(23+1) m
E w (517)25 ( )E wo 12k ):E ( ) — — 4™,
s 2k = ] J+ = m—7] [/[/ 2j+1(l‘)

(26)
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Lemma 5.2. For two non-negative integers n and q, we have

q

= 2¢+1(q+ /¢ 2041

Wagean(o) = Y- oy (01 ) @ - 9772 @)
=0

(27)

q

)Y (N LA

=

and q
. 20+ 1 g+ 0\ __
Dieqrn(@) = D (D)™ 5 (q - 6) T @)

_ @nigc) g (Z i ﬁ) (a22? — 2T (2),

Proof. Lety = @"(x),z = (z) and note that yz = 1. We compute

Wiagsnn(@) _

)+ WP+ 2T+ (P )+
7. (1) ) (y"+2°)

¢
(‘H ) _ 2 by identity (13)

e »«M@ <

l
(—1)61“ (q * g) (y + z)% by identity (14).
q _
/=

[en]

So the first assertion follows. Now,
w(2q+1)n(x)

Wy (1)
— (P4 ) = (P2 ) e (1) R o 2 (1)

q

2g+1(q+ /¢ S

= E (_1)q+f2€_+1 (q _ f) (y 4+ 2)* by identity (12)
=0

:y2q_y2q Z+y2q 2,2 ._y22q71+22q

q
= (q + g) (y — 2)* by identity (15).

Our second assertion follows and the proof completes. [

Taking n = 1 in Lemma 5.2, it immediately yields

Corollary 5.1. For any non-negative integer j, we have

j
_ +0\25+1
Wi (z Z (j _ é) J (a 20?2 — 4){

=0

and

On one hand, we have

Wogn(z) % — 2% _ _ _ _ _
qu(i) =, =@y Py ) e (YT

—1
= Z(—l)qM (q+€ )(y—l—y_l)%_1 by identity (18).
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Thus, it implies that

Waga(2) = Wo(a) (- 1) (5w

20— 1
=1
On the other hand,
(VT = D) Wap(z) _ 4 = 2
Wy () y+z
— y2q71 . y2q 22 + y2q 3.2 C y22q72 o Zqul
q
(-1
— Z (qz ) ) y —y )21 by identity (19).
=1

We have the second expression for W, ():

Wagn(2) :wn(x)i (“E‘ 1) (a22? — )W (@),

20 —1
=1

So far, we conclude that W, (z) | W,,(x) if m | n.and W ,,,(2)W,,(z) | Wm(2) if n is even.

Corollary 5.2. Let the n-th (a,—1)-type Lucas number be W,, := W, (1). For any two odd

primes p, q and a positive integer n, we have

_ 2—4 _
Won = (a )Wn (modp),

p

and

W, =W, W, (modpg).
A positive integer n is called a balancing number [1] if
I+2+-4+m—-1)=n+1)+0n+2)+ -+ (n+r1)

for some positive integer r. Behera and Panda [1] proved that if n is a balancing number, then
8n? + 1 is a perfect square, and the positive square root of 8n? + 1 is called a Lucas-Balancing
number. We denote the n-th Balancing number by B,, and the n-the Lucas-Balancing number by
C,,. (We admit that B; = 1 for convenience.) Notice that both {B,,},>1 and {C,, },,>1 satisfies
the recurrence relation

R,=6R, 11— R,_o forn>2,

with initial values By = 0,B; = 1 and Cy = 1,C; = 3. Also notice that B, (1) = B,, and
C,(1) = C, [10].
Hence, Corollary 5.2 implies that

(2)-() -
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Theorem 5.1. We have Ozeki—Prodinger-like identities for the (a,1)-type Lucas polynomial

sequences:
(@
u —2m+1
> W' (a)
k=1
1 “ _ - 1 om +1\2j +1(j+¢
o )it _ < ) ( )
1 “ 2m + 1) Wajy1()
(a?x? — 4)m+1 ]Zo( " ( m—7 ) Wajii(z)
_ “ 1 =20 N S ) L (Qm + 1) (j + 6)
Wop11() zz:; (a222 — 4)m—t+1 2 +1($) JZ:; W2j+1(1:) m—j Jg—14
1 o o 2m + 1) Wo +1(JJ)
m—j J
(a22? — 4)m+1 j;0< ) (m =7 ) Waj(x)
(i)

NS 20 2l e 1 2m+1\2j+1(j+/ .
—Zw —4>W2n+1<x>ZW—( Da (i) -

=0 j=¢ 2j+1 (ZE) m—]
— - - - 17 [2m+1\[j+¢ .
= Wonra(2) > (-1 (2) Y = ( )< €> — 4™,
=0 =t W23+1 m=I/N T

Proof. We should only prove (ii),

n

" /2 1\ Wan
ng}?ﬂ(-’f) = Z ( e ) en i) (7) — 4™ by identity (26),
k=1 §=0 m—j W2y+1< )

v 2m—|—1) : 2j+1(j+€) ——20+41
. ryar ax® —4)W,, 4m.
Z Waj(x (m—j ;2€+1 j—/ (a? )’ an1 (%) =

7=0
or
2m+1 . n+ j+e 20 m
i) 5 (2 1Y Wn) S2y (54 O ye
Z = Wi ) e
by identity (27). Then we obtain (ii) by just switching the order of summation. [

There is an interesting implication when  is substituted for @(z) /() in the Proposition 2.4.
Then we obtain

(ax)2m+1 | (a2x2 — 4)m+1W1(I)W3(ZL‘) . -ngﬂ(x)am(x), (28)
where
— 1 " o 2m +1 wg i1 (Q?)
Cn = —1)ymJ D =
(23) (a2:U2 _ 4)m+1 j;o( ) ( m— j > W2j+1(x)



It is time to prove our main theorem in this section.

Proof of Theorem 1.5. Let

—2m+1

W(n,m;x) == (a?x® — )" W (2)W(z) - - Wopi (@ Z Wi

and
M?m—i-l(xa y) = (asz m+1 Z m+£ 2£+1
=0
”"‘ 1 2 N2 +1/5+7¢ _
S () o
j:éWQjJrl(x) m—j)20+1\j—¢

We see that My, (z,ax) = 0 by Lemma 5.2. In addition, by Proposition 2.2,

0 —
3y M2m+1 (ac y)

y=azx

m

- 2 ool () > G0

1 N meo 2m +1
~ g e+ ()

j=0

All together we conclude that
(m2n+1 (1:) - cm:)2 | W<n7 m; ‘1:)
To see that My, _1(z,y) € Z[z,y], we just notice that (25) and the fact that (28). O

Corollary 5.3. For any positive integers n and m the sum
25m+3BlB3 B2m+1 Z BZm—i—l

can be divisible by (Ca, 11 — 3)%

Theorem 5.2. For any positive integers n and m, the sum

n

Wi(2)Ws(z) - - Wi () Z@§?+l($)’
k=1

can be expressed as (W op1 () — 1) Nop (2, Wopi1(2)), where Now (,y) is a polynomial in two
variables x and y with integer coefficients and of degree 2m in y.
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Proof. In view of (ii) in Theorem 5.1, we let

N?m-‘rl (% y)

= i(a%? _ 4)£y2€+1 zm: <2m + 1) 2) + 1_ (j + 6) _—1 — 4™,
s \m—j 20+1\g — ) Wyji(2)

Then, by Corollary 5.1,

N2m+1($a1)

“ " /2 1\2j+1 1

=0 = N 204+ 1\J =) Wajp(z)

m 1 1 e 1
:Z(2m+ )_ Z(]_—i—ﬁ)%—i— (a®x? —4)" — 4™
o\m = WQJH(x)g:O j—=0)20+1

=0 N
=0.

From this, we conclude that the Melham’s sum

Wi(z)Ws(a) - Wapnia(z) ) wat (z)
k=1
can be divisible by (W, 41 (z)—1). To see that Now, (x,y) is an integer polynomial, we just notice
(25). 0

Corollary 5.4. For any positive integers n and m the sum

n

2By By Byms1 »_ O3t
k=1

can be divisible by Bo, 1 — 1.

6 Conclusion

In summary, to study the divisibility of Melham’s sum for (a, b)-type Lucas polynomial sequences,
we only need to pay attention to the specialized cases b = 1 and b = —1 (Theorem 1.3). We derive
Ozeki-Prodinger-like identities for the (a, 1)-type and (a, —1)-type Lucas polynomials (Theorem
4.1, 5.1), and extend Jennings’ result (Lemma 4.2, 5.2). Finally, we prove some divisibility
properties of Melham’s sums for (a,1)-type and (a,—1)-type Lucas polynomial sequences
(Theorem 1.4, 1.5, 4.2 and 5.2), which extend the scope of Melham’s original conjectures, and
have some interesting implications.

We raise an open question in studying Melham’s sum for some Lucas polynomial sequences.
The polynomials ﬁgm,l(w, Y), §2m(x, ), MQm,l(yc, y) and NQm(x, y) can be viewed as
polynomials in y of a suitable degree with integer coefficients. Are they irreducible polynomials
in y for all m > 1? We hope to attract the attention of interested readers.
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