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Abstract: The arithmetic derivative is a function from the natural numbers to itself that sends all
prime numbers to 1 and satisfies the Leibniz rule. The arithmetic partial derivative with respect
to a prime p is the p-th component of the arithmetic derivative. In this paper, we generalize
the arithmetic partial derivative to p-adic fields (the local case) and the arithmetic derivative to
number fields (the global case). We study the dynamical system of the p-adic valuation of the
iterations of the arithmetic partial derivatives. We also prove that for every integer n > 0, there
are infinitely many elements with exactly n anti-partial derivatives. In the end, we study the
p-adic continuity of arithmetic derivatives.
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1 Introduction

Let N = {0,1,2,...}. The arithmetic derivative is a function D : N — N that satisfies
the following two properties: D(p) = 1 for all primes p, and the Leibniz rule, D(xy) =
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D(x)y + xD(y) for all z,y € N. One of the questions on the 1950 Putnam competition [3]
asked the contestants to predict the limit of the sequence 63, D(63), D?(63),.... Many sources
cite this as the origin of the arithmetic derivative. However we were able to find a paper by
Shelly [14] published in 1911 which introduced this topic as well as some of the basic properties
and generalizations of this function.

One can ask a more general question. If we fix x € N, what is the limit of the sequence
x, D(z), D*(z), . ... This is not easy to predict in general. Ufnarovski and Ahlander made the
following conjecture.

Conjecture 1.1. [15, Conjecture 2] For every x € N, exactly one of the following could happen:

either D'(x) = 0 or p? for some prime p for sufficiently large i, or ,h_fgl D'(x) = 4o0.
1—1+00

We note that Shelly [14] alluded to this conjecture and Barbeau [1] made a similar conjecture.
One corollary of this conjecture is that if the sequence xz, D(z), D*(z), . . . is eventually periodic,
then the period is 1. That is D*(z) = p? for some prime p when k > 0. Given y > 1, it is not
hard to show [15, Corollary 3] that there are finitely many (possibly 0) = such that D(z) = y. We
call z an anti-derivative of y. Ufnarovski and Ahlander made the following conjecture.

Conjecture 1.2. [15, Conjecture 8] For every integer n > 0 there are infinitely many x > 0 such
that x has exactly n anti-derivatives.

Let v, be the p-adic valuation. One can show that D(0) = 0 and for z > 0, D has the
following explicit formula

D(:c):xZ@.

This is a finite sum as there are only finitely many p such that v,(z) # 0. It is natural to generalize
D to Q as v, is well-defined over Q. We will use D to denote the arithmetic derivative defined
on Q in the introduction section. This generalization allows positive integers to have more
anti-derivatives than they have in N. For example, 2 does not have an anti-derivative in N but
D(—21/16) = 2. The only anti-derivatives of 1 in N are the prime numbers but D(—5/4) = 1.
Another direction to generalize D is, instead of differentiating with respect to all prime numbers,
we only differentiate with respect to a set of primes. More specifically, let 7" C [P be a nonempty
set of rational primes. For 0 # x € QQ, we define

Dor(z) =2 Z %.

This is called the arithmetic subderivative over Q with respect to 7', first introduced by Haukkanen,
Merikoski, and Tossavainen [5]. If 7" = P, then Do = D. If T = {p} contains a single
prime number, then Dg 1 = Dg, is called the arithmetic partial derivative with respect to p, first
introduced by Kovi€ [9].

The authors of this paper have proved [2, Theorem 9] that the following sequence of integers

vp(2), vp(Dap(@)), vp(Dg,(@)); -
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is eventually periodic of period < p . An immediate corollary of this result is a positive answer
to a conjecture similar to Conjecture 1.1 in the case of arithmetic partial derivative. We have to
replace p? in Conjecture 1.1 by bp” where v,(b) = 0 since Dg ,(bp?) = bp”. In the same paper,
we also proved a criterion to determine when an integer has integral anti-partial derivatives, and
as application, we gave a positive answer to a conjecture similar to Conjecture 1.2 in the case of
arithmetic partial derivative.

A natural next step is to generalize the arithmetic derivative to number fields and their rings of
integers. The Leibniz rule can be used to generalize D to all unique factorization domains (UFD)
R. In every equivalence class {x irreducible in R | z = ua’,u € R*}, we choose an element
x¢ and define Dg(xo) = 1 (similar to D(p) = 1). For all units u € R*, we define Dr(u) = 0
(similar to D(41) = 0). By the unique factorization property and the Leibniz rule, we can extend
the definition of D to the entire ring R as well as its field of fraction Frac(R). Let P be a set
of chosen irreducible elements as described above, one from each equivalence classes. For every
x € Frac(R),if * = upy -+ - prgy -+ - ¢, ' withu € R* and p;, q¢; € P (p;, g; are not necessarily
pairwise distinct) then

U
Dﬂx)zx(é};—;Z)

There are two major obstacles with this generalization. First, for every number field K, it is well
known that Ok is not necessarily a UFD. It has been proved that this idea will fail for non-UFD
[4]. Second, this definition of Dg(x) depends on the choice of irreducible elements set P as well
as the ring. There is no canonical way to choose x, within each equivalence classes. Also, for
an irreducible element x € P C R, we have Dg(z) = 1. But if we consider x € Frac(R) and
define the arithmetic derivative over Frac(R), then we will get Dgc(r)(2) = 0 since all nonzero
elements of Frac(R) are invertible. In other words, suppose = € Ry C Ry, we do not necessarily
have Dg, () = Dg,(z). This phenomenon makes it hard to generalize D to all number fields in
a consistent way using this definition.

To get around the first obstacle, Mistri and Pandey [10] defined the arithmetic derivative of an
ideal in the ring of integers O of a number field K. This generalization uses the fact that every
fractional ideal of K can be uniquely factorized into a product of prime ideals in Ok. Suppose
I = pipy---py is an ideal of Ok where p; are primes ideals of Ok with p; | p; (again p; and
p; are not necessarily pairwise distinct). Then the arithmetic derivative of [ is an ideal of O
defined by

k
1
Dk(I) = <p1p2 x kaZ?)
i=1 "

This means that the arithmetic derivative of every ideal of O is a principal ideal in Ok generated
by an integer. From the definition, it is easy to see that Dy(n) = (D(n)) where Dz(n) is the
arithmetic derivative of the ideal (n) and D(n) is the usual arithmetic derivative of an integer. This
property is certainly welcomed as part of the generalization but the second obstacle mentioned
above still exists. For example, let K = Q(¢) and we have 20, = (1 + 4)(1 — i), hence
Dk (20k) = 40k. On the other hand, D7(2Z) = Z. This means that if z € K; C K>, we do
not necessarily have Dy, (xOk,) C Dk, (zOk,).
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In this paper, we propose a new way to define the arithmetic derivative (resp. the arithmetic
subderivative) Dg (resp. Dg ) on every finite Galois extension /X /Q in a consistent way in
the following sense. First Dg(x) = D(x) for all z € Q, so Dy is a true extension of D from
Q to K. Second, if K; and K, are two finite Galois extensions, then for every z € K; N Ko,
we have Dy, () = Dk, (z). This means that the definition of arithmetic derivative of = does
not depend on the choice of the Galois extension. Because the arithmetic derivative satisfies
Dk (x)/x € Q, we can even generalize it to every number field L/Q (not necessarily Galois) by
taking a restriction Dy (z) := Dg(x) = z - (Dg(x)/x) € L where K is a finite Galois extension
containing x. Please refer to Section 3 for detailed definition.

At the local level, suppose K is a finite extension of the p-adic rational numbers Q,,. Let v,
be the unique valuation on K that extends the p-adic valuation v, on Q. It only makes sense
to study the arithmetic partial derivative Dy, over K. As part of the study of the behavior
of the sequence =, D (x), D% ,(x), ..., we give a complete description of the behavior of the
following so-called 1, sequence of

VP($)7 VP(DK,p(x))v VP(Dg(,p(x))v

Theorem 1.3. Let K be a finite extension over Q, and p be the unique prime ideal of O. For
every x € K, we have the following three properties.

1. If v(vp(2)) > 0 or vy(x) € {0,400}, then the v, sequence of x is eventually periodic of
period < p.

2. If vy(vp(2)) < O, then the v, sequence of x converges to —oc.

3. The v, sequence of x is eventually +oo if and only if
v(z) € {0,1,...,p— 1,400}

See Lemma 2.2, Proposition 2.4, and Theorem 2.8 for a proof of Theorem 1.3. Using the
same idea as in our previous paper [2], we are also able to give a positive answer to a similar
conjecture to Conjecture 1.2 in the p-adic fields case as well.

Theorem 1.4 (Theorem 2.14). Let K be a finite extension over Q,. For each positive integer n,

there are infinitely many xo € K such that Dy ,(zo) has exactly n anti-partial derivatives in K.

One difficulty of studying the iteration of arithmetic derivatives is that the arithmetic derivative
is neither additive nor a group homomorphism. But if one considers the so-called logarithmic
derivative 1d(z) := D(z)/x, it is not hard to see that Id : Q* — Q is a group homomorphism
from the multiplicative group to the additive group, just like the usual logarithmic function. As
we generalize D to Dy, we also study the generalization of 1d to ldx. In particular, we have
shown that ldx (K ) are also isomorphic as subgroups of Q for any finite Galois extension K;
see Theorem 4.2. We also give a concrete description of the exact image of 1d (K *) when K is
a quadratic extension.
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It is not surprising that the arithmetic derivative function D is not continuous over (Q because
given two rational numbers that are close by (in the sense of the Archimedean metric), their
prime factorizations can be drastically different. In fact, Haukkanen, Merikoski and Tossavainen
[6] have shown that for every z € Q, the arithmetic subderivative Dg 1 (and in particular the
arithmetic derivative) can obtain arbitrary large values in any small neighborhood of x. Therefore
Dq r is clearly not continuous with respect to the standard Archimedean topology of Q. But what
about the p-adic topology? In another paper, Haukkanen, Merikoski and Tossavainen [7] have
proved that the arithmetic partial derivative Dg , is always continuous. They have also shown in
some cases, the arithmetic subderivative Dg 7 can be continuous at some points but discontinuous
at other points. Major cases have been left open. For example, it is unknown whether Dg 1 is
continuous or not at nonzero points when 7" is an infinite set. As we generalize arithmetic partial
derivatives to p-adic local fields and arithmetic subderivative to number fields, it makes sense to
study whether the generalizations are p-adically continuous or not. We state our results in two
theorems, one for the arithmetic partial derivative case and one for the arithmetic subderivative

case.

Theorem 1.5. Suppose K is a number field. Let p be a prime ideal of Ok. Then the arithmetic
partial derivative Dy , is p-adically continuous at every point in K. Moreover Dy, is strictly
differentiable and twice strictly differentiable (with respect to the ultrametric | - |,,) at every
nonzero point in K but Dy, is not strictly differentiable (with respect to the ultrametric | - |,,)
at Q.

See Theorems 5.2, 5.3, and 5.4 for a proof of Theorem 1.5. The same result is true for
arithmetic partial derivative over p-adic fields.

Theorem 1.6. Suppose K is a number field. Let p be a prime ideal and 'T' be a nonempty subset
of prime ideals of O.

1. The arithmetic subderivative D 1 is p-adically continuous but not strictly differentiable
(with respect to the ultrametric | - |,,) at 0.

2. If T # {p}, then the arithmetic subderivative Dy r is p-adically discontinuous at every
nonzero point in K.

See Theorems 5.6, 5.8, 5.9, and 5.12 for a proof of Theorem 1.6. By letting X' = Q and
p = (p) in Theorem 1.6, we are able to give answers to all the open questions in [7, Section 7].

In general, it is unclear to us how to piece together the information of arithmetic partial
derivatives to understand the arithmetic derivatives. New prime factors may arise in the dynamical
system D'(z) following each successive differentiation and predicting new prime factors of D(x)
relies on the ability of predicting prime factors of a+b when knowing the prime factors of @ and b.
There is a widespread intuition that the abc conjecture should be related to arithmetic derivatives
of some sort. Pasten has formalized this idea in [11].
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2 p-adic fields

2.1 Definition

Fix a rational prime p. Let Q, be the field of p-adic rational numbers and v, the p-adic valuation.
We denote the p-adic absolute value by | - |,,. Recall that the arithmetic partial derivative (with
respect to p) Do, : Q — Q is defined by

2vy(2)fp, ifx # 0

Dg,(x) :=
o 0, if 2= 0,

One can extend Dgq ), to Dq, , with the same formula because v, is well-defined on Q,. We can
further extend Dg, ;, to p-adic fields because v, can be uniquely extended to a discrete valuation
over p-adic fields. Let K be a finite extension of Q, of degree n = [K : Q,]. Let Ok be the ring
of integers, which is a discrete valuation ring with maximal ideal p and residue field O /p. Let
f = f(K|Q,) = [Ok/p : F,] be the inertia degree and e = e(K|Q,,) the ramification index, that
is, the unique integer such that pOx = p°. We have n = ef. It is well known [13, Chapter 2
Proposition 3] that K is again complete with respect to the p-adic topology. There exists a unique
discrete valuation v, : K — Q U {+o00} that extends v, defined by

1
(2) = ~ (N, (2)),
where N /g, : K — Qy is the norm. We know that 1,,(K) = Z/e. For every x € K, we set
k= k(x) := vy(15(x)), so k > —uv,(e). The discrete valuation v, defines a unique absolute value
on K, which will be denoted by | - |Vp, that extends the p-adic absolute value on Q,:

Vp

2y = /| Vs, (@)

We can extend Dg, , to D, : K — K as follows:

axvy(z)/p, ifx #0;

Dgp(z) ==
P 0, if 2 = 0.

One can check that Dy, satisfies the Leibniz rule. It is evident that D ,(x) = Dg, () for all
x € ,. Note that the definition of Dy , is independent of the choice of uniformizers of O.

Let K and K’ be two finite extensions over Q, such that + € K N K’ =: K". Let v,
vy, Uy be the unique discrete valuations that extend v, to K, K’, and K" respectively. Clearly
Vol = Vy|k» = vy, Therefore we have Dy ,(z) = zvp(2)/p = vy (x)/p = avy(x)/p =
Dyry(x) € K N K'. This implies that the definition of arithmetic partial derivative of z is
independent of the choice of finite extensions where x lies.

Remark 2.1. Let ¢ be another prime different from p. The g-adic valuation v, defined on Q
does not extend to Q, or finite extensions of Q,. Therefore, unlike the case of Q where we have
one arithmetic partial derivative for each prime number, there is only one well-defined arithmetic
partial derivative for Q, and for finite extensions of @Q,,.
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2.2 Periodicity of v, sequence

Let K/Q, be a finite extension and let z € K. Let p be the maximal ideal of O and v, the
unique discrete valuation that extends v,. We call the following sequence

VP(:L‘)7 VIJ(DKm(x))v VP(D%(,p(x))’

the v, sequence of x. Note that the 1, sequence of x is independent of the choice of K. If
yp(ka(a:)) = +oo for some integer j > 0, then D}(,p(x) = 0 and thus Dj () = 0 for
all i > j. If (D (x)) < +oo for all i > 0, then we call the sequence of increments of
consecutive terms

vp(Dicp(x)) = 15(2), (D () = v(Drcp(x)), 4 (Dicy () = v(Dic (), -

the inc, sequence of z. Suppose v,(z) = bp" where v,(b) = 0 and k > —v,(e). Then the
increment is

vo(Dicp(2)) — () = w(””ff% ) =E— 1= )~ 1 (D)

Lemma 2.2. The following two statements are equivalent:
1. The vy, sequence of x is eventually +oco.
2. yy(x) €{0,1,2,...,p—1,+00}.

Proof. Suppose v,(x) € {0,1,2,...,p—1,+00}. If vjy(x) = +oo, then x = 0, and D (x) = 0
forall n > 0. If v,(z) = 0, then z is a unit in Ok, and thus D?(,p(a:) = (0 forall n > 1.
If v(z) = j for some 1 < j < p — 1, then (D () = j —ifor 1 < i < j. From
vp(D () = 0 we get D () is a unit in O, and thus D (z) = 0 for all n > j.

Now we show that if v,(z) ¢ {0,1,2,...,p — 1,400}, then the v, sequence of x is not
eventually +oo. It suffices to show that v,(Dj (z)) # 0 for all i > 0. We consider three
mutually disjoint cases.

Case 1. Suppose vy(z) & Z. Then v4,(Dg () ¢ Z by (1). By induction, we get v,( D, (2)) &
Z since vy (v (D, (x))) — 1 € Z. In particular, v,(Dj () # 0.

Case 2. Suppose v,(x) > p is an integer. If p t v4,(x), then v,(x) > p and k = 0, and so
Vy(Drp(2)) = vp(x) =1 > p. If p | 14(x), then k > 1, and thus v, (D p(z)) > vp(z) > p
by (1). Therefore v,(Dg,(x)) > p > 0. By induction, we get (D5 ,(x)) # 0.

Case 3. Suppose v,(z) = bp* < 01is an integer. Since |bp*| > p* > k — 1, we get vy (Dycp(2)) =
bp* + (k — 1) < 0. By induction, we get v,( D ,(z)) # 0.

Combining all three cases, we have proved that if 14, (x) ¢ {0,1,2,...,p — 1,400}, then the v,
sequence of x is not eventually +oc. ]
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Remark 2.3. Ufnarovski and Ahlander conjecture [15, Conjecture 8] that there exists an infinite
sequence a,, of different natural numbers such that a; = 1 and Dg(a,) = a,—; for n > 2. Here
Dy is the arithmetic derivative (not arithmetic partial derivative) defined on QQ. The same question
can be asked for Dy ,. Suppose there exists an infinite sequence a,, € K such that a; = 1 and
D Kﬁp(an) = a,—1 forn > 2. Let N = p+1 and we know that the v, sequence of ay is eventually
+o0 because v,(Dy ,(an)) = vp(Dgy(ar)) = 1,(0) = +00. By the proof of Lemma 2.2, we
know that v, (as) = 1,14(a3) = 2,...,(ay—1) = p — 1, and there does not exist a, such that
D y(an) = ay—1. Hence the conjecture is false over K for arithmetic partial derivative. On a
related note, if we let a; € K\Oj for some finite extension K/ Qy, then it is possible to find an
infinite sequence a,, € K such that Dy ,(a,) = a,—; for all n > 2. For example, let K = Q,
a; = p”°, and for all m > 1, let ag,, = p” 1 /(p® + 1) and agpmsy = P /(p> + 1)™. It is easy to
check that D ,(a2m+1) = Gam and Dg ,(azm) = aom-1.

The next proposition tells us if v,(14,(2)) < 0, then the inc, sequence of x is constant and
negative. As a result of that, the v, sequence of x converges to —oo.

Proposition 2.4. Let © € K be a nonzero element such that v,(z) = bp* with v,(b) = 0 and
k < 0. Then the inc, sequence of x is a constant sequence with negative terms

(k—1,k—1,k—1,...).
As a result, the v, sequence of x converges to —o0.

Proof. Equation (1) implies that the first term of the inc, sequence of z is indeed £ — 1. Since
vp(w) + (k= 1) = bp + (k = 1) = p"(b+ (k = 1)p™")

where v,(b + (k — 1)p™) = 0, we can write v,(Dg,(z)) = V'p* where V/ := b+ (k — 1)p™*
with ,(V') = 0. Since v4,(vp(Dkp(x))) = vp(vp(x)), we see that the second term of the inc,
sequence of z is again k — 1. In the meantime, we can write v,(D% ,(z)) = b"p" for some
V' := '+ (k—1)p~* where v, (") = 0. By induction, we see that every term of the inc, sequence
of z is equal to k — 1. Therefore v, (D} (7)) = v(z) +n(k — 1) = —oo as n — oo. O

If the v, sequence of x is eventually +-oo, then it is periodic of period 1. For the rest of this
subsection, we assume that the 1, sequence of x is not eventually +o00 and v,(v,(x)) > 0. We
will show that under these conditions, the 14, sequence of x is eventually periodic of period < p.
The next proposition gives a recipe of the initial terms of the inc, sequence of x if v, (14, (x)) > 0.

Proposition 2.5. Let x € K be a nonzero element such that v,(z) = bp* with v,(b) = 0 and
k > 0. Denote k' := (k — 1 mod p) + 1 < p. The first k' terms of the inc, sequence of x are

(k—1,-1,-1,...,-1).

-~

(k—1 mod p) copies

Proof. The first term of the inc, sequence of x is indeed & — 1 by (1). We have
Up(Dgep()) = bpF + (k —1).
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If £ = 1, then there is nothing further to prove. If £’ = 2, we have £ = 2 (mod p) and thus
p1 (bp* + (k — 1)). By (1) again, we get the second term of the inc, sequence of z is

VP(D%{,p<x)) — 1p(Dip(z)) = —1
and v, (D7, (z)) = bp* + (k — 2). The proof is complete by induction on &', O

Corollary 2.6. Let & € K be a nonzero element such that v,(x) = bp* with v,(b) = 0 and
1 < k < p. Then the v, sequence and the inc, sequence of v are periodic of period k.

Proof. If 1 <k <p,thenk’ = (k—1mod p) +1 =k — 1+ 1 = k. The first k£ + 1 terms of the
vy sequence are
(bp", bp" + (k= 1), 09" + (k = 2),...,0p" + 1, bp").

It is now clear that the 1, sequence and the inc, sequence of x are periodic of period £. ]

We will see later that the periodicity predicted by Corollary 2.6 will eventually happen as part
of the v, sequence of = for all nonzero x € K as long as 14(1,(z)) > 0 and the v, sequence of =
is not eventually +oo.

Definition 2.7. For any integer £ > 1, we call the following sequence

Sep = (k—1,-1,-1,...,—1)

-

(k—1 mod p) copies
the k-segment (with respect to p).

We define a sequence of integers kg, k1, K2, . . . recursively from v, (x) that will allow us to
predict the period of the v, sequence of z. Let kg := v(x) mod p and k; = v,(|ko],). Here
|z], =2 — (x mod p). For i > 2, we define

Vp(lj%i—l — ]-Jp)a if Ki—1 < +00;
- @)
400, if k;_1 = +o0.

Itis clear that if 1 < x; < p, then ;41 = +o0;if p+1 < Ky < +oo, then k41 < log, (k). If

the v, sequence of x is not eventually +o0, then there exists a unique positive integer N = N(z)
suchthat 1 < ky < p,and k; = +oco forall z > N.

Theorem 2.8. Let © € K be a nonzero element such that v,(x) = bp® with v,(b) = 0 and k > 0.
If the v, sequence of x is not eventually +00, then the inc, sequence of x is of the form

(:17 —1,..., _1/7 Sm,ZH Sﬁz,Pv SKS:F” s 75&1\77]37 SNNJM SHN:?’ o )

—
Ko copies

As a result, the v, sequence and the inc, sequence of x are eventually periodic of period k.

Proof. For 0 < i < ko, we have v;,(D ,()) = b—1i = 14,(2) — . Hence the first #¢ terms of the
inc, sequence of x are
(=1,—1,...,—1).

J/

Vv
Ko copies
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We can write v, (D}, (z)) = bop™ with x; > 1. By Proposition 2.5, we know that the next
k} = (k1 — 1 mod p) + 1 term of the inc, sequence is the ~,-segment

Sap=(k1—1,—1,—1,... —1).

-~

(k1—1 mod p) copies

Furthermore, we get yp(DfQ;”(az)) = bp™ + (k1 —i) for 0 < i < Kk}. Asky — K| = k1 — 1], and
Ko = (| k1 — 1],), we can write yp(D?:%H(:c)) = byp™2. If Ky > 1, by Proposition 2.5 again,
we know that the next !, := (k2 — 1 mod p) + 1 term of the inc, sequence is the ro-segment. Let
N = N(z) be the unique positive integer such that 1 < xky < p. By induction, we know that the
initial terms of the inc, sequence of x is of the form

(=L =1, =18 s Saps Sisps - -+ S p)-

Vv
Ko copies

Corollary 2.6 implies that if by_;p™" is a term in the v, sequence of z, then Sy, , will appear
repeatedly in the inc, sequence of . This ends of the proof of the theorem. [

2.3 Anti-partial derivatives

We fix a finite extension //Q, in this subsection. Note that not all elements in K have an
anti-partial derivative. For example, suppose x € K is an anti-partial derivative of pP~! € K,
then D?;fpl(x) = 0 and thus the v, sequence of z is eventually +0o. By Lemma 2.2, ,(x) €
{0,1,2,...,p — 1,400}, but that is not possible as v,(Dy ,(x)) = p — 1. Therefore p?~* does
not have anti-partial derivative in /. Given an element y € K, if y has an anti-partial derivative
in K, we want to know how many there are. We start with y = 0. Let z € K such that

_ V()
D

Then zv,(x) = 0 which implies that z = 0 or v, (x) = 0. Hence the anti-partial derivative of 0 in
Kis

DKJJ(LE) - 0.

{r e K : yy(z) =0} U {0}.
Lemma 2.9. Forevery 0 # y € K, if there exists v € K such that D ,(x) =y, then v € Q,(y).
Proof. Since Dk y(x) = 2vy(x)/p = y and v,(z) /p € Q, we know that z € Q,(y). O

Let z1, 29 € K with D ,(21) = Dgp(x2). If vy(z1) = 0, then Dgp(21) = 0 = D p(z2).
Thus v, (z2) = 0. Hence v, (1) = 0 if and only if 14, (x5) = 0.
Suppose vy (1), vp(29) # 0. Let vp(x1) = b1p™ and vy (z9) = bap*? where v, (b1be) = 0. We
get
blpkl - bzka =ky — k1. 3)

Suppose ki = ko, then (3) implies that v,(z1) = 14, (x2). Hence

This means that x1 = x5 if and only if &y = ks.
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If ky # ko, without loss of generality, we assume k; < k. Suppose k; < 0, then (3) implies

that
by — bop* ™ = p7H (ky — k).

This is a contradiction because vy, (b1 — bop™*1) = 0 and v, (p~" (k2 — k1)) > —k; > 0. Hence
if £y < 0, then Dk (1) has exactly one anti-partial derivative.

Suppose k; > 0. There is an element z, € K in the set of all anti-partial derivatives
of Dk y(x1) with the smallest possible k. We call x( the primitive anti-partial derivative of
D p(x1). Equation (3) implies that

bop" — bp*t = k1 — ko, (4)

As 7 is primitive, we have ko < k; and (4) implies that p*o(by — bp*1=%0) = k; — ko. Let
) by —

ki — ko = pMc for some ¢ € Zs. Then by — bpP™¢ = ¢. So b = — ro and v, (b — ¢) = phoc

since v,(b) = 0. Let
C(zp) = {c € ZL>o : vp(bp—c¢) = pkoc}.
It is easy to see that C(z) is finite because as ¢ > 0, v,(by — ¢) < p*oc.

Theorem 2.10. With the above notations, suppose x is the primitive anti-partial derivative of
Drcp(x0). Let vy(g) = bop*® with v,(by) = 0 and ko > 0. There is a one-to-one correspondence
between C(xy) and the set of all anti-partial derivatives of Dy ,(x). Furthermore, suppose
we fix a uniformizer 1 € p C Ok and let e be the ramification index of K/Q,, we can write
zo = apn®?™ and p = a,m® with ag, o, € Of. If v = am®" s an anti-partial derivative of
Dy p(x0) such that v,(b) = 0 and o € OF, then there exists a unique ¢ € C(xq) such that

bp—c byg—c agb
k, 0 0 oY ko—Ek
k=p*c+ko€Zz, b= PR T e a=—-oy € O.

Proof. We show that every anti-partial derivative = of Dy ,(zo) is associated with a unique ¢ €
C(z0). If x = xo, then we associate x with ¢ = 0. Suppose = # xo. Let v,(z) = bp*. Since
¥ is the primitive anti-partial derivative and v;,(x) # 0, we know that b # 0 and k > ko. Then
pro(by — bp"~k0) = k — ko and thus v,(k — ko) = ko. Let k — kg = p*oc where ¢ > 0 and

k*ko)

v,(c) = 0. By plugging k — ko = p*oc into p*o(by — bp =k — ko, we get by — bp*~F0 = c.

Since v,(b) = 0, we know that v,(by — ¢) = po

c.
Then we show that for each ¢ € C'(z(), we can define a unique x = z(c) such that D ,(z) =
D p(20). Since v,(by — ¢) = p*oc, there exists b € Q with 1,(b) = 0 such that by — ¢ = bp?**°.
Set k := p*oc + ky. We can compute
bp— ¢
pk—Fo

bpf +k—1= PPk —1=(by—c)pr +proctky—1
= (bo — C)pko +pk00+ k‘o —1= bopko + /{30 — 1.
Set 1= ar®" where o = apbors® ™ /b. We have

avy(x)  am ebp

k _ _ k _
P D
p p
_ k _ Oéoboe k TolVp (X
— Oéob()eOéI]jO lﬁe(bop 0+4+ko—1) — 7.‘_ebop Opko — P( ) — DKm(x()). D
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Corollary 2.11. For any nonzero y € K, the set {x € K : Dg,(x) = y} is finite (possibly
empty).

For the rest of this subsection, we will prove Conjecture 1.2 for partial derivatives over any
finite extension K/Q,. We will show that for each positive integer n, there exists infinitely many
r € Q, such that Dg, ,(x) has exactly n anti-partial derivatives in Q,. By Lemma 2.9, we
know that all anti-partial derivatives of Dg, ,(x) must be in Q, and thus Dgq, ,,(x) has exactly n
anti-partial derivatives in any finite extension KX/Q,. The first lemma gives us a way to construct
ko € Z~ such that if v, (v,()) = ko, then z is the primitive anti-partial derivative of D ,(x).

Lemma 2.12. For every integer m > 2, let ko = ko(m) := p+p?+---+p™. Forevery zy € Q,,
if vy(v(0)) = ko, then xq is the primitive anti-partial derivative of Dqg, (o).

Proof. Suppose x is not the primitive anti-partial derivative of Dg, , (). Let x # x, be another
anti-partial derivative of Dg_ (o) with 14,(z) = bp* such that k < k. If k& < 0, we know that
Dg, »(0) has exactly one anti-partial derivative. Hence k > 0. Since D, ,(v) = Dg, »(%0), we
get bp® — bop™ = ko — k. This means that v,(ko — k) = k. It suffices to show thatno 0 < k < k
satisfies this relation. It is clear that k& # 0 because v,(ky) = 1, and k # 1 because v,(ky—1) = 0.
Suppose k > 1. If v,(ko — k') = k for some k' > 0, then ¥’ > p + --- + p*~1 > k. Therefore
there does not exist an anti-partial derivative x with & < k. This means that z is the primitive
anti-partial derivative of Dg, , (7). O

The next lemma allows us to construct b, for every ky > 0 such that there are exactly n — 1
different possible values of ¢ € Z-q such that v,(by — ¢) = p*c. This means that the set C(zg)
has exactly n elements (with 0 included).

Lemma 2.13. Fix a positive integer k. Let c; = 0, and for i > 2, let ¢; 1= p”kCi*1 +¢;—1. Suppose
C,:={c€Zsy : vp(cpi1 —c) = pc}.
Then C, = {ca,...,cn}.

Proof. We first note that forany 1 <17 < 7,

Jj—1 j—1

G — G = Z (Crmt1 — Cm) = prkcm

m=i m=i

and so v,(c; — ¢;) = p*c;. This shows that ¢, € C,, if and only if m € {2,3,...,n}.
Next, we show that no other integers are in C,,. If ¢ € C,, where ¢ > ¢,,1, thenc — ¢, 1 =
ap?"c, where o > 0. By definition of ¢,41, ¢ — ¢uy1 = ¢ — (¢o + p***). Thus

c—ec, = appkc +ppkcn :ppkcn <Oéppk(c7€n) + 1) )

This is a contradiction, since the expression on the right hand side is clearly larger than ¢ — c,.
This shows that if ¢ € C,,, then ¢ < ¢;,4.
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Suppose ¢ € C,, where ¢, < ¢ < ¢4 for some 2 < m < n. We have v,(¢p,41 — Cpy1) =
PPy when m < n. Since v,(c, 11 — ¢) = p*c, we have

Vp(Cmy1 —¢) = Vp((anrl —¢) = (cn1 — Cm+l>) = pkc'
Therefore ¢,;,11 — ¢ = yppkc for some v > 0. By definition, ¢, = pkam + Cm, and so we would
have

P e =" e
which is a contradiction, since the left side is clearly less than the right. This shows that if ¢ € C,,
and ¢ < ¢,41, then ¢ = ¢,;, for some 2 < m < n. This concludes the proof of the lemma. ]

Theorem 2.14. For each positive integer n, there are infinitely many xo € K such that Dy ()
has exactly n anti-partial derivatives in K.

Proof. By Lemma 2.9, it suffices to assume that X' = Q, and p = (p). For every integer m > 2,
let kg = ko(m) be defined as in Lemma 2.12, and let by = ¢,,,1 be defined as in Lemma 2.13 for
k = ko. Set xg := pbopko. Lemma 2.12 implies that z is the primitive anti-partial derivative of
Dq, p(x0). Lemma 2.13 implies that Dg, ,(x) has exactly n anti-partial derivatives. Therefore,
for each positive integer n, there exists infinitely many z, € Q, such that Dg, ,(z) has exactly
n anti-partial derivatives with xy being its primitive anti-partial derivative. ]

3 Number fields

In this section, we will generalize arithmetic derivative and arithmetic partial derivative to number
fields. Recall that the explicit formula of the arithmetic derivative defined on QQ:

vp()
Do(z)=2) ——.
0 pZ .

Let K/Q be a number field of finite degree. One could mimic the above formula and define the
arithmetic derivative on K by the formula:

()
Dig(z) == -7
0 = a 3 2L
pla
where p are prime ideals in Ok . The sum is finite as there are finitely many p such that v;,(x) # 0.
This formula presents a challenge. Let p € QQ be a rational prime. Then

Dilp) =032 = S ylo) = gl K) -1 = gl ),
plp plp
where ¢(p, K) is the number of prime ideals in O that divide p. When g(p, K) # 1, Dk(p) #
Dqg(p) so the above formula of Dy does not give a true extension of Dg. In order for Dk (z) =
Dg(z) for all x € Q, we will need to divide g(p, K'). Furthermore, let p; and p, be two prime
ideals in Ok that divide p and let L/ K be a finite extension. We know that in general g(p;, L) #
g(p2, L) unless L/ K is finite Galois. So we will start the generalization of Dg to finite Galois
extensions. Then we can further generalize Dg to number fields by taking restriction.
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3.1 Finite Galois extensions

Let K be a finite Galois extension of Q of degree n. Let Ok be the ring of integers and p a
nonzero prime ideal of O such that p € p. There is a discrete valuation v, on K that extends
the p-adic valuation v, on Q. This induces a norm | - |, = [Ok : p]=*") on K. Let K,, be
the completion of K with respect to the p-adic topology and thus K, is a finite extension of
Q, such that p N Q = (p) (denoted by p | p). Let e(kK,,|Q,) be the ramification index and
f(K,,|Qp) := [Oxk/p : F,) be the inertia degree of the extension K, /Q,. One has the following

decomposition:
O = [ e,
plp

It is well known that for every fixed prime number p, we have the formula

=3 e(K, Q) (K, Q). 5)

plp

The Galois group G (K /Q) acts transitively on the set of prime ideals {p C Ok : p | p} for every
fixed prime p € Q [13, Chapter 1, Section 7, Proposition 19]. This implies that for every nonzero
prime ideal p | p, the ramification index e(K,,|Q,) and the inertia degree f(K,,|Q,) depend only
on p. If we denote them by e(p, K) and f(p, K) respectively, then formula (5) becomes

n = e(p, K)f(p, K)g(p, K), (6)

where ¢g(p, K') (again only depends on p) is the number of distinct prime ideals p such that p | p.
Now we can extend the arithmetic derivative Dq to /. For every nonzero x € K, we define

Dk (z) = ZL’Z —Vp(x)

o pap K)

One can check that Dy satisfies the Leibniz rule:

v xy B V() + 1 (y)
yz p =) pg(p,fg

“pg(p K o )
_ vp(2) v ()
N <%pg(;,f()>y+x<p|xy pz(;,i(ﬁ
_ vy () v ()
- (Zhum) ()
= Di(2)y + Dk (y)-

It is easy to check that Dy (0) = 0. To check that Dy : K — K extends Dg : Q — Q, recall
that for every prime p, we have v,(z) = v,(z) for every = € Q. And so for every nonzero z € Q,
we get

2
=) S ) "

py(p, K

9(p, K) - Vp@) ’/p(x)
N Z< pg(p, K) >:xz = Do(@)

p
plz plz
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3.2 Number fields

Let K/Q be a number field and let L./ K be an extension such that L/Q is finite Galois (e.g., one
can take L to be a Galois closure of K/Q). For every z € K, one can define Dy (z) = D (x).
But we want to make sure that Dy (z) = Dg(x) for all z € K so the definition of Dx does not
depend on the choice of Galois extensions.

Lemma 3.1. Suppose K/Q and L/Q are finite Galois extensions. We have Dy (x) = Dp(z) for
everyx € KN L.

Proof. We first assume that X C L. Since L/Q is Galois, we know that L/K is also Galois.
For every rational prime p and nonzero prime ideals p; and p, of O with p; | p and ps | p, we
get g(p1, L) = g(p2, L). Let p and P be two prime ideals in Ok and Oy, respectively such that
B | p | p. For every nonzero = € K, we have

Dp(z) = :UZ

=e) D D V”

o pg(p, p‘ o b9 (p, L
Z 9 P L Vp Z Vp(m)
K) = py(p, K) )

This shows that D (z) = DL(x) forallz € K if K C L.

Now suppose K /Q and L/Q are two arbitrary finite Galois extensions. Since K N L is also a
finite Galois extension of Q, for every z € K N L, we have Dg (x) = Dgnr(x) by the previous
paragraph. Using the same argument, we get Dy (z) = Dgnr(z) for every x € K N L, and
therefore Dy (x) = Dy (x) for every x € K N L. O

Suppose K/Q is a number field (not necessarily Galois). For every z € K, we can define
Dk (z) = Dgoa(z) where K is a Galois closure of K/Q. When z # 0, it is clear that
Dk (x)/x € Qand thus Dk (x) € K. We have a well-defined arithmetic derivative Dy : K — K
when K is a number field.

3.3 Arithmetic subderivative

Let S be a (finite or infinite) subset of the prime numbers P. One can define the so-called
arithmetic subderivative Dg ¢ : Q — Q by
DQ S\T Z T l/p
peS

It is easy to see that Dos = > s Dy and Dg = >
Galois extensions K /Q. Let T be a set of prime ideals of O. For every nonzero x € K, we

define ()
vy(x
DKT(ZL’) =T Z P—
’ K
pET,plppg(p, )

D,. One can extend Dg g to all finite

If T = {p} contains only one prime ideal, then we call Dy = D, the arithmetic partial
derivative with respect to p. By taking K’ = Q and p = {p}, we can see D, is the generalization
of arithmetic partial derivative with respect to p. Suppose L/ K is a finite Galois extension. Let
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Tk = {B : P prime ideal of O, I p € T such that P | p}.

For every nonzero x € K, we have

DL,TL/K@) _ Z :z:l/qg Z Z rvp ()

L
9367}4I<5Bh?]jg P€712861}JI<23“0199(277 )
zvp (1) vy ()
= gln. ) —y ) e,
= 9(p, K)g(p, L) = pg(p, K)

In this case, Dy, 1, e extends Dy 7.

If K/Q is a number field (not necessarily Galois), we can define Dk 1 via a larger Galois
extension. Let L/K be a finite extension such that L/Q is Galois. Let 77,k be defined as above.
We can define D r(z) := Drr, . (v) forall z € K. Again this definition does not depend
on the choice of Galois extensions. Let L;/K and L,/K be finite extensions such that L;/Q
and L,/Q are Galois. Let Lg := Ly N Ly and 7" := Ty, /. We note that T, /x = Tl//l/LB and
T,k = Tiz /Ly Therefore for every x € K C L3, we have

Dryayy (@) = Dryry  (2) = Digr(@) = D,y (€) = Do,y (%)

Li/Lg

Remark 3.2. Let K /Q be a finite Galois extension. Just like in the local case, one can ask whether
Theorems 1.3 and 1.4 are true for D ,. Note that in the global case Dy ,(z) = 3;’?; (}?) , Whereas
in the local case g(p, K) = 1. If v,(g9(p, K)) = 0, then v,(Dg p(x)) = vp(z) + 4 (vp(2)) — 1,
which is the same as Equation (1). In this case, Theorems 1.3 and 1.4 are still true and can be
proved in a similar fashion. If v,(g(p, K)) = a > 0, then 14, (D p(z)) = vp(x)+ 1 (vp(z)) —1—a.

In this case, the behavior of the 1, sequence of x warrants further study.

4 Arithmetic logarithmic derivative

4.1 Local case

The logarithmic partial derivative (with respect to p) ldg , : Q* — Q is a homomorphism defined
by the formula

ldQ,p(z) = D‘@,p(x)/aj
because

Dop(ry) _ Dgp(@)y + 2Dgp(y)
y y

1dQ,p(xy) = = lde(x) + lde(y).

The image of 1dg , is
ldgp(Q*) = {m/p:mecZ} =(1/p) =Z

and thus 1dg, is not onto. Suppose ldg ,(z) = 0, then Dg ,(z) = 0 and thus v,(z) = 0. Therefore

Ker(ldg,) = {z € Q* : p,(z) = 0}.
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One can extend ldg, to Q) by the formula ldg, ,(z) := Dq,(z)/r € Q. Using the same
argument, we get

ldg, »(Q,) = {m/p:m € Z}, Ker(ldg, ,) = {7 € Q) : vp(v) = 0}.
Let K/Q, be a finite extension. We can define ldx,, : K* — Q as

ldgp(2) == DKﬁ(x) B ij(?x).

It is easy to see the kernel of ld g is
Ker(ldgy) = {z € K™ : y(x) = 0}.

The description of the image of 1dx , depends on whether p divides the ramification index e. Let
e = pi'py?--- p;j be the unique factorization of the ramification index into prime powers. If

p é {plap?a cee 7pj}, then
ldep(K*) = {m/pe:m e Z} = (1/p,1/pi", ..., 1/p;) = L.
If p € {p1,p2,...,p;} and assume p = p,, then

Wy (K*) = {m/pe:m e Z} = (1/pp"* 1/p2, ..., 1/p}) = L.

4.2 Global case

If K/Q is a finite Galois extension, one can define the arithmetic logarithmic derivative ldy :
K* = Qas

D () V()

Mie(w) === = pzp;pg(p, K) © &
It is easy to show that ldx is a group homomorphism. When K = Q, we get that ldg(z) =
>l #. Hence 1dg(Q*) = (Ilj : p € P). For every finite Galois extension /K /Q, one can show
that 1d x (K ) are isomorphic as subgroups of Q. Before we prove this result, we need to recall a
concept called p-height in the classification of subgroups of Q. Let GG be an (additive) subgroup
of Q and g € G. The p-height of g in G is k if p*z = g is solvable in G and p**'z = ¢ is not.
If p*z = a has a solution for every k, then we say that the p-height of a in G is infinite. Let
H,, ¢(g) be the p;-height of g in G. Set H;(g) == (H2.¢:(9), H3,c(9), H5.¢(g), - - .). It turned out
that H;(1) is an invariant of the subgroup G in the following sense.

Theorem 4.1. [8, Theorem 4] Let GG, and G5 be two subgroups of Q. Then G, = G5 if and only
if Hg, (1) and Hg, (1) only differ in finitely many indices, and in the case H,, ¢, (1) # Hp, ¢,(1),
both of them are finite.

Theorem 4.2. Let K/Q be a finite Galois extension. Then 1d g (K*) = (113 peP) <Q.
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Proof. Let G := @ :p € P) < Q. Itis easy to see that
He=(1,1,1,...).

Let [K : Q] = nand 7y(x) := v,(x)e(p, K) be the normalized discrete valuation. For every
x € K*, we have

lie(a) = 3 L;{) Sy B LB/ e K),

~= py(p: = pg(p Ke(p, K)  n <= p
Therefore
K
:<f(p, ) \peP>
np
- <p1+Vp(n)_VP(f(p7K)) | p e >

For every p € P, we denote m(p) := 1+ v,(n) — v,(f(p, K)). It is easy to see that
Hiay (i) = (m(2), m(3), m(5),....).

As f(p, K) | n, we know that 1 < m(p) < +oo. When p > n, we have v,(n) = v,(f(p, K)) = 0.
This implies that m(p) = 1 for all except for finitely many primes. Hence H¢; and Hyq, (k) only
differ in finitely many indices, and in the case Hy, (1) # H,, 14, (kx> both of them are finite.
Hence ldg (K*) = G by Theorem 4.1. O

To determine the exact image of ldx in general is not easy. We give an example.

Example 4.3. Let K = (@(\/E) be a quadratic extension, where D is a square free integer. We
rewrite the formula of 1dx using the normalized discrete valuation 7, = v, - e(p, K)

ld (2) :ZM = vp(w) lzﬁp(x)f(p,f()_

P9, K) <= pg(p Ke(p, K) 2 4= p

It remains to determine when 2 is inert in K, that is, f(2, K') = 2. Let Ax be the discriminant
of K, thatis, Ay = Dif D =1 (mod 4) and A = 4D if D = 2,3 (mod 4). Hence Ax =
0,1,4,5 (mod 8). We know that O = Z[AK+ VAK]. The minimal polynomial of AK% VAK jg

_ ./ 2 _
Ak = VAK AK):XQ—AKX+—AK4AK.

We discuss the cases based on the value of Ax mod 8.

1. If Ay = 0 (mod 8), then A% — Ax = 8 (mod 8). Hence A%;AK = 0 (mod 2).

Therefore A2 A
X2 — AgX + %K =X? (mod 2),

and (2) = (2, 20Y25)2 i ramified in this case, that is, e(2, K) = 2.
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2. f Ax =1 (mod 8),then A% — Ax =1—1=0 (mod 8). Hence A%;AK =0 (mod 2).

Therefore

2
X2—AKX+#EX2+X5X(X+1) (mod 2),

and (2) = (2, BKEYBK) (9 AKEVAK 4 1) g totally split in this case, that is, g(2, K) = 2.

3. If Ak =4 (mod 8), then A% — Ax =0—4 =4 (mod 8). Hence Aiﬂ# =1 (mod 2).

Therefore
A2

~A
XQ—AKX+KTKEX2+15(X—|—1)2 (mod 2),

and (2) = (2, AKJFT VAKX | 1)2 is ramified in this case, that is, e(2, K) = 2.

4. I Ag =5 (mod 8), then A — A = 1—5=4 (mod 8). Hence 2525 =1 (mod 2).

Therefore
9 Aﬁ( — Ag 9
X —AKX—I—TEX +X+1 (mod 2),

which is irreducible. In this case, 2 is inert, that is, f(2, K) = 2.

If Ak =5 (mod 8), then Ax =1 (mod 4). In this case, A = D and thus D = 5 (mod 8).
Therefore
(1/2,1/3,1/5,...,), if D=5 (mod 8);

ldg (K%)=
«(K7) (1/4,1/3,1/5,...,), otherwise.

S5 p-adic continuity and discontinuity

In this section, we study when arithmetic partial derivatives and arithmetic subderivatives are
p-adically continuous and discontinuous. When they are continuous, we will also study if they
are strictly differentiable. We first recall some definitions.

Let K be a field and v : K — R U {400} be a discrete valuation. For all z,y € K, we
have v(x +y) > min{v(z), v(y)}. An important property of v that we will use repeatedly in this
subsection is that if v(z) # v(y), then v(z +y) = min{v(z), v(y)}. If ¢ is a real number number
between 0 and 1, then the discrete valuation v induces an absolute value on K as follows:

'@ ifx £0;
|z, = )
0, if xr =0.
We then have the formula |z + y|, < max{|z|,,|y|,} and thus | - | is an ultrametric absolute

value. The subset O = {z € K : v(zx) > 0} is a ring with the unique maximal ideal p =
{z € K :v(x) > 0}. Let f : K — K be a function. We say that f is p-adically continuous at
a point z € K if for every € > 0, there exists 6 > 0 such that for every |y — x|, < J, we have
|f(y) — f(z)|, < e. Equivalently, to show that f is p-adically continuous at z, it is enough to
show that for every sequence z;,

375



lim v(z —x;) = 400 implies lim v(f(z) — f(z;)) = +oc.

i—+00 i—+00
On the contrary, to show that f is p-adically discontinuous at z, it is enough to find one sequence
x; such that
lim v(x —x;) =+o00 and  lim v(f(x)— f(z;)) # +oc.
1—+00 1—+00
Recall that f is differentiable at a point z if the difference quotients (f(y) — f(z))/(y — z)
have a limit as y — x (y # x) in the domain of f. When the absolute value of the domain is

ultrametric, we study the so-called strict differentiability. For more details on p-adic analysis, we
refer the reader to [12].

Definition 5.1. Let K be a field equipped with an ultrametric absolute value | - |,. We say that
[+ K — K is strictly differentiable at a point x € K (with respect to | - |,) if the difference
quotients

(IDf(u,U) _ f(u) B f('U)
u—uv
have a limit as (u, v) — (x, z) while u and v remaining distinct. Similarly, we say that f is rwice

strictly differentiable at a point x if

Of(u,w) — df(v,w)

u—v

Oy f(u,v,w) =

tends to a limit as (u, v, w) — (x, z, x) while u, v, and w remaining pairwise distinct.

5.1 Partial derivative

Let K/Q be a finite Galois extension of degree n. Let p € Q be a rational prime and p be a
prime ideal in O such that p | p. The discrete valuation v, that extends v, defines an ultrametric
absolute value on K by

[2lu, = /1N, s, (@)L,

Theorem 5.2. Let K be a number field and p a prime ideal of Ok. The arithmetic partial

derivative Dy , is p-adically continuous on K.

Proof. Suppose K /Q is Galois. We first show that Dy, is continuous at nonzero x € K. Let z;
be a sequence that converges to = p-adically. Since = # 0, we can rename the sequence as x;x
without loss of generality. As ¢ — +o00, we know that

V(2 — zx) = vp(z) + vp(1 — 2;) = +00.

This implies that v,(1 — x;) — 400 as ¢ — 400. As a result, we also know that v,(z;) = 0 when
i > 0 because if 14, (x;) # 0, then 14, (1 — 2;) = min{w, (1), v,(z;)} = 0. Therefore D ,(z;) =0
when ¢ > 0. To show that D ,(x;) converges to D ,(x) p-adically, it is enough to observe that
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Vp(Drcp(2) — Drep(wix)) = vp(Drp(x) — Dicp()r; — Dicp(i)7)
= p(Dgp()(1 — 7))
= 1p(Dkp(7)) +vp(1 — ;) — +o0

as 7 — +o00. The case x = 0 will be covered in Theorem 5.6.

Suppose K/Q is a number field, not necessarily Galois. Let L/K be a finite extension such
that L/Q is Galois. Let I3 be a prime ideal of Oy, such that 3 | p. By the previous paragraph, we
know that Dy, g is *33-adically continuous on L (and thus on K). Let z; € K be a sequence that
converges to x € K p-adically. Since 14(y) = vy(y) for all y € K, we know that x; converges
to  P-adically. As Dy, is P-adically continuous on L, we know that Dy, q(x;) converges to
Dy, q(x) PB-adically, and thus p-adically. This shows that Dy g is p-adically continuous on K.
Let T = {p}. We know that by definition Dy y(z) = Drr,,, (z) = D g, Drp. This implies
that Dy , is continuous on K. [

Since D, is p-adically continuous on K, the next question is whether Dy , is strictly
differentiable on K with respect to the ultrametric | - |,,

Theorem 5.3. Let K be a number field and p a prime ideal of Ok. The arithmetic partial
derivative Dy , is strictly differentiable and twice strictly differentiable (with respect to the

ultrametric | - |,,) at every nonzero x € K.

Proof. Let L/K be a finite extension such that L/Q is Galois. Let 7" = {p}. We have Dy ,(z) =
Drry, e (2) = g Drsp.

We first show that Dy, is strictly differentiable at = # 0. Suppose a sequence (u;,v;)
converges to (z,x) p-adically while u; and v; remaining distinct. This implies that (u;, v;)
converges to (z,z) B-adically. When i > 0, we have vp(w;) = vp(v;) = vp(r). We can
compute
Dicp(ui) = Dicp(vi) _ aqp Drop(i) = 2oy Drog(vi)

O Dy o (15, 0;) —
sep(ti; i) Uj — U; u; — v;

X et~ S o) _ S~ _ale) _ Dicalo)
u; — v; o pap. L) x
Therefore the limit of D ,(u;,v;) is equal to Dy ,(z)/x as i — +oo. This shows that Dy,
is strictly differentiable at any nonzero x € K, and the derivative of D , is a constant function,
defined by
(Dicp)'(2) = Dicp(x) /7 = 1dgcp ().
We then show that Dy , is twice strictly differentiable at nonzero points. Suppose a sequence
(u;, v;, w;) converges to (z, z, x) p-adically while u;, v;, and w; remaining pairwise distinct. Then
for all 2 > 0, we have
Dy Diey (15, 05, 105) — DD p(ui, w;) — D p(vs, wy;) _ 0 0.

U; — Uy U; — Uy

Hence Dy, is twice strictly differentiable at nonzero points and the second derivative is the
constant zero function. U

377



Theorem 5.4. Let K be a number field and p a prime ideal of Ok. The arithmetic partial
derivative Dy, is not strictly differentiable (with respect to the ultrametric | - |,,) at 0.

Proof. This theorem is a direct corollary of a more generalized Theorem 5.8. 0

Remark 5.5. Theorems 5.2, 5.3, and 5.4 hold in the local case of finite extensions over Q,,.

5.2 Subderivative

Theorem 5.6. Let K/Q be a number field and p be a prime ideal of Ok. Let T be a nonempty
set of prime ideals in O. The arithmetic subderivative D r is p-adically continuous at x = 0.

Proof. Let L/ K be a finite extension such that L/Q is Galois. Suppose z; € K is a sequence that
converges to x p-adically in K. Let B3 be a prime ideal of Oy, such that 33 | p. Then x; converges
to z *3-adically in L. Hence

i vele = o) = T veleg) = oo

We have

= vip(xi) + I/‘13< Z o) >

L
acTorm e q9(q, L)

1 va(zi)e(q, L) f(q, L
:ng(l'i)+ym<m Y el )il ))

> vp(r) (L Q) = [ @)
QETL/K,D‘Q
As ll}inoo vg(x;) = 400, we have
lim VP(DK’T(SL’) — DK,T(LL}')) = +400. O]

i~>+oo

Corollary 5.7. Let T' be a nonempty set of (rational) prime numbers. The arithmetic subderivative
Dq 1 is p-adically continuous at x = 0.

Theorem 5.8. Let K/Q be a number field and p a prime ideal of Ok. Let T' be a nonempty set
of prime ideals in O. The arithmetic subderivative Dk 1 : K — K is not strictly differentiable
(with respect to the ultrametric | - |,,) at 0.

Proof. Let L/ K be a finite extension such that L /Q is Galois. Let 3 be a prime ideal of O, such

that B | p | p.
We prove this theorem in two cases. First, we assume that there exists a prime ideal p’ € T

such that p’ | p. Let m,, be the number of prime ideals in 77,k that divide p. For positive integer
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i > 1, define u; = p'*! v; = p'. It is clear that u; # v; and (u;, v;) converges to (0,0) p-adically.
We can compute the difference quotient

O Dy r(uz, v;) = Dy r(u;) — Dgr(vi) _ DL,TL/K(ui) —Dry (vi)

U; — U; U; — U;
(i+1)pi+1mp _ ipimp . .
_ _ pgp.L) pgp.L) _ _Mp (i+1L)p—i
pitt —pt gp, L) p*-p

The p-adic valuation of ® D 1 (u;, v;) is greater than or equal to 14,(my,) — v,(g(p, L)) if p | ¢ and
is equal to v4,(m,) — v,(g(p, L)) — 1 if p | i. Hence ® Dy 7 (u;,v;) does not have a limit as the
sequence (u;, v;) — (0,0).

Second, we assume that there does not exist a prime ideal p’ € 7' such that p’ | p. Letq € T
be such that q t p and Q € Ty k such that Q | q | ¢. Let m, be the number of prime ideals in
T,k that divide g. For positive integer ¢ > 1, define u; = (pg)™*', v; = (pg)’. It is clear that
u; # v; and (u;, v;) converges to (0, 0) p-adically. We can compute the difference quotient

Dy p(u;, v;) = Dicr(ui) — D r(v;) _ Drmy . (ui) = Drry (Vi)

U; — U; U; — U;
(+1)(pg) " tmg  i(pg)imyg ) )
_ q9(q,K) 99(a.K) _ My (i+1)pg—1
(pg)™*! — (pg)* 9(¢, K)  pg* —q

The p-adic valuation of ® D 7 (u;, v;) is greater than or equal to v,(m,) — v,(g(q, K)) +1ifp | i
and is equal to v,(m,) — 14 (9(q, K)) if p | i. Hence ® D r(u;, v;) does not have a limit as the
sequence (z;,y;) — (0,0). O

Theorem 5.9. Let K/Q be a number field of degree n. Let p be a prime ideal of Ok with p | p.
Let {p} # T be a nonempty set of prime ideals in O such that there exists a prime ideal in T that
does not divide p. Then the arithmetic subderivative D v : K — K is p-adically discontinuous
at every nonzero v € K.

Proof. We first assume K'/Q is Galois. For each prime g € IP, let r, be the number of prime ideals
q € T'suchthatq | g. Let Py :={q € P | r, # 0,q # p} and we know 0 < 1,(g(q, K)) < v,(n)
for all ¢ € Pr. Let ¢y € Pr be a prime such that v,(g(qo, X)) = min{v,(g(¢, K)) | ¢ € Pr}.
Let M := max{r,(j) : 1 < j < n} + 1. For each integer i > 1, the Dirichlet’s theorem
on arithmetic progression implies there are infinitely many primes in the arithmetic progression
ng, ng +p, ng +2p',.... Setng := 0. Foreach i > 1, let n; > n;_, be a positive integer such
that ¢; := ng + n;p! is a prime, that is, one prime from each arithmetic progression. Hence we
know that p, qo, q1, ¢2, - . . 1s a list of pairwise distinct prime numbers. Let x; := ngx/ g € K.
One can show that

: : anp’ : :
1 — i =1 ( ):1 iZ = .
dmnte ) = I (=) = D wlene) = e

This means that the sequence z; converges to = p-adically. We now show that Dy r(z;) does not
converge to Dg r(x) p-adically. We have
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M M
p p
q

Dycr(w) = Dicr(es) = Dicr() = (= Dicr(@) + eDger () )

4; q;

D pJW . — p]\/[D .
q; q;
_ pM
L rqy Drr(q:)
qi ’ 9(qo, K)g; @

We analyze the p-adic valuation of each of three summands separately. For the first summand,
we have

lim V,,(nip DK,T(x>> = lim 1,(p') = +oo.

i——400 q; i——400
For the second summand, as z > 0, we have
<ququ§M_1) _ (qupM ) N ( g ) +M
"ol g /T P \gla0, K)) T P\ gla, K)) T
For the third summand, if ¢; ¢ Py, then D 1(g;) = 0 so it has no contribution to the p-adic
valuation. On the other hand, if ¢; € Py, then we have

N

pIM D 1
, (wq() Dm(%)) _, ( TGy Ty, ) ., < Ty, )
g a; "Ngla K)gt/ 7 \g(ai, K)

Since 1 < r,, < n, we know that M > v,(r,,) by definition. We also know that v,(g(qo, K)) <
vp(9(gi, K)) for all ¢ > 1. Hence

w(Gtani) M > 5 ()

This implies that

I/p< m.n% )’ ifqi e PT;
Ve(Dr(z) — D () = g(aj;f) ,
(i) + M. i £ P

This implies that
lim »,(Dgr(x) — Drr(zi) # +oc.

i——400
Now we assume that K /Q is not necessarily Galois. Let L/K be a finite extension such that
L/Q is Galois, and B a prime ideal of Oy, such that %8 | p. Since 7" contains a prime ideal that
does not divide p, we know that 77,k also contains a prime ideal that does not divide p. Let
z; € K be defined as above. Then we know that x; converges to x p-adically in K, and thus
B-adically in L since v, and 4y agree on K. Since L/Q is Galois, we know that

lim (Vm(‘DLaTL/K (ZL’Z) - ‘DLvTL/K (:L’))) 7é +00.

i——400
Hence
Jdim (v (Drr(2i) = Dir(w)) = lim (up(Dry (21) = Dy () # +00.
This shows that Dy 1 is discontinuous at x. ]

380



Corollary 5.10. Let {p} # T be a nonempty set of prime numbers. The arithmetic subderivative
Dq r is p-adically discontinuous at any nonzero v € Q.

Proof. Apply Theorem 5.9 by taking K = Q and p = (p). O

Remark 5.11. Corollaries 5.7 and 5.10 together give answers to all open questions about p-adic
continuity and discontinuity of arithmetic subderivative over QQ listed in [7, Section 7].

The only case that is left for consideration is when all prime ideals in 7" sit above the same p.
This case will be fully answered by the next theorem when we assume 7' is finite.

Theorem 5.12. Let K /Q be a number field of degree n. Let p be a prime ideal of Ok with p | p.
Let {p} # T be a nonempty finite set of prime ideals in O. Then the arithmetic subderivative
Dgr: K — K is p-adically discontinuous at any nonzero x € K.

Proof. We first assume K/Q is Galois. Let T\ {p} = {p1,...,pn}. By the Chinese remainder

theorem, for each i > 1, there exists ; € K such that v, (1 —x;) =4, v, (7;) = 1, and 1, (7;) = 0

for 2 < j < n. This implies that 14, (2;) = 0. Hence for all i > 1, we have

T

DK,T xT;) = —Z.

(=) p19(p1, K)

The sequence x;x converges to = p-adically because as i — +o00, we have
vo(x — zx) = (1 — ;) + vp(x) = +00.

On the other hand, D r(z;x) does not converge to Dx r(x) p-adically because as i > 0, we

have
v(Drr(z) — Drr(ziv)) = vy(Drr(v) — 2Dk r(x) — 2D ()
— vy ( Dicr()(1 = ) - m)
= 1p(2) — vp(p1) — ¥ (9(p1, K)).
Hence

lim l/p(DK;p(l’) — DK,T(wzx)) 7& +OO,

1—+00
and Dy r is discontinuous at .
If K/Q is not necessarily Galois, then one can prove that Dy r is discontinuous at x using
the same strategy as in Theorem 5.9. [l
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