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1 Introduction

In an article published in the year 2005, Batir [1], inspired by the results of Lehmer [6], studied
the series Y (3:)71 2
k=1

=, giving particular attention to the special cases n € N U {0}, for which he
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derived explicit closed formulas. He obtained many interesting formulas by evaluating the closed
forms at appropriate arguments. Some of his results had earlier been obtained experimentally by
Borwein and Girgensohn [2]. In [4], D’ Aurizio and Di Trani studied this kind of series using
hypergeometric functions. In the recent paper [3], Chu evaluated many series having the form
= ke V)

where a € {0;+1; £2} and b € {0; 1; £2}.

The purpose of this note is to derive equivalent but much simpler expressions for the special
cases and thereby obtain new evaluations.

Batir [1, Identity (3.1)] showed, for |z| < 27 that
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27 — 2z + 381 — 12z
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expression 81 — 122 in (2) will be a perfect square), from (1) we immediately obtain, respectively,
such series:
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Series (3) and (4) one can find in [1, Identities (3.4) and (3.5)]. Series (5) was obtained by
D’ Aurizio and Di Trani [4, Formula (8)] using the hypergeometric function 4 F5.
Similarly, we have the corresponding alternating series:
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27xy

ooz in (1) reduces function ¢(z(z,y)) to /x/y, thereby yielding the
following more manageable identity:
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which is valid for 9 > 1or § < —(v2+41)% = — cot? (1)
D1fferent1at1ng twice 1dent1ty (A) with respect to z, we find, for Z > 1or —(V2+1)?,
the following identities:
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The first two series from this list can be found in [3, Corollaries 2.3 and 3.3].

2 Evaluations at selected arguments

In this section we will evaluate identities (A), (B) and (C) at carefully selected values of x and
y. Some of the resulting summation identities will involve Fibonacci and Lucas numbers in the

summand and possibly in the evaluations.

relation X,, = X,,_

Let F}, and L,, denote the n-th Fibonacci and Lucas numbers, both satisfying the recurrence
1+ X,—2, n > 2, but with the initial conditions fy, = 0, F; = 1 and Ly = 2,

Ly =1. Extending Fibonacci and Lucas numbers to negative subscripts gives F__; = (—1) ‘1F~
1+xf

( 1)/L;. Throughout this paper, we denote the golden ratio o =

formulas) for Fibonacci and Lucas numbers are

-
F}_T/B’
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We will often require the following identities, valid for any integer r, which are straightforward

consequences of (6):

0 4 (—1)+ = o’ F./5, 7
o + (1) =o' L,, ®)
BF 4+ (=1 = — 5" F,/5, ©)
B+ (1) =L, (10)
We also require the following well-known identities [5, 7]:
F2+ (1) F2 = Fo o Fim, (11)
Fosm+ (=1)"F,_, = L, Fy, (12)
Fpim + (1) Fyy = E, Ly, (13)
L.F,, + F,L,, =2F, 1, (14)
Lyim+ (=)L, = Ly Ly, (15)
Ly + (=)L, = 5F,, F,. (16)
2.1 Results from identity (A)
Theorem 2.1. If r is a non-negative integer, then
oo ( )(27)k
; k;2 Sk’ F2k
= 6 arctan® < V3 > — 1ln2 < [ Vha'F, ), r#0, (17)
2V + (1)) 2 \(Va¥ —(-1))°
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= 2(3’“ L
= G arctan® (2\3/%\/?(_1)?) — %th ((WO;_IET_DT)?)), r# 1 (18)

Proof. 1dentity (17) is proved by setting z = "
(7). Identity (18) follows from setting z = o*", y =

Example 2.1.1. Evaluation at r =

,y = (—1)""! in (A) and making use of identity
= (—1)" in (A) and using (8). O

1,2,3 in (17) and (18), respectively, gives

3 iy - o (i) -3 ()
; (k2?7)) — Garctan® (W\/f—Fl> - %1112 <ﬁ>,
]; <]€2(k>) — 6 arctan’ (2\3/@_%) = %1112 <“¢%4—{i)?,>
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Corollary 2.1.1. If r is a non-negative integer, then
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Proof. Replace r with 37 in (17) and (18) and use (7), (8). [l

Theorem 2.2. Let m and n be positive integers such that n > m unless stated otherwise. Then
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= 6arctan2( . V3 . ) - = ln2< 3). (20)
2 V Ln+m + (_l)m V L”—m 2 (\/3 Ln+m - (_1)m \/3 Lnfm)
Proof. Straightforward using identities (11) to (16) and identity (A). O

Example 2.2.1. Identities (19) and (20) yield

2(21 (54LL42”) Gamng(m{g(—m)_%IHQ((mf(iwﬁ)?’)’

i:( k12 ) - (‘Zﬁ,@ ) B 6am“2(m?<—1>n> - %1“2((m-5i>nw>3)‘

By writing cot? z for = and setting y = 1, a useful trigonometric version of identity (A) is
obtained, namely,

= () ( V3 ) 1 ( )
2r = 6 arct _— | — =1 . 21
; k2 (3:) S arean 2vcot?x — 1 2 ! (\/3 cot®x + 1)3 b

Identity (21) is valid for = € (0, §].
Evaluation of identity (21) at x = {5, z = T and x = %, respectively, gives
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Writing — cot? z for x and setting y = 1 in (A) and noting that 1 — cot?z = —

i

gﬂg

cos 2x

. >
SIH2 xT

obtain another useful trigonometric version of (A):

0 o7\ k 9
(%) 2%k 5 V3 ) 1 2( csc? x cos 2z )
tan®’ 2x = 6arctan” | ———— | — =In , , (22)
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valid for z € (0, §]. Atz = {5 in (22) we obtain

0 _——
k=1

2 (3k

~—~

a3

—6arctan2( V3 >_112(( 64 4v3 )

1
2VT+4v3+1/ 2 VT+4v/3-1)°

326



2.2 Results from identity (B)

Theorem 2.3. If r is a positive integer, then

oo k(r 1) (z)k V3
2 2V/3(Va 1)") arctan ( )
,; k(3F) F2k WL ( 3(Vadr— (1)) 2V a2 4 (—=1)r
V5a'F,
—(=1)"(Va? + —17“1n< - ) (23)
( ) ( ( ) ) (W— (_1)7")3
and
0 kr27k 1 \/g
23 (Va? + (—1)") arctan ( )
2 k( 3’“ ) L2k ~ VBYarF, ( =1) 2va? — (—1)r
+(-1)" (Va2 — (-1)") In ( &Ly 3> : (24)
(‘3/OC2T + (_1)7")
Proof. Identity (23) is proved by setting z = a®", y = (—1)""! in (B) and making use of identity
(7). Identity (24) follows from setting z = o", y = (—1)" in (B) and using identity (8). L]

Example 2.3.1. Evaluation of 23)atr = 1, r = 2, r = 3and 24) atr = 2andr = 3
respectively gives
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Corollary 2.3.1. If r is a positive integer, then

1 rk ( 27)k

- V3 L Fy
—2\/_ tan | ————— | — (=1)" "1 "),
Z 3k 173215C 3r arctant (OZT(()[T‘FLT)) ( ) L37" N (5F7§)

1rk2rk 215 L, V3 . F L,
Z 3k = arctan + (=)' —=In| =% ).
k() L3k 5 Fy a"(a" +V5E,) Fy, L

=1 T

327



Replacing = with cot? z and setting yy = 1 in identity (B) gives

. (21) .9
27 2v/3 3
g (%) sm% 2 = M\?’/co‘cz T (\S/cot2 z + 1) arctan (SL)
k=1 k( cos 2x 2V cot?x — 1
.9 2
sinz s 3 csc?
+ Veot?z (Veot?z — 1) In ( ), (25)
Cos 2w ( ) (Veot?z + 1)3

valid for z € (0, 7). Atz = 5, v = g, and x = &, from (25) we have

Ooll(g_g (\/2+\/_+\/2— )arctan(237+\/f\/§_1)
+%§(\3/2+f—{’/2—\/5)1n((37i23‘§+1)3),

3 (505 = (e o= hm B (D)

+%<m+m>ln<(33i2¢fﬂ)3)’

= (8 V3 V3 s 4
Zk<3k —\/3_(\/§+1)arctan(2\3/§_l)+ 2 (\/3 1)1n<—<\3/§+1>3).

2.3 Results from identity (C)
Theorem 2.4. If r is a positive integer, then

k 1) (r— )(27)k 4

HM8

F2k (%) L
; Ng;F (2(Va + /77 — -1y (Y + /5 Jarctan W“f(_l)r)
U (3 = ) o (v U ).
kf; Lz:g:z% 5;172
2\7/5;5 ( (\‘77+ 527“) +(—1)T<W+ y ﬁ‘*’")) arctan<23a2r\/_§(_1)r>
- R (2 (Va7 - ) — (ay (Ya ) ((Wﬁw>3>‘ =0

Proof. dentities (26) and (27) are proved by setting, respectively, z = o”,y = — " and z = o*",

y = (—1)" in (C) and making use of (7) and (8). O]
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Example 2.4.1. Evaluation of (26) atr = 1,2,3 and (27) at r = 2, 3, 6, respectively, gives

gﬁg)’“zu Ly, (r+f)+r+f)arctan(2ﬁ_l)
P ) - (i V) (),
g(‘({g?k:_g_ 2V (o Yal + /) - (Ve + /) arctan( )
0 (a9 = V) 4 v Y (),
g(@kz}ﬁli{ arctan (VI — V1) — 2-1n (2),
i%zg \/_((\/_+\/_)+\/_+\/_)arctan(2\/i§_l)

2
£5<(\/_ /B - (Var \/—)>ln(1+\/_+\/_)
i(_%)k_ ! \/ﬁarctan<M) 1

Gh 577 11 B

and

f: (%)k _ 1 + 183v15 arctan(M) - iln <2>

(%) 80 " 3200 3 256 \2

3 Fibonacci and Lucas series involving inverses
[ . L 3
of the binomial coefficients (")

In this section we will derive Fibonacci and Lucas identities which contain reciprocals of the
binomial coefficients (*").

Lemma 3.1. [5] If p and q are integers, then
E,iq = a'F, + F,, (28)
Fppq = aPF, + B1F,. (29)
3.1 Fibonacci series associated with identity (A)

Theorem 3.2. Let p and q be integers such that p < —2, q¢ > 4 with q¢ > |p| + 1. Then

f: ( —27F, Fyiyg > k F(2p+¢1)k
- g k(%)

_ 0 (arctan2 < V3 Ty > — arctan® < V3VE ))
\/5\/5 2\/04”?_41‘);]/: Pt 23 04qu+<;:;§;1)qu?
S () (s ) @
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and

i( —27k, Fp+q>kL(2p+q
k2

o ) e )

23/, + {/ Fpig V@ Fpq + (=1)1/ 1

k=1

1 1PFE p+QF
——ln( (CLE, 3)+1n2< S 3) .31
2 (/aPFprq — /artaF,) (/@ Fpeq — (—1)13/F,)
Proof. Set (z,y) = (F,a9, —F,,) in identity (A) and use (28) to obtain

[e.e]

Z ( —27F,F,yy, > k o2tk
g k(%)

s/ P
= 6 arctan® ( V3T ) — 1l 2 < CDF, 3)- (32)
2{)/0‘qu + Q/Ferq 2 ( /P E,, , — /ap+qu)

Similarly, (z,y) = (F,1,, —(?F}) in identity (A) and the use of (29) gives
i ( —27F,F,., ) k B2tk

3k
= k(%)

33/ F, 1 pHap
= G arctan® ( V3 P ) — —1In? ( a 9 3). (33)
2{/aiFpyq + (—1)1/F, 2 (\/3 ally g — (=1)15 Fp)

Identities (30) and (31) follow from the subtraction and addition of (32) and (33) with the use
of the Binet formulas (6). O

Example 3.2.1. At p = —2 and q = 5 from (30) and (31) we have the following series:

I e R )
+ 2 (mQ (ﬁ) b <(\/T+ff2)3>>

! (w (%) e (HW»
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3.2 Fibonacci series associated with identity (B)

Theorem 3.3. Let p and q be integers such that p < —2, ¢ > 4, and q > |p| + 1. Then

1 - ( —27F, Fp+q)kF(2p+q)k
3k
3 FFﬂk; 1 F2 k(k)

(A arctan V3 Foi ) + A7 arctan (2( V3VE, )>

5

23/04qu + /Fprq —1)1/ by + /1
NG BPF, aPF,
-2t . 3)_Agln< : - 3>
\/Fp+q Vaiky) (/Fora = /BF)

1 i (_27Fpr+q>kL(2p+61)k
3/ F F2 k(3k)
V Pptp+q —q q k
3/ F, 3Y/F,
= 2v/3 | A7 arctan < V3 /Ty ) — Ay arctan ( V3V/Ey )
23/atFy + Y/ Fprq 2(=1)13/atFpqg + /Fp
PE, PE,
() ()
(V/ Forqg = /07Fy) (/Fpeq — Y/ BF,)
where
\/_\/sqF + Y/ Fpiq
SUy+ Fyeg
Proof. The proof is similar to that one given for Theorem 3.2 and omitted. O]

Example 3.3.1. At p = —2 and q = 5 from Theorem 3.3 we obtain the series:

Sl
2\/_\/_ (V;j;/: arctan (1 _\/54045) + 111?? arctan <W\/§+1>>
+%“_<€:af <(\/§ia\/a_)> e ((g— 1>3)>’
i
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3.3 Fibonacci series associated with identity (C)

Theorem 3.4. Let p and q be integers such that p < —2, ¢ > 4, and |q| > |p| + 1. Then we have

(—=1)P S (_27Fpr+q)kF(2p+q)k
Fq \ Fpr+q k=1 qu (3kk)

A= B PR (B — (Z1)1F))
(Fpiq + B, )2 (Fypg + B1F,)?

2v15 3/ F 3YF,
- —— | Bf arctan( V3 /Ty ) + B; arctan( V3V )
15 2{’/06qu+ {’/Fp_l,_q 2<—1)q\3/ Oéqu+q+ \3/ Fp

3 (B; (veme ver) (e TWWB))
and
o

<_27Fpr+q>kL(2p+Q)k
Fo/ Iplpeq 12 i (%)
A1) B2 F2(F2Ly + (—1)1F2 Ly + 4F,F, )
Fo(Fpiq + a9F,)?(Fpyq + BUF,)?
—1)? 3/ F 33/ F
_ 2=y B arctan( V3 B ) — By arctan( V3T, ‘ )
V3 28/t F, + 3/ Fyaq 2(=1)13/atFpq + /Fp
_1)P _1)PE pHa
=) Baln< (CLPE, 3>+Bﬂln( m— 3) ,
3 (\S/O‘prﬂ — /artily) (\3/ alF, g — (=1)7y Fp)

\/ ga4—3p
Bt = > E (/5198 & By 7 28/57F oy (52152 £ { PR ) )

(s1Fp + Fpiq

Proof. The proof is similar to the previous two proofs. O]

Example 3.4.1. At p = —2 and q = 5 from Theorem 3.4 we obtain the following series:

i (3R, 200  2v/15v/2a0 (W(l +0a) + VaP(d+ o) arctan< V5 )

361 (ba +1)3 23/a5/2 — 1

k(?”f) - 361 + 3
V1605(a® — 1) + 1 — 4a® ( V3 ))
-+ arctan

k=1 k

(v — 5)3all 29200 +1
 V5¥2a11 (€/§+W)(€f—€’/ﬁ)3ln( 502 )
3 (5a +1)3 (Vb + 2)°
(V205 — 1) (V205 +1)° . 5a®
N P e <(32a5—1)3)>
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and

> (3)" k_328 10v/3V/2a1T [ V/ab(ad + 4) + /16(a® + 1) V3
Zl k() 361 3 ( (aF — 2)8 amaﬂ(z?’045/2—1>

\/WJrl V1605 (V4al0 + 1) rtn( V3 )

205 + 1) T Y20 11

~ 5V2al1 ({‘/§+€/$)({‘/_—W)3ln( 502 )

3 (a® —2)? (Vo +¥2)°
_a(m— 1) (V205 + 1)3 1n( 503 )

(20° +1)8 (V2er —1)°) )

4 Concluding comments

In this paper we presented new closed forms for some types of infinite series involving binomial
coefficients (3:) To prove our results, we applied some routine arguments, combining Batir’s
formula (1) with Binet’s formulas for Fibonacci and Lucas numbers. Using similar techniques,
we can establish series evaluations involving binomial coefficients ( ) with Fibonacci and Lucas
polynomials and other known number and polynomial sequences.

Let us give, for example, a generalization of Theorems 2.1 and 2.3 to the case of the Horadam
sequence defined by the recurrence W,, = pW,,_1 — qW,,_2, n > 2, with initial values W, = a
and W; = b.

Let

A - A
A= +/p*—4q, 04*22%, B*ZPT, A=b—af,, B=0b-—aaq,.

Then the following identities hold for positive integer r:

i (a2
V3YBT > 1, < "AW, )
247 + B/ 2 \(Aa¥ - YBl=q))’

= 6 arctan? (

and

Aa®" + B(—q)" i 1)kr=1) (27ABq”)k

ym 13szk A?

= 2V/3({/Aa? — {/B(—q)") arctan (QQ/Aaf‘\:/Z(—Q)T)

al A T
_1)7"(\3/1404? + {’/B(_Q)T) In <(€/Aa2r i {’I;/B(—q)r)g)‘
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