Notes on Number Theory and Discrete Mathematics
Print ISSN 1310-5132, Online ISSN 2367-8275
2024, Volume 30, Number 2, 253-270

DOI: 10.7546/nntdm.2024.30.2.253-270

On some identities for the DGC Leonardo sequence

Cigdem Zeynep Yilmaz' and Giilsiim Yeliz Sach?”

! Department of Mathematics, Faculty of Engineering and Natural Sciences,
Istanbul Bilgi University, 34440, Istanbul, Tiirkiye
e-mail: zeynep.yilmaz@bilgi.edu.tr

2Department of Computer Engineering, Faculty of Engineering and Architecture,
Istanbul Gelisim University, 34310, Istanbul, Tiirkiye
e-mail: gysenturk@gelisim.edu.tr

Received: 9 February 2023 Revised: 30 March 2024
Accepted: 7 May 2024 Online First: 8§ May 2024

Abstract: In this study, we examine the Leonardo sequence with dual-generalized complex
(DGC) coefficients for p € R. Firstly, we express some summation formulas related to the
DGC Fibonacci, DGC Lucas, and DGC Leonardo sequences. Secondly, we present some order-2
characteristic relations, involving d’Ocagne’s, Catalan’s, Cassini’s, and Tagiuri’s identities. The
essential point of the paper is that one can reduce the calculations of the DGC Leonardo sequence
by considering p. This generalization gives the dual-complex Leonardo sequence for p = —1,
hyper-dual Leonardo sequence for p = 0, and dual-hyperbolic Leonardo sequence for p = 1.
Keywords: Binet’s formula, Leonardo numbers, Dual-generalized complex numbers.
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1 Basic notations and literature review

Integer sequences and their applications are widely used in technology, nature, biology, theoretical
physics, and chemistry. Among the other sequences, the Fibonacci and Lucas sequences have
played an important role in number theory. One can see some basic notations and results related
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to Fibonacci and Lucas numbers in [4, 11, 18,24,42]. The Fibonacci sequence is defined by the
following linear recurrence relation

Fn: n—1+Fn—2>n22 (1)

with the initial values £, = 0 and F; = 1. The Fibonacci sequence has been generalized in many
ways, some by preserving the initial values, and others by preserving the recurrence relation. The
Lucas sequence is defined recursively by:

Ly,=1L,1+ Ln727 n =2 ()

with the initial values Ly = 2 and L; = 1. As it seen from equations (1) and (2), the Fibonacci
and Lucas sequences satisfy the same recurrence relation with different initial values. The Binet’s
formulas of the Fibonacci and Lucas sequences are as follows, respectively:

o — /Bn
iy 3)
and
L, =ao"+ ", “)

where o = %5 and g = %5 are roots of the characteristic equation \> — \ — 1 = 0, [24].
These two sequences have more in common than their recursive structure.

The Leonardo sequence is another integer sequence which is related to the Fibonacci
sequence and also to the Lucas sequence. The Leonardo sequence is given by the following
non-homogeneous recurrence relation:

Le,=Le, 1+ Le, o+1, n>2 5

with the initial values Ley = Le; = 1. The homogeneous recurrence relation of the Leonardo
sequence is
Len—l—l = 2Le, — Len—27 n=>2 (6)

with the initial values Leqg = Le; = 1 and Ley = 3, [5]. The Binet formula of the Leonardo

sequence is
an-l—l _ Bn—l—l
Le, =2 ——— | — 1.
: ( —

There are many well-known and established relations between the Fibonacci, Lucas, and
Leonardo sequences. For a positive integer n, the fundamental relations between them are as
follows [5]:

;

L@n = 2FTL+1 — ]_,
L,+ L,
L@n == 2 (%) — 1,
. . (7N
n+1 T L
L€n+3 = —HT” -4
Len - Ln+2 - Fn+2 - 17
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and the summation formulas are (see [5,7]):

( n
§=0
ZL]' - Ln + Ln+1 - 17 (8)
j=0
Z Le; = Leyio— (n+2).
\ Jj=0

Characteristic properties and some generalizations of the Leonardo sequence have been
studied by researchers. In 2019, the Leonardo sequence was examined in detail by P. Catarino
and A. Borges in [5]. A. G. Shannon studied the generalization of the Leonardo sequence, [33].
P. Catarino and A. Borges defined incomplete Leonardo numbers and analyzed their recurrence
relations, some properties, and the generating functions in [6]. The generating matrices and
the matrix form of the Leonardo sequence were investigated in [43]. Y. Alp and E. G. Koger
introduced the hybrid Leonardo sequence in [2]. The relations among Fibonacci, Lucas, and
Leonardo numbers were given in [3]. In 2021, the relations between the hybrid Leonardo sequence
and the hybrid Fibonacci sequence, Catalan’s, Cassini’s, and d’Ocagne’s identities were presented
in [26]. The elliptical biquaternion Leonardo sequence was discussed in [27], and the hyperbolic
Leonardo sequence was examined in [44]. In 2022, the hybrid quaternion Leonardo sequence
and their identities were presented in [28]. The real and complex generalizations of the Leonardo
sequence were introduced in [34]. A. Karatas discussed the complex Leonardo sequence and
their special identities in [22]. S. O. Karakus, S. K. Nurkan and M. Tosun characterised the
hyper-dual Leonardo sequence in [21]. M. Shattuck provided combinatorial proofs of some
important identities satisfied by the generalized Leonardo numbers in [35]. G.Y. Sentiirk presented
a brief study on the Leonardo sequence with dual-generalized complex coefficients in [40]. In
2023, S. Kaya Nurkan and I. A. Giiven combined the Leonardo sequence and dual quaternions,
[30]. Y. Soykan defined the modified p-Leonardo, p-Leonardo-Lucas, and p-Leonardo sequences
as special cases of the generalized Leonardo sequence in [38]. H. Ozimamoglu introduced the
hybrid g-Leonardo sequence by using g-integers in [31]. E. Tan and H. H. Leung investigated the
Leonardo p-sequence, and incomplete Leonardo p-sequence in [41]. Z. Isbilir, M. Akyigit and
M. Tosun investigated the Pauli-Leonardo quaternion sequence in [19]. A. Karakas defined the
concept of dual Leonardo numbers in [23].

In the literature, one can see that the various hypercomplex number systems are used as
components in generalizing sequences (see [2, 21-23, 26-28, 30, 31, 34, 40, 44] for some
hypercomplex Leonardo numbers). The set of generalized complex numbers is given by:

Cp::{z:a—i—bJ: a,b € R, Jzzp,pE]R,JgR}

and examined in [17,20]. The set of generalized complex numbers forms an associative and
commutative algebra of dimension 2 over R and includes other well-known 2-dimensional
algebras as special cases. It is analogous to the set of:

* complex numbers C with elements z = a + bi, i> = —1 for p = —1 (see [45]),
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e dual numbers D with elements z = a + be, €2 = 0, # 0 for p = 0 (see [32,39,46]),
* hyperbolic (perplex, double, split complex, binary) numbers H with elements z = a + by,
j2=1,5 # 1forp =1 (see [14,37,46]).

The set C, is a vector space over R. All these special number systems have led to the
construction of some 4-dimensional number systems. By utilizing the generalized complex and
dual numbers, the dual-generalized complex (DGC) numbers are introduced in [15]. The set of
DGC numbers was introduced as:

DC, = {&:zl—i—zQe: 21,2 € C,, e? =0, 6#0,59{1&}.
and discussed in [15]. Any DGC number is of the form a = 21 + 206 = a1 + asJ + aze + a4 Je.
It gives the set of:
* dual-complex numbers with elements a = a;+asi+ase+ayic forp = —1 (see [8,9,25,29]),
* hyper-dual numbers with elements a = a; + ase + aze + aqec for p = 0 (see [10, 12, 13]),

* dual-hyperbolic numbers with elements a = a;y + asj + asze + aqje for p = 1 (see [1,25]).

The base elements {1, J, ¢, Je} satisfy the following multiplication rules (see [15]):
J2=p, (Je)*=0, Je=¢l )

For a; = 211 + 2126, G2 = 291 + 2226 € DC, and A € R, the basic algebraic operations can
be given as follows:

* the equality: a1 = Gy < 211 = 291, 212 = 2929,

* the addition (and hence subtraction): @, + @y = (211 & 221) + (212 & 222) €,

* the scalar multiplication: Aa; = Az11 + Azq06,

o the multiplication: ajas = (211291) + (211222 + 212201) €.
The set of DGC numbers forms an associative and commutative ring with unity and a vector space
of dimension 4 over R, [15].

According to the above statements, we now give the DGC Fibonacci and DGC Lucas sequences.
The n-th DGC Fibonacci number is of the form

Fp=F,+ Fy1J + Foypoc + Fi3Je, (10)

and satisfies the recurrence relation ]:"n = .7}”_1 + fn_g, n > 2. The Binet’s formula of the DGC
Fibonacci sequence is 3
]f_n _ aa” — I536] 7
a—pf
where & = 14+ aJ + a2 +a*Je and B = 1+ 8J + 2% + 53 Je. Similarly, the n-th DGC
Lucas number is of the form

(11)

Ly =Ly + Lyg1J 4 Lyjoe + LyisJe, (12)
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and satisfies the reccurence relation ﬁn = ﬁn_l + En_g n > 2. The Binet’s formula of the DGC

Lucas sequence is
En =aa" + Bﬁna
where & = 1 + aJ + a2c + aJeand § = 1 + BJ + 2% + (3 Je, [16).
In this study, inspired by the theory of the hypercomplex sequences, we examined the concept

of the DGC Leonardo sequence for p € R. We gave the characteristic formulas, involving
d’Ocagne’s, Catalan’s, Cassini’s, and Tagiuri’s identities for the DGC Leonardo sequence.

2 Preliminaries

In this section, we follow [40] in presenting the basic notions of the DGC Leonardo sequence.
The n-th DGC Leonardo number is of the form

Le, = Le, + Lepi1J + Lepioe + Ley s Je. (13)
The DGC Leonardo numbers satisfy the following second-order non-homogeneous relation

Le, = Len 14 Leyo+1, n>2, (14)

where 1 = 1+ J+¢e+ Je with the initial values Eeo =14+J+4+3e+5Je, 561 =1+3J+5e+9Je.
The homogeneous recurrence relation is

ﬁenH = 2£~e,1 — £~€n_2

with the initial values Leq = 1 + J + 3¢ + 5Je, Ley = 1 + 3J 4 5e + 9Je and
Eeg =3+ 5J + 9¢ + 15J¢. See basic notations in Table 1.

Table 1. Nomenclature of the sequences

The sequence The general term (n-th term) ‘
The Fibonacci sequence E,
The Lucas sequence L,
The Leonardo sequence Le,
The DGC Fibonacci sequence .7:'n
The DGC Lucas sequence Zn
The DGC Leonardo sequence Le,

In the following Table 2, the several terms of the Fibonacci (see A000045 in [36]), Lucas
(see A000032 in [36]), Leonardo (see A001595 in [36]), DGC Fibonacci, DGC Lucas, and DGC
Leonardo sequences are given, respectively.
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Table 2. Several terms for the Fibonacci, Lucas, Leonardo, DGC Fibonacci,
DGC Lucas, and DGC Leonardo sequences

n | 0 | 1 | 2 3
F, 0 1 1 2
L, 2 1 3 4
Le, 1 1 3 5
Fn J+e+2Je 1+J+2+3Je | 1+2J4+3c+5Jc | 2+43J+5c+8J¢
Lo |24+ J+3:44Je | 143 +4e+7Je | 3+4J+Te+11Je | 4+ 7J + 11e + 18J¢
ﬁen 1+J+3+5Je | 1+3J+5e+9Je | 3+5J+9+15Je | 5+9J + 15 4 25J¢

Theorem 2.1. For a positive integer n, the fundamental relations between the DGC Fibonacci,

Lucas, and Leonardo numbers are:

(

ﬁen = 2ﬁn+1 — i,
i L,+L, .
Een = 2 (Tﬁ) — 1,
. - (15)
. Lo+ Ly -
Len g = %_ 1,
Ley= Loy — Fnio— 1.

\

Theorem 2.2. For a positive integer n, the summation formulas are:

1. Zﬁegj = £€2n+1 —./\771 - (J"— JE),

j=0
2. ZZGQj.H = E€2n+2 - ./\N/-n+2 + (J - Jg),
j=0

where N, = n + (n+1)J 4 (n + 2)e 4+ (n + 3)Je.

Theorem 2.3. For a positive integer n, the Binet’s formula for the DGC Leonardo sequence is

~ n-l—l_~ n+1
Zen:2<aa bb >—1,

- (16)

where & =14+ aJ + a?c + a®Jeand B =1 + BJ + % + B3 Je.

3 Some new identities for the DGC Leonardo Sequence

In the following theorems, we touch only a new aspect to the DGC Leonardo sequence.

Theorem 3.1. For a positive integer n, the summation formulas related to the DGC Fibonacci,
DGC Lucas, and DGC Leonardo sequences are as follows:
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3.) Lej = Lenyo — Noyo — (J 4 26 + 5.J¢),

4. <£€j + .E) = /jen+2 + an_;_g - '/\7”+3 - (J + 3¢ + 7J€) s

5. (r:ej + Ji-j) = Fops — Nooa — (J 432 + 7Je),

6. (ﬁej + E]> = 56n+2 + En+2 - ./\N/n+3 - (3J + 5e + 11J€) s

3

TLso + 2Lnis
5

7. <£~€j + £~j> =

— Npga — (3J + 52 +11Je),

.
o

where N, = n + (n+1)J 4 (n + 2)e 4+ (n + 3)Je.

Proof. 3. According to Equation (13), we have:

> Lej= Leg+Ley+ Ley+ -+ Ley,
§=0

= (Leg+ LeyJ + Lege + LesJe) + (Ley + LeaJ + Lege + LegJe) + - - -
+ (Len, + Lepy1J + Leyioe + Ley i3 Je)

= (Leg+Ley+---+ Ley) + (Lex + Lea + -+ -+ Leyiq) J
+ (Les + Leg + -+ -+ Lepyo) e + (Leg + Ley + - - - + Leyy3) Je.

Then, from Equation (8), we get:

Zﬁej = ZLBJ' + (Z L€j+1> J+ (Z L€j+2) 4+ (Z L€j+3> J€

J=0 j=0 j=0 j=0 j=0
n+1 n+2

= Lepia— (n+2)+ (Z Lej — Leo> J— (Z Lej — Leg — Lel> 5
j=0 j=0
n+3
-+ <Z Lej — LGO — L€1 — L€2> Je

j=0
= Leyio+ Leyi3J + Leyige + Ley 5 Je
—((n+2)+(n+4)J + (n+6)e+ (n+10)Je))
= Leyio+ Lepi3J + Leyige + Ley 5 Je
—((n+2)+(n+3)J+(n+4)e+ (n+5)Je) — (J+2e+ 5J¢))
= ﬁen+2 — /\~/’n+2 — (J + 2+ 5J¢).
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4. Using Theorem 3.1, items 1 and 3, we obtain:
Z(ﬁej%—]}j): Z.ﬁ:j"’ZEej
=0 §=0 §=0
= Fpyo— Fi+ Lenys — Nogo — (J + 22 + 5.J¢)
= Fppo— (14 J42e+3Je) + Lenys — Nyyo — (J + 26 + 5J¢)
= ﬁn+2+£€n+2—Nn+3— (J+3€+7J€).

5. From Equation (15), we get:

Z (ﬁej + ]%) = Fpio— (14 J42e+3Je) + Lenys — Npyo — (J + 26 + 5Je)
7= = Fovo— (e +2J8) — Nog + 2F sy — 1 — (J + 26+ 5J¢)

= Fois — Nz — (1+2J +4e + 8J¢)

= Fuys —Nops — (J + 3+ 7Je).
Similarly, the proofs of the other items are simple calculations, so we can omit them. ]

Theorem 3.2. For a positive integer n, the following order-2 summation formulas can be given:

Y (ﬁj)2 — FoFusr — (J+ (1 +p)e +3J2),

7=0
n 5 2 B B
2. (cj) = Lolnir — (=24 2p) +3J + (11p — 1)e + 9Je),

3

N - . -
3. <£ej> =LeLen1 + (Nuys — Lepo) 1+ (—p — J 4+ 2(1 — 2p)e + 2J¢),

7=0
where N, = n + (n+1)J 4 (n + 2)e 4 (n + 3)Je.

Proof. 3. Using Equation (14), we have the following equations:

(

Leg)? = LegLeg

,561)2 = LeLe = fel(ieg — Leg — 1) = LeLeo — LeyLeg — Legl
Ley)> = LegLey = Leg(Les — Loy — 1) = LeaLes — LegLey — Leol
Ces)? = LesLes = Les(Ley — Loy — 1) = LesLey — LesLey — Lesl

\ (fen)2 = Een(fenﬂ —Le, | — 1) = LenLeni1 — LenLen,_1 — Lenl.

We thus get:

n 5 2 5 5 5 B » B 5 5 B
Z (Eej> = Ley,Len 1 — Leg(Ley — Leg) — (Ley + Leg + -+ - + Ley) 1.

J=0
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By using Leo(Ley — Leg) = 2p + 2J + (2 4 14p)e + 12J¢ and Theorem 3.1, item 3, we have
> Lej— Leg = Lens — Noga — (1+2J + 52 + 10.Jz).
=0

We thus get:

n

~ 2 ~ ~
3 (Lej> = LenLenn — (2p +2J + (2 + 14p)e + 12J¢)

=0 - - -
’ — (Lepss — Ny — (J + 4e +9J2))1
= LenLeniy + Npys — Lenya) 4+ (—p — J +2(1 — 2p)e+2J¢).
A similar proof can be used to verify the other items. []

3.1 Main results

In this subsection, we formulate the order-2 formulas for the DGC Leonardo sequence.

Theorem 3.3. For n and m positive integers, with m > n, the following identities are true:

1. E€i+1 — E@i = 4fn<fn+3 - i)a

2. feiﬁn L = AFy Frii Lot — 2(£~em+n — Eem,n)l,

3. Lepi1Fnin — LenFy = LenFn a4+ 2Fn 1 Fn.
Proof. The main idea of the proof is to take the relation Le,, = 2,1 — 1 (see Theorem 2.1).
1. Applying the DGC Fibonacci recurrence relation, we can assert that:
Lot = Lo = (2Fpn —1)2 = (2F i1 — 1)
= 4((-7:—n+2 - ]:—n+1)(]:_n+2 + ﬁn+1) - ]}ni)
= 4F, (Fpis — 1).

2. By using the relations
~ ~ LT]T"R, r =2k
fn+r + anr = ~
F.L,, r=2k+1,

and
- - E.L,, r=2k
«Fn—i-r - Fn—r = ~
L.F,, r=2k+1,
(see Theorem 2, items 2 and 3, in [16]), we see that
52 <2 - - - -
£€m+n — £€m_ = (2Fm+n+1 — 1)2 — (2-men+1 — 1)2
= 4<ﬁm+n+1 - ﬁm—n—l—l)(ﬁm—i—n—f—l + fm_nﬂ) — 2(£~€m+n — ﬁem_n)i
= 4F, Ly Foni1 Lt — 2(Lepin — Ley_n)1.

n

We conclude from F,L,, = F5, (see [24]) that

Eefn—i—n - Eefn—n = 4F2nfm+1£~m+1 - Q(Eem_m — Eem_n)l.
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3. From the DGC Fibonacci recurrence relation, we have

£~en-l—l-/—?n—&-l - éenﬁn = <2ﬁn+2 - 1)»ﬁ.n—l—l - (2fn+l - 1)ﬁn
= 2F 01 (Frge — Fo) = U Fpr — Fo)
= 2ﬁn+1(fn + -/Tt-n—l) - fI'-]E'n—l

= LenFon1 + 2Fni1Fo. O

Theorem 3.4. For positive integers n and r, with n > r, the general Catalan’s identity for the
DGC Leonardo sequence is as follows:

(Len)? — LenrLepir = A(—=1)""TE2[(1—p) + J +3(1 — p)e + 3J¢]
+1(£~en_r + Lepyr — 2£~en).
Proof. We give two different proofs of the theorem.

Proof 1: By using the Binet’s formulas in equations (3) and (16) for the Fibonacci and DGC
Leonardo sequences, respectively, we deduce that:

_ (25&Ozn+1 _ 2Bﬁn+1 ‘i) (QdanJrl _ QBBnJrl .

(Len)? — Len_rLenir =

a—p a—p
(2&an—r+l _ QBBTL—T—FI ~> <2dan+r+l _ QB/Bn—i-r—‘rl ~>
— -1 —1
a—pf a—pf
(4&B(an—r+lﬂn—r+l)(_QQTBT + /82r + OLZT)
B (o = 5)?

+i ((Zen,r + 1)+ (Lensr +1) — 2(Len + 1))
= 4 (dﬁ(aﬁ)”_THFf) +1 (Zen,r + Lepir — 2£~en) )

We conclude from « and 3 that o8 = —1, hence that

af=1—-p)+J+3(1—p)e+3Je,
and finally that
(Len)? — Len_Len, = 4 (&B(aﬁ)""’“Ff) +1 (Een,r + Lepir — 2£en>
(A4(=1)" " E2[(1—p)+ J + 3(1 — p)e + 3J¢e])
+1 (fen,,, + ﬁenJrr — 2£~en>
Proof 2: From Theorem 2.1, it follows that

(Een)2 - EenfrienJrr = (2fn+1 - 1)2 - (2Lﬁnfr+1 - E)(Q:fn+r+1 - 12 ~
4<f7%+1 - fn—r+lfn+r+1) + 1(2~Fn—r+1 + 2‘Fn+r+1 - 4Fn+1)-

The equality
FnFo = FoirFner = (=1)" " Frpin B [(L—p) + T+ 3(1 —p)e + 3Je],  (17)
(see Theorem 2, item 4 in [16] with m — n + 1 and n — n + 1), implies that
(Len)? — Lep_pLenyr = 4(—1)" ™ F2[(1 — p) + J + 3(1 — p)e 4 3Je])
+ i(/jen_r + ﬁemrT — 2/jen). O
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In what follows, &3 = (1 — p) + J + 3(1 — p)e + 3Je.

Theorem 3.5. For a positive integer n, the general Cassini’s identity (sometimes called Simson’s
identity) for the DGC Leonardo sequence is as below:

(Een)2 —Len 1Lenys = 4(—1)"&3 + i(/fen,l + Leni1 — 2£~en).
Proof. Taking r — 1 in the previous theorem, we obtain the Cassini’s identity. [l

Theorem 3.6. For positive integers n and m, with m > n the general d’Ocagne’s identity for the

DGC Leonardo sequence is as below:
LemLeniy — LepmyiLen, = A(—=1)" M afE,_, + 1(Lepm_1 — Len_1).

Proof. We give two different proofs of the theorem.

Proof 1: Substituting the Binet’s formula in Equation (16) into left-hand side, then writing Equation
(14), we see that:

_ m+1gn+1Y) _ _ n+1 om+1
LepmLeniy — LopyiLe, = 4@5((0‘ B)(am+1p (a>_ 5(? B)(am 13 ))

+1(£~6m_1 — ﬁen—l)

_ O[mfn _ m—n 5 ~ ~

= 4aB(ap)" (—6> + 1(Ley1 — Lep_q).
a—f

By considering af = —1 and the Binet’s formula in (3) for the Fibonacci sequence, the proof is

straightforward.

Proof 2: Applying Le, = 2F, .1 — 1 (see Theorem 2.1) to the left-hand side gives

Eemien+1 — £€m+1£~€n = (2.;E.m+1 — i)(2ﬁn+2 — i)—(2ﬁm+2 — i)(2ﬁn+1 — i)
4(fwi+1fn+2 ~— ]:m+2:Fn+1) B
+2(Fna2 + Fra1 — Fmr1 — Fnao) L.

From Equation (17) (see Theorem 2, item 4 in [16] withm — m +1,n - n+ 2and r — 1),
and the recurrence relation of the DGC Fibonacci sequence, we obtain that:

£€m£€n+1 — E€m+1£en = 4(—1)n+1d5Fm_n + i(Q(fm+2 - fm—i—l) + Q(ﬁn_t,_l - Fn+2))
A=) aBF o + 1((2F -1)

Fom — 1) — (2F,
A=) @BF_p + 1(Lem_y — Len_y).

This completes the proof. [

Theorem 3.7. For positive integers n,m,r and s, with r > s, the special case of the Tagiuri
identity for the DGC Leonardo sequence is as below:

E€n+r£€n+s — E€n£€n+r+3 = dé(—1>n+1([;r+s — (—1)8[17“,5)
1 ~

(ﬁen + £~€7L+7‘+S — £€n+r — £€n+5).



Proof. We first write the Binet’s formula for the DGC Leonardo sequence in Equation (16) into
the left-hand side and rearrange, then we see that:

~ ~ ~ ~ 4 -
£€n+T£en+s _ Len£€n+r+s — g&ﬁ(an+1ﬁn+l) (ar+s + 5T+8 _ (asﬁs>(ar—s + Br—s))
+i(£~€n + E€n+r+5 — £€n+r — ﬁem_s).

By using af = —1 and the Binet’s formula in Equation (4) for the Lucas sequence, the proof is
completed. [

Theorem 3.8. For positive integers n and m, with n > m, the following identities hold:
1. Leppm — (=1)"Lep_ym = Lypy1(Lepm_q + 1)+ 1((=1)™ = 1)),
2. Lenym + (—1)"Lep_p = 2F 1Ly — 1(1 + (=1)™).
Proof. 1. The main idea of the proof is to use Equation (13) with identity
Lepim — (—1)™Lep—yy = L1 (Ley—1 +1) — 14+ (=)™
(see [3]). Hence, we find:

Lenim — (=1)"Lep_m = (Lpii(Lem_y +1) — 14 (=1)™)
+(Lngo(Lem_y +1) = 1+ (=1)™)J
+(Lpys(Ley—1+1) =1+ (=1)™)e
+(Lnga(Lepy + 1) — 1+ (—1)™)Je

= Lopi(Lep +1)+1((=1)" = 1)).

2. Similarly, applying Equation (13) and Theorem 2.1 with the identity Le,, ,,+(—1)"Le,_p,
= Ly (Le, +1) — 1 — (—1)™ (see [3]), the proof is clear. O

Theorem 3.9. For positive integers k,m,s and t, withk > m, s > tand k +m = s + t, the

following is true:
. o 4 - . . . -
LepLe, — LeLey = gdﬂ((—l)mLk_m —(=1)'Ls_¢) — 1(Ley, + Ley, — Les — Ley).

Proof. We begin by writing the Binet’s formula for the DGC Leonardo sequence in Equation (16)
into left-hand side. This gives

Eekiem — Eesljet =

N Oés—i-lﬂt—l-l + Oét+1ﬁs+1 _ ak+15m+1 _ am—l—lﬁk—i—l
4af y
(a—p)
~(fek + Le,, — Les — fet)
4 -
— gdﬁ(_(aﬁ)m—kl(ak—m + ﬁk—m) + (aﬁ)t-i-l (as—t + 5s—t)
—1(Ley, + Ley, — Leg — Ley).

—~

Taking af = —1, o — = /5 and considering the Binet’s formula for the Lucas sequence in
Equation (4) gives
- I 4 - - - N -
LepLe,, — LeLep = gdﬁ((—l)mLk_m — (=1)'Ly_y) — 1(Leg + Ley, — Leg — Ley),

which completes the proof. [
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Theorem 3.10. For positive integers n and m, with n > m, the following identities hold:

1 n&€m — ﬁmﬁe” = 2&5(_1)an—m - i(fn - fm)v
~ o~ . 4 5 4]3
2. Fpoley, + FnLle, = g( Lotmi1 — Ln+m+1) + E(Ln+m+3 + 2Ln+m+55)
8 2 . o ~
T SL”+m+4J€ - gdﬁ(_l)an—m - 1(-Fn + .Fm)

Proof. 1. Writing the Binet’s formulas for the DGC Fibonacci sequence in Equation (11) and
the DGC Leonardo sequence in Equation (16) into the left-hand side, we have

Fhe _F fe — o <a”5m(0z — B) — a™Ba — B)) _F £

(a = p)?
IO Gt ANn W FF- S
= 2aB(ap) E (Fn — Fm)-
The proof is completed by using o8 = —1 and the Binet’s formula for the Fibonacci

sequence (3).

2. Similarly, we first apply the Binet’s formulas for the DGC Fibonacci sequence in (11) and
the DGC Leonardo sequence in (16) to the left-hand side. We thus get

~ . 4 3
Fulem + Fule, = —(@G2antmtl 4 32gntmtl)

% i (18)
2a . -
Substituting o + 8 = 1, a8 = —1, the Binet’s formula for the Lucas sequence in Equation
(4) and the followings
a% = (14 pa?) + 20 + 20%(1 + pa?)e + 4adJe) (19)
B2 = (1+pB%) +28J +28%(1 +pf?)e + 40’ Je)

into Equation (18), we have

. - 4
Jrnﬁem + Fmﬁen = g (LnerJrl + Ln+m+3p + 2Ln+m+2J + <2Ln+m+3 + 2Ln+m+5p)€
24,3 .

The proof is completed by considering DGC Lucas sequence statement in Equation
(12). []

Theorem 3.11. For positive integers k, m and s, with m > k and m > s, the following identity
holds:

LemrLem_ — LemysLem_s = 4aB((=1)"*F2 — (=1)"*F2)



Proof. Our proof starts again with the Binet’s formula for the DGC Leonardo sequence. From
a — 8 = /5, it follows that

BemsiLen s~ Loyl o = 2 (o)™ (0% 1 §%) + (o)™ 0 + %)

+ i(femﬁ + Lep_s — Lemir — f@m,k).

By using a8 = —1 and the Binet’s formula for the Lucas sequence in Equation (4), we have that
4af
5
+ 1(£~em+s 4+ Lep_s — Lemar — Eem,k).

LeminLem i — LemisLen s = ((—1)’””“[,2,€ — (—1)m’3L25)
Writing Loy, = 5F? + 2(—1)¥ (see [24]) completes the proof. O
Theorem 3.12. For n and m integers, withn > 1 and m > 1, the following identity holds:

LepiiLenit — Lem1Len1 = 4Q2F minta — Fninsa) + 4p(Fognta + 2Fini68)
+ 8Finis5Je — i(fem + fen) —2(1)%

Proof. Let us first write the Binet’s formula for the DGC Leonardo sequence. We thus get

_ B R _ &2am+n+4 + 525m+n+4 _ d2am+n _ B2Bm+n
£6m+1£€n+1 — £€m,1£€n,1 =4

(o= p)?
m—+2 Qn+2 n+2o0m—+2 _ . mpAan _ . nAm
4] (a re+ ot am™pt — s )

(a — )
+ i(ﬁem_l + Le, 1 — ﬁemH — ﬁenﬂ).
We conclude from o3 = —1 that
am+2ﬂn+2 + an+26m+2 o amﬂn . anﬁm — Oém,Bn((Oé/B)2 . 1) + a”ﬁm((aﬁ)2 . 1)
=0.
Moreover, from Equation (14) we have
(fem,l + Len_1 — Lemin — £~en+1) = —(fem + Le, +1+1).
According to equations (19) and (4), we see that
&2am+n+4 + 826n+m+4 o &2am+n . B2Bn+m — (Lm+n+4 . Lm+n) + p(Lm+n+6 o Lm+n+2)
+ 2(Lyptn+s5 — Lingny1)d
+ 2 ((Lm+n+6 - Lm+n+2)

+p(Lm+n+8 - Lm+n+4)) €
+ 4(Lm+n+7 — Lm+n+3)J5.

The proof is completed by using L,,,,. — L,_, = 5F}, F, for an even integer r (see [24]) and the
definition of the DGC Fibonacci sequence. ]
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4 Conclusion

In this paper, the order-2 relations for the DGC Leonardo sequence are computed for p € R.
The advantage of implementing this construction is that the dual-complex, the hyper-dual, and
the dual-hyperbolic Leonardo sequences can be carried out for p € {—1,0,1}, and J € {i, €,j},
respectively (see Table 3).

Table 3. Special cases of the DGC Leonardo sequence

’ The sequence type ‘ The Leonardo sequence ‘ J ‘ p ‘ Condition ‘

Dual-complex Le, + Le, i+ Leyioe + Ley,sic | 1| —1
Hyper-dual, [21] Le, + Le, 1€ + Le,,0e + Le,,3€e | € | 0 | €#0, e #0
Dual-hyperbolic Le, + Le, 1) + Leyioc + Leyisje | j 1 |j#+1
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