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These formulas are derived from work done by Yucas. We show that the number of polynomials
of a given constant term depends only on whether the constant term is a ¢;-residue and/or a
go-residue in the underlying field. We further show that as k£ becomes large, the proportion of
irreducible polynomials having each constant term is asymptotically equal. This paper continues
work done in [1].
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1 Introduction

In [1], we looked at the distribution of constant terms of monic irreducible polynomials over Z,,
whose degree was a power of an odd prime ¢, and we found that the number of monic irreducible
polynomials with a given constant term « is related to whether « is a residue in the underlying
field. As the degree grows larger, however, the proportion of such polynomials ending in each
possible constant term is asymptotically equal. In this paper, we will determine the number of
monic irreducible polynomials with a given constant term a for polynomials whose degree is a
product of two distinct odd primes, and we will use these values to show that the proportion of
such polynomials remains asymptotically equal as the degree grows larger.

Throughout this paper, p, ¢; and ¢» are assumed to be distinct odd primes and ¢ denotes the
Euler phi function. Let n € N, then N (n, p) denotes the number of monic irreducible polynomials
over Z, of degree n, and N(n,a,p) denotes the number of monic irreducible polynomials over
Z, of degree n with constant term (—1)"a.

The next theorem from [3] is a well known result providing the number of monic irreducible
polynomials in Z,[z] of degree n.

Theorem 1.1. The number N(n,p) of monic irreducible polynomials in Z,[x| of degree n is

N(n,p) = %Zu (g) P

dn

given by

As we investigate polynomials over Z, with prescribed constant term, we will follow the
notation laid out in Yucas [5]. To establish a formula for N (n, a, p), Yucas considers the possible
orders of irreducible polynomials. For n € N, define a set

D,={r:rjp" —1butr{p™ —1forl <m < n}

then D, is the set of possible orders of polynomials in N(n,p). Let r € D, and let a € Z; be
an element of order m,., then we can write r = d,m, where d, = ged(r, ’%). The following
theorem from Yucas (Theorem 3.5 of [5]) will form the basis of most of the calculations in this

paper.
Theorem 1.2. The number N (n, a,p) if monic irreducible polynomials over Z,, of degree n with
constant term (—1)"a is

Ninap) = — = 5™ o(r).



As we consider the possible values of N (n, a,p) specifically when n = ¢;¢s, this value will
depend on whether or not a is an n-residue. Just as an element of ¢ € Z,, is a quadratic residue
if ¢ = d? for some d € Z,, ¢ € 7Z, is an n-residue if ¢ = d" for some d € Z,. The following
theorem will be used several times in this paper and is based on Lemma 2 from [4].

Theorem 1.3. Let n € N with n > 1, and assume c,d € Z; are both n-residues. Then
N(n,c,p) = N(n,d,p).

Proof. Let P(n,a,p) denote the set of monic irreducible polynomials of degree n in Z; with
constant term a, so that the cardinality of P(n,a,p) is N(n,a,p). We will prove the theorem by
defining a bijection between P(n, ¢, p) and P(n,d, p).

Let g = dc™!. Since g is the product of two n-residues, g must be an n-residue. Therefore
there is some element /1 € Z; such that h" = g.

Define a function ¢ : P(n,c,p) — P(n,d,p) by

o(f(x)) = gf(h"x).

To show that if f(xz) € P(n,c,p), then o(f(z)) € P(n,d,p), we must show that p(f(z))
is monic, irreducible, of degree n, and has constant term d. Let f(z) € P(n,c,p) with

= Zaixi. Note that ag = ¢ and a,, = 1. Then
=0

I
Q
8

>

8

The leading term of o( f(z)) is gh ™2™ = gg~ '™ = 2", demonstrating that ¢( f(z)) is monic

and of degree n.
The constant term of p(f(z)) is gag = gc = d, showing that ¢( f(x)) has constant term d.
To show that ¢(f(x)) is irreducible, we proceed by contraposition. Suppose that ¢(f(x)) is
reducible, so that p(f(z)) = fi(z) fo(z) for some fi, fo € Z,[z]. It follows that

gf(h™"z) = fi(z) fax)
f(hle) = g7 fu(x) o)
f(hh™x) = g7 fi(hz) fo(h)
f(x) = g7 fi(ha) f2(ha)

showing that f is reducible.

Therefore ¢(f(z)) € P(n,d, p). It remains to show that ¢ is a bijection.

Let fi,f> € P(n,c,p) with o(fi(z)) = ¢(f2(z)). Then gfi(h~'z) = gfa(h™'x) and
therefore f1(h~'x) = fo(h~'z). Since h™'Z, = Z,, this demonstrates that fi(z) = fa(z)
for every x € Z,. It follows that ¢ is injective. To see that ¢ is surjective, let f € P(n,d,p).
Then g~ ' f(hx) € P(n,c,p) and o(g~' f(hz)) = f(z). O
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As we begin to calculate N(q;¢2, a, p), there are three possibilities we will consider:
Case l: p=1 (mod ¢;) and p =1 (mod ¢3)
Case2: p# 1 (mod ¢;) and p Z 1 (mod ¢2)
Case3: p# 1 (mod ¢;) andp =1 (mod ¢y)

Case 1 will be addressed in Section 2, and Cases 2 and 3 will be addressed in Section 3.

2 Thecasep =1 (mod q;) and p =1 (mod q>)

First, if p =1 (mod ¢;) and p = 1 (mod ¢2), then the following theorems provide the possible
values of N(q1¢2, a, p), and we will devote this section to proving the theorems:

Theorem 2.2 If a € Zj, is neither a ¢ -residue nor a go-residue, then
pQ1q2 _ 1

N(q1q2,a,p) = ——.
(12 ) Q1C]2(p—1)

Theorem 2.3 If a € Zj, is a go-residue but not a ¢;-residue, then

phe — 1 pt —1

N(q1g2,a,p) = - :
(12 ) Q1C]2(p—1) Q1(p_1)

Theorem 2.4 If a € Zj, is both ¢, -residue and a go-residue, then
pQ1q2 _ 1 pql _ 1 qu _ 1

Saer- D a1 ap-D "

N(Qlfha a7p)

Because of the way the values of N(qi¢2,a,p) are created by subtracting from the value
%, we can represent the values in the following lattice. Observe that if « is a generator of
Z,, then « is neither a g;-residue nor a go-residue. On the sides of the lattice, a®* is a g;-residue
that is not a go-residue, and a?? is a go-reside that is not a ¢;-residue. Finally, on the bottom,
a?'? = 1 is both a ¢;-residue and a go-residue. We will revisit this lattice in Section 4 when
we compare the values along each edge of the lattice. The value from Theorem 2.2 provides the
value at the top of the lattice, the value from Theorem 2.3 provides the values on the sides of the

lattice, and the value from Theorem 2.4 provides the value at the bottom of the lattice.

N(q1q27 Oéap>

N(Q1q27aq27p) N(QlQ2>QQ17P)

N(q1q27 aq1q2’p)
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Our proof of Lemma 2.2 will require the following result regarding the p-adic valuation.
Recall that the p-adic valuation v, : Z — N is defined by v,(n) = max{r € N : p’|n} if n # 0
and 1,(0) = oc.

Lemma 2.1. Let a,b € Z>. If t is a prime with t|(p® — 1) and t 1 b, then v;(p® — 1) = v, (p®® —1).

Proof. Note that p®® — 1 can be factored as

b

pab —1= (pa . 1) Zpa(b—i)

i=1
Since t|(p* — 1), there is some integer u such that p* = tu + 1. This allows us to write

b

b
Zpa(b—i) _ Z(tu + 1)(b—i)
i=1

i=1
When the expression on the right is expanded, the only terms not divisible by ¢ are the powers
of 1. Therefore the expression gives a multiple of ¢ plus

Therefore there is some integer w such that

b
Zp“(b’i) = tw + b.

i=1
We know t does not divide b, thus ¢ does not divide Z?Zl p**=9) and so v, (Z?Zl pa(b*")> equals
zero. Hence v, (p® — 1) = v4(p* — 1) + 14 (Zle p“(b_i)> = 1 (p* — 1). O

Yucas’s formula requires calculations involving r € D,,,,, and these values rely heavily on
the values of p — 1, p?* — 1, p?2 — 1, and p?'%> — 1. The information in the next lemma will aid us
in those calculations.

Lemma 2.2. For primes p, q,, and qs, we may write

p—1=q"g’s

q1 _ ki+g1 ko
pt—1=¢q 42" 515q,
q2 _ k1 katjo
P2 —1=9q"q 515¢,
q192 _ki+j1 ko+je
p —1l=q ds 515¢15¢25q1 02

where all variables represent positive integers and s1, Sq,, S¢o, Sq142> 1, aNd qo are pairwise relatively

prime.

It is worth noting a few things about the factorizations above. Clearly p — 1 divides the other
three expressions, and p?* — 1 and p?> — 1 both divide p?*? — 1. The significant claims here are
that ¢; and ¢, are the only prime factors that appear with potentially different exponents in the
factorizations of the four expressions and that those exponents increase only when p is raised to
a power divisible by that prime.
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Proof. The following statements together suffice for the proof:

(i) For any prime ¢ dividing sy, v4(p — 1) = vy (p™ — 1) = i (p? — 1) = 1, (p? 2 — 1)

(ii) For any prime ¢ dividing s,,, v4(p?* — 1) = v, (p?® — 1)

(iii) For any prime ¢ dividing sg,, 14(p®” — 1) = 1,(p?® — 1)

(iv) ged(sg,, Sq) =1

V) Vg (p = 1) = vy (p” = 1)

(Vi) vy, (p = 1) = vg (p" = 1)

(Vii) v, (p" = 1) = vg (p"® — 1)
(viil) v, (p? — 1) = v, (pT®? — 1)

The first four statements establish that sy, s, , 54,, and s,, 4, are pairwise relatively prime. The
next four show that the exponents of ¢; and ¢, vary only depending on whether the prime in
question is a factor of the exponent of p. With the exception of (iv), each of these statements
follows directly from Lemma 2.1. Statement (iv) follows from the fact that

ged(p” —1,p® — 1) = p*0®) —1 = p—1
(see Lemma 12.6 in [2]). L]

For example, consider Z3; with ¢ = 3 and ¢o = 5. Then, as in the previous lemma, we can
write p — 1, p* — 1, p®? — 1, and p?*% — 1 accordingly:

’ ‘ power of g; = 3 | power of g2 = 5 ‘ 81 ‘ Sq, ‘ Sqo Sq1q2
p—1 3! 5! 2
pP—1 32 5t 2 | 331
p°—1 3! 52 2 11-17351
pt—1 32 52 2 | 331 | 11-17351 | 2521 - 327412201

Observe that the values of s,, and s,,4, are composite in this example, and note that 3 and 5 are
the only values whose powers change.
The proof of the next proposition uses properties of the Euler phi function and is omitted.

$(q2*?) -1

Proposition 2.1. Let q,a,b € N with q being prime. Then o) = 4

Theorem 2.2 (Top of Lattice). Let ¢ € Z>, where c is neither a q,-residue nor a qo-residue. Then

p‘hfh _ 1

N ,Cp) = ——— .
(QI% p) Q1Q2(p—1)

Proof. Let « be a generator of Z; and ¢ € Z,, such that c is neither a ¢;-residue nor a gp-residue.

Then ¢ = o for some integer k with 0 < & < p — 1. Since c is neither a ¢; nor a ¢, residue,

k| S (- I - |
ged(Jalk) T ged(p—1,k)’

neither ¢, nor ¢, divides k. Let m denote the order of ¢ in Z;. Since |«

we have m = ¢*¢5* s/ for some s/ dividing s;.
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Letr € Dy, q, withm, = m, recalling that r = m,.d, where d, = ged(r, pqlf 1

ki+71 ko+j2

). Since ¢y g5

divides m, and ¢J'¢}* divides pq , it must be the case that ¢;" ™" g5 divides r. Moreover,
any divisor of p#% — 1 that is d1V151ble by ¢¥ 171 ¢5>*7 is an element of Dy, 4,» since q; Mt ket

is not a divisor of p® — 1 for any a < q;¢2. Therefore the subset of D, 4, with m, = m is exactly
the set of divisors r of p?® — 1 with ¢ 71 5>+ |-,

It follows from [5] that

N(q1g2,¢,p) = Z o(r

a1 C]2¢ reD,
myr=m
_ E (gt g g S s )
q1q2¢(m> / , / 2 1°¢1°927q192
Sq1 541 ,Sq2\8q2,sqlq2|sqlq2
_ 1 k1471 k2+J2 /
= o(q shu).
Q1Q2¢(m)
U‘an 59959192
Since the values of ¢; 1 q22+] ?, s, and u are pairwise relatively prime, we can write

o 1 k1+j1 ko+j2 /
N =
(0192, ¢, p) YR > b)) (sh)blw)

U|Sq1 Sq25q1 492

() p(g5 ) e(sh)
5116]2@5((1{C )¢<Q22)¢(511) Z

¢(u).

U|Sq1 Sq95q1492

Note that the summation above is over all divisors of s, 54,54, 4,, Which gives us

¢(q11<:1+j1> ¢(q72€2+32)

* S, Sq, S
ao(d)  q@olgd?) T

ki+j1 ka+jo2
4 ds 515¢15¢25q1q2

N(qiq2,c,p) =

0102(q1" ¢5%51)
pq1q2 _ 1
= ]
Q1Q2(p - 1)

k
The next lemma follows from the fact that the only prime divisor of gcd(p;__l1 ,p—1)is q (see

Corollary 2.4 of [1]), so the proof is omitted.

k
Lemma 2.3. Fork € N, ifged(q,p — 1) = q, then gcd(p;__ll,p -1)=q
Theorem 2.3 (Sides of Lattice). If a € Z;, is a ga-residue but not a qi-residue, then

phaz — 1 p? — 1
qqu(p - 1) C]1(p - 1).

N(q1q27 aap) =

Proof. Let o be a generator of Z;, and ¢ € Z,, such that c is a ¢, -residue but not a go-residue. Then

¢ = o for some integer k with 0 < k& < p — 1. Since c is a g;-residue but not a g,-residue, we

k“ ol p-1
ng(‘Oﬁ',k‘) ng(p_Lk),

have q;|k and ¢, fk. Let m denote the order of ¢ in Z7. Since |a we

have m = ¢q52s" for some s} dividing s, and 0 < u < k;.
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pa1a2 —1

- k
1) Since ¢5”

Let r € D, with m, = m, recalling that r = m,d, where d, = ged(r,

. . 1 . . q1492 — . k 1 . .
divides m, and ¢2* divides 2 p L it must be the case that ¢s> 772 divides 7. We may therefore
: ot ketge 1 ot / / / e . .
Write 1 = q1qy" " 815y, Sg, Squq, fOr SOME S¢ 5 S0, Sy o dividing g, Sg,, and s, 4, respectively and

u <t < k1 + j;. Note that v and s} depend only on m, whereas t, s,,, s,,, and s, ,, also depend
onr.

Since g2 divides r, it is clear that 7 { p — 1 and 7 { p* — 1. In order for 7 to be in the set
Dy, 4> we also need r f p22 — 1. Therefore one of the following must be true: sfn # 1, s’q 0 #1,
ort > k.

We will consider two cases: first the case with ¢; 1 m and then ¢;|m.

Suppose first that ¢, 1 m. In this case, u = 0 and m = ¢4?s). Moreover, since the value of
Vg, (pq;q_zl_l> is j1, we have v, (r) < j;. By Theorem 1.2,
1
N(q1g2,¢,p) = ——— ¢(r)
q1929(m) Tez,;n
1 Kot
= m Z ¢(Q§)¢(QQ2+]2)¢(5/1)¢(5;1)¢(3;2)¢(3;1q2)
2 1 0<t<j1
3;1 [sqy 75512 £ 73:11 a2 [Sq1an
5:115511@7&1 ort>k1
o(gz" ) o(s1) Dol Voo V(!
= 5 5 Sy 0y )-
q1q2q§(q§2)q§(s’1) Ogtzgjl ¢(Q1)¢( q1)¢( q2)¢( q1QQ)
8:11 |Sq1 75:12 |8‘12 75:11t;{2 |8‘11 a2

! !
Sq, sq1q27£1 ort>kq

Again we apply properties of the Euler phi function to get

J2
b
N(q1q2. ¢, p) = > dl@) - > 3(gh) D (s, )B4, D(50,,)
N> m|qjls Sgo S 0<t<j1
1 54159259192 5;1|5q1,522|5qg75é1q2|5q1q2
sglsglqzzlandtgk:l
o q%2 J1 t /
= | @1 5a1S¢Sq1q2 — Z ¢(Q1)¢(Sq2)
4192 0<t<j1
t<ki
sfh|sq1

By Lemma 2.3, we know that either j; = 1 or &y = 1. Therefore if ¢t < j; and t < ky, it
follows that ¢ < 1. This allows us to write:

J2
q .
N(QlQQac’p) = 2 Q{18q18q23q1q2 - Z ¢(q§)¢(8;2)
q142 te{0.1}
3212|sq2
(g >
_ J1
= — | &1 S15¢25q192 — ¢($)
192 2l q15a,
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Applying the property of the Euler phi regarding the sum of ¢(x) for divisors z of n € N
allows us to rewrite the summation as:

J2 )
_ D (Jls S s — s )
= 91 S¢15¢25q1q2 — 415q2
q1q2
J1 g2 J2
41 92 5¢15¢25q1q2 142 Sgo

q142 4192
ph® — 1 p? — 1

01q2(p — 1) B ¢@(p — 1)'

It remains to examine the case where ¢;|m. Recall that m = qqfqé€2 | for some s} dividing s;
and 0 < u < ky and r = ¢t¢h* s 5180, 4o Sqrqe 10T SOME ¢ 5050 o dividing g, Sq,, and sy, 4,
respectively and u < t < k; + j;, with u and s} depending only on m, whereas ¢, s,,, S4,, and
5414, also depend on 7.

Note as above that either j; or k; must be 1. Suppose by way of contradiction that k; = 1.
Then we have 0 < ¢ < 1 + j; and therefore ¢ < j;. In this case, ¢} is a divisor of both r and
w and therefore of d,.. This implies that ¢! 1 m, contradicting our assumption in this case.

We therefore have j; = 1. This allows us to compute

Qa1
d, = ged (r, p—)
p—1

_ t ko+jo 1 1 J1,.J1
= ged <q1q2 S15¢, 3q28q1q27 a1 92 Sq 3q23q1q2)
J1 .92 o/
=01 % 8Q1S¢I28qw2
J2 ./

= 0192 Sq, SQQ Squ]2

Since 7 = m,d,, we have m, = ¢\~ 1q§2 s}, implying that t = u + 1. This is significant since

u depends only on m and not on 7. As in the first case, in order for r to be in the set D,, we also
need either sfh # 1, s;m # 1,ort > k. Since t < k; + j; and j; = 1, it is not possible to have
t > ky. Thus we have either s # 1or s, , # 1. Again by Theorem 1.2,

q1q2

Z¢

T‘EDn
myr=m

1
0@ ) 2 Oa o657 051 0(s, )D(50)0(50,1)
142 s

Sqq [5qy 73512 ISq2 ’3111 a2 15q1 90
!

N(q1q2,¢,p) =
(12 ) Q1QQ¢

!
Sq15q1a9 71

(b(SQI SQQ SQ1QQ)

 BlaT)o(g5) e (sh)
B 01929(q1') (g k2)¢(3/1) s Z

:11 [5qy 75112 Er 75:11 a2 15q142

! !
$q15q1a9 71

Again applying the property of the Euler phi regarding the sum of ¢(z) for divisors x of
n € N, we have

203



Nagen =22 [ 3 o) -3 o)

192
145q15q25q1q2 aﬂsqz
72
4193
= (80180250102 — Sa2)
192
Ji . Jj2 J2
91 92 Sq19g25q1g2 9142 Sgo

q1492 q192
pia2 — ] p —1

B n1g2(p — 1) N ¢@(p — 1).

Now we are ready to prove the following theorem.

Theorem 2.4 (Bottom of lattice). If a € Z, is both qi-residue and a qa-residue, then

phee — 1 pt—1 p2 —1

T e e e

fv(qu2vaap>

Proof. Since every irreducible polynomial has nonzero constant term, N (g; g2, p) can be expressed
as the sum

N(q1g2,p) = Z N(q1g2,a,p)

aEZ;

By Theorem 1.1, the left side of the equation is

1
N(qiq2,p) = v (p1®2 — p™ — p® + p)

In order to rewrite the right side of the equation, we begin by classifying the elements of Z;
according to whether they are ¢;-residues, ¢o-residues, both, or neither. Let o be a generator of

Z;. Ifa € Z;‘, is both a ¢;- and a ¢o-residue, then a = a*1% for some 0 < k < %. Therefore
there are % elements of Z,, that are both ¢, -residues and go-residues.

If a € Z,, is a q;-residue but not a gy-residue, then a = a*® for some 0 < k < pq;11 with ¢o 1 k.
Thus there are pq;11 — % elements of Z,, that are ¢;-residues but not go-residues. Similarly, there

are 2= — 2=L clements of Z*
q2 q1q2 p

The remaining elements of Z; are neither g;-residues nor g residues. Therefore the number

that are ¢, -residues but not ¢,-residues.

of elements in this collection is given by

p—1 p-—1 p—1 p-—1 p—1
(1) - el - -
q2 q192 q1 q192 q142

which simplifies to

-1 -1 -1
) — p D I p '
42 1 @G
Theorems 2.2 and 2.3 and 1.3 demonstrate that N(q;¢2, a,p) depends only on whether «a is a

(p—1

q1-residue and/or gs-residue. It follows that
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p—1
N(QlQQuP) = —N(Q1Q27 Oéqm;p)
q192

0 192
p—1 p-—1
+ ( - ) N(qu% aq2>p)
42 4192
p—1 p—1 p—1
+ (p_l_ - + )N<Q1Q2704>p)
q1 q2 4192
Using the results of Theorems 2.2, 2.3, and 1.1, we obtain
1 1
(pqwz _ pQ1 _ pQQ +p) — b~ N(Q1QQ, Oéqqu,p
q192 q192

_|_

)
(p )( pq1q2_1 p‘h—l )
¢ q1qe Q1q2(p -1
q1q2_1 a1
(T )(p )
q2 C]le

ChQQ Ch(p - 1)

_1 aige _ ]
=)
p

q1 q2 4192 41492 (p - 1)

+

which can be simplified to

pq1q2 _ pql _ pq2 _'_ p p _ 1 1 1 pQ1Q2 _ 1 pQ2 _ 1
= N(Q1q27 Oﬂlqzap) + - = -
q192 q1492 q1 q1492 q192 q2

(1 1 ) (pq1q2_1 pq1_1>
+ - —_
q2 q192 q192 q1
1 1 1 192 — ]
+O————+ )G )
q1 q2 q192 q1G2

phee —1  p2—1
(ﬁm—ﬁ“m”+mZ@—UN@@ﬂmmﬁ+@—D( - )
q142 q2

a1 a1 aa2
+(Q1—1)(p P )+(Q1Q2—Q1—Q2+1)(p—).
q192 q1 q1G2

Multiplying by ¢, g2 gives

This can in turn be simplified to give
2 a1 qagz ]
p I p b ‘
42 a1 4142

p—=1=(p=1DN(q¢s,a"",p) +
Dividing both sides by (p — 1) leaves

pq2 _ 1 pql _ 1 pql q2 __ 1
+ — )
eP-1) al-1) qep-1)

1= N(CI1Q27 a(nqz’p) +

This is equivalent to
phe — 1 pt —1 p2 —1
ae(p—1) qalp-1) @p-1)
which completes the proof. [

+ 1= N(QIQQJ aq1q2,p)7
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Let us consider again Zg; with ¢; = 3 and ¢» = 5. Theorems 2.2, 2.3, and 2.4 show that the
set
Dis={r:r[31" = 1,7 431> = 1,7 31° — 1}

can be partitioned into the following sets:

Dyop = {r € Dy5:
Dygiges = {r € D5 :
Dyiges = {r € D15 :

Dyottom = {1 € D15 :

@ and ¢521?|r} = {r € Dy5 : 3%|r and 52|r}
¢\ rand gh**2 ) = {r € Dy5 : 3%|r and 5% { 1}
@t rand ¢ r} = {r € Dys - 3%t r and 5%|r}
Qflﬂl {7 and q§2+j2 try={r e Dy : 3 frand 5 {r}

The sums computed in the proofs of Theorems 2.2, 2.3, and 2.4 are sums over these subsets of
D15.

3 Thecasep Z 1 (mod q)

Let us consider when p % 1 (mod ¢;) and p Z 1 (mod g¢), In fact, we have the following more
general result, which follows directly from Theorem 1.3.

Theorem 3.1. Assume n € N and ged(n,p — 1) = 1. Then for any a € Z;,

1 1 n\ 4
N(n,a,p) = pTle’p) = W%M(E)p :

pIt92 —pi —p924p

Corollary 3.1. Assume n = q1qo and ged(n,p) = 1. Then N(n,a,p) = Wfor any
a € 7.
P

Finally we will consider when p # 1 (mod ¢;) and p = 1 (mod ¢2). Then we will have
two possibilities, depending on whether or not the constant term is a gs-residue. In other words,
a constant term a is either a g;-residue and not a g,-residue, or a is both a ¢,-residue and a
go-residue.

Theorem 3.2. Assume p 1 (mod ¢;) and p =1 (mod ¢3).
1. Ifa € Z; is not a qo-residue, then

pQIQQ _ 1 pQ2 _ ]_ pfhfh _ pQZ
Q1Q2(P - 1) qqu(p - 1) B 6116]2(17 - 1)'

N(qu% CL,p) -

2. If a € Zy is a qy-residue, then

pq1q2 _ 1 pq2 — 1 p‘]l _ p
Q1Q2(P - 1) Q1Q2(p - 1) Q2(P - 1)'

N(%Qz, avp) =

Before we begin this proof, we need a modification of Lemma 2.2.
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Lemma 3.1. For primes p, q, and g, withp Z 1 (mod ¢) and p =1 (mod ¢3), we may write

k
p—1=¢q’s
q2 _ _kotje
P —1=q S$15¢y
ko+j2

q192 __ _
p 1 =gq 51525142

where all variables represent positive integers, the integers si,Sq,, Sq 4., q1,a0d G2 are pairwise
relatively prime, and gcd(qq, 1) = 1.

Note that ¢; cannot be a factor of s; but it can potentially be a factor of sy, or s, 4, The
proof of this lemma follows from that of Lemma 2.2 and is omitted. Now we are ready to prove
Theorem 3.2.

Proof. To prove (1), assume a € Z,, is not a go-residue. We will use Lemma 3.1 to write

p—1 Iqlz?251

q _ka+tj2
p *—-1= 4o S518¢o

q1q2 1 _ ka2tie
p 1 =gq 515¢25q1q2-

Letc € Z; where c is not a ¢o-residue, and let m be the order of c. Then, as argued in the

proof of Theorem 2.2, m = ¢52s/, for some s/ dividing s;.
pd192 —1

p—1
9192 — .. . k 1 ..
£ = 1 divides r. Since ¢5> 7 divides p% — 1, the

only way to ensure r|p?% — 1 and not p — 1 or p?? — 1 is the presence of a prime from s,,,,. It
follows from Theorem 1.2 that
1

Letr € D,,,, with m, = m, where r = m,d, and d, = ged(r, ). Since ¢52 divides m,

2+J2

and ¢} divides , it must be the case that q§

N(q1g2,¢,p) = ———— o(r)
qqud)(m) Tez,;n
1 ko+4jo 1 1
= O(qy> %8 s
q1q2(m) ' sanss! |Z r (23 e qm)
Sqg1542:5q1 g2 15a142:5q1 g9
1 foy i
= W Z ¢(CI22+)2)¢(3/1)¢(5;25;1q2)
142 271 51151,50, 42,54, 45 541 42154, g 71
d(qgh* ") .
- Q1QQ¢<(]§2) Z ¢<SQQS<11Q2)

SQQ ‘sqz 752;1 ) |sq1 q2 73511 a9 #1
Again using properties of the Euler phi function, we can rewrite this summation as follows:

J2 q1q2 _ 42 _
% p 1 D 1
N(q1q2,¢,p) = ——(5¢,5 — Squ) = -

( ) CI1Q2< e qg) Q1Q2(p - 1) q1q2(p— 1)

which proves (1).
To prove (2), first note that by Theorem 3.1, for any two elements a,b € Z! which are
both gy-residues, N(n,a,p) = N(n,b,p). Theorem 1.1, tells us N(q,qo,p) = L2202 224p,

9192

Since there are pq;; elements of Z; which are go-residues (with N(qiq,¢,p) = f:;;fi;) and
p—1-— pq;; =(p-101 - q%) which are not, we can compute N(q¢1¢2,a,p) by finding the

following.
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gy (o) () 1)1 - 1)
q2

qq q1q2(p—1)
N(Q1q27a7p) - = 11;
q2
1
— q1q2(p — 1) [(h(pqm _pth _ pt12 +p) _ (pt11CI2 _pQ2)<q2 _ 1)]
1
BT TE LA AR
1
) [(p"% = 1) = (p” = 1) — @2(p™ — p)]
pie — 1 p2 —1 p —p

T ae-1) ae@-1) ap@-1)

4 Conclusion

Consider the case when ¢; and g, both divide p — 1. While considering values of N(q1¢2, a,p)
when ¢; and ¢» both divide p — 1, we found it useful to visualize these values in the following
lattice. This is the same lattice from Section 1 with the edges labeled. The edges of the lattice are
labeled with values of N(qi,a,p) or N(gs,a,p) to represent the difference between the vertices
of that edge. For example, N (q1q2, &, p) — N(q1G2, @9, p) = N(gqo, %", p).

N(q1q27a7p)
N(Qlaaq27p) N(q2aaql7p)
‘ N(q1q2, 2%, p) ‘ ‘ N(q1q2, ™, p) ‘
N(QQJ Oéthqz’p) N(q17 aqup’p)

N(Q1q27 aq1q27p>

The values on the edges were computed in [1] and are summarized in the next theorem.
Theorem 4.1. Let k € N.
1. (Theorem 2.5) Let gcd(q,p — 1) = 1, and a € Z, then
qu _ pq’“*1
¢(p—1)

2. (Theorem 3.2) Let ged(q,p — 1) = q, and let a € Z;, be a non q-residue, then

N(¢* a,p) =

P -1
¢t(p—1)
3. (Theorem 4.1 and 4.2) Let gcd(q,p — 1) = q, and let a € Z;, be a q-residue, then

N(¢* a,p) =

(&".a.p) P’ —gp? g1
NQ7a7p =
¢*(p—1)
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Since the next two theorems are easy corollaries of Theorem 4.1, Theorem 2.2, Theorem 2.3,
and Theorem 2.4, we leave the proofs to the reader.

Theorem 4.2. N(q1g2, o, p) — N(q1g2, a®,p) = N(gz, a®,p)
Theorem 4.3. N(q1q2,a®,p) — N(q1q2, a®% p) = N(qy, a™? p)

In the case where ¢; divides p — 1, but g, does not, we get a much simpler lattice. Notice that
the lattice representation of Case 2 is identical to the top right portion of the lattice representation
of the first case.

N(qu% a, p)

N(Q27 aqlvp)

N(%QQ, aqup)

The proof of the next theorem is also a corollary of Theorem 4.1 and Theorem 3.2 and is left
to the reader.

Theorem 4.4. N(qu% Oé,p) - N(Ql@% aq17p) = N(q27 aql7p)'

Now we are ready to consider the ratios of N(q1¢2, a, p) for varying values of a. When p = 1
(mod ¢;) and p = 1 (mod ¢9), there are three possible values of N(q1¢g2,a,p) depending on

whether a is a ¢;-residue and/or a ¢,-residue. The largest possible value would be qﬁ’;z;j) when
a is neither residue, and the smallest value would be 222=1 _ pU=L _ p2=1 4 1 \hen g is
qaig2(p—1)  a(p—1)  gq(p—1)

both residues. Observe that the ratio of these terms would be
N(qiga, a2, p) 1_ @@ -1 a@®-1)  qagep-—1)

N(q1g2, @, p) phe —1 phez — 1 phaz —1

As q1qo — 00, this ratio will approach one. Hence the other two possible ratios will also approach
one as qiqs — Q.
Next, when p Z 1 (mod ¢;) and p = 1 (mod ¢), we have the following ratio

N(%C]z, a,p) _ phz — pt
N(QIQ% O[(h;p) pq1q2 — qu — pq1 + qip

which also approaches one as ¢;g2 — oo. Finally, the case when p # 1 (mod ¢;) and p # 1

. . . N(q q 7a7p)
(mod ¢o) automatically yields a ratio N bp) qi q;b,p)

= 1 as these values N (q1¢2, a, p) are identical for
*
any a € Z,,
Therefore the proportions of constant terms of these monic irreducible polynomials of degree
q1q2 are asymptotically equal, as their limits show a uniform distribution among the constant
terms.
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