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Abstract: In this article, we study the connection between Pythagorean triples and metallic
means. We derive several interconnecting identities between different metallic means. We study
the Pythagorean triples in the three-term recurrent sequences corresponding to different metallic
means. Further, we relate different families of primitive Pythagorean triples to the corresponding
metallic means.
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1 Introduction

Historically, golden ratio and silver ratios have been studied for composing music, paintings,
construction of temples, and ancient places of importance. Popular books [4] and [5] explore
historical and mathematical aspects of the golden ratio. In [1] the silver ratio arising in the
construction of Castel del Monte (a castle in Italy) is discussed. In [11], Vera W. de Spinadel
introduced n'™ metallic means as the limiting ratio of consecutive terms of a sequence {G}, }r>0
generated by the three-term recurrence G, = nGy + Gj_1. In the article [12], she studied the
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design aspects of the metallic means. A notion of an associated polygon with the metallic means
is analyzed in [10, 13]. In a recent article [14], the author relates how different taffy (a candy
made by pulling sticky sugar base) pullers are related to golden and silver ratios. The taffy puller
pulls the taffy base using the moving rods. In certain pullers length of the taffy at the (k + 1)
step is twice the length at k™ step added to the length at (K — 1)* step. Thus relating to the silver
ratio. Recently, [7] studied the connection between right-angle triangles and metallic means.
In [7] connection between Metallic means with Pythagorean triples is explored. [8] introduced
the triads of metallic means. In [9], author gave the relation between different metallic means and
the corresponding sequences. Here, we generalize the identities in [8], prove and extend identities
in [7], prove the results in [9], and further study the Pythagorean triples in the recursively defined
sequences whose limiting ratio is a metallic mean.

In this article, we use metallic means, metallic ratios or metallic numbers as synonyms.
A metallic mean of order n is the real positive solution of the quadratic equation,

2 —nr—1=0. (1)

. . vn?+4 . . . . .
Itis given by ¢,, = % We say 9, is a metallic mean of integer order when n is an integer,
and a metallic mean of fractional order when 7 is a rational number. Unless mentioned we are

referring to metallic means of integer order. From the expression of 9,,, we get

(20, —n)? = n? + 4. )
From the equation (2) we can look at a right triangle of sides 2,n,H with hypotenuse H = 24,, —n.
H+n
Then 6,, = 5

1.1 Notations

Let i = \/—1. The set [m| = {1,2,..., m}. Define the symmetric polynomials for a set of
numbers x = {x1,Zs, ..., T, } as,

oj(x) = Z quv

sC[nl,|s|=j q€s
n

on(x) = | | T;.
i=1

Let gcd(a, b) denote the greatest common divisor of the integrs a and b.
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2 Results

2.1 Maetallic means and cotangent relations:

In this section, we give identities relating to different integer metallic means.
Consider set of integers k,, = {k1, k2, ..., k,}, let the set of corresponding metallic means

0 = {0k, Oky, - -, Ok, }. When nisodd, lett; = t, = [%], and when n is even, let £, = § and
to =75 —1

3l ) )

> on—2j(kn)4? (=1)7
Theorem 2.1. For k = tfo , we have

Eoﬂn—(zjﬂ)(kn)‘lj(*l)j

5" 00y (8)(-1)
O = 4 ,
;)Un—(zjﬂ)(é)(—l)j

Proof. Consider § = 77, 0;, for angles 0; such that k; = 2cot20; for k; € k,, then we
have d, = cot 6;. This can be seen by the elementary trigonometric relation (in comparison to
Equation (1), with z = cot 6),

cot?0 — 2cot 20 cot§ — 1 = 0. 3)

To find cot € in terms of cot 6;, consider the complex numbers z; = (cot #; 4+ 1). Note that z;

has an argument 0;. Now consider the complex number 2 = [[7_, 2;,
H (cotd; + 1) 4)
7j=1

Note that the argument of complex number z is § = Z?:l ;. Thus cot 0 is obtained by taking
the ratio of the real part and imaginary parts of the product (4).
Let C(©) = {cot by, cot s, ..., cotb,}. Then we have from (4),

z= Z on—;(C(O
7=0
Separating real and imaginary parts we have
t1
= 0u2(C(O)(-1Y,
=0
to A
=D Tu-j4n) (C(O))(-1).
7=0

Here when n is odd, ¢; = ¢, and equal to ng When n is even, t; = 3 and t, = § — 1. Thus by
taking the ratio of real and imaginary parts of z,
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5" 00 2, (C(O))(~1)
cot(f) = =0

to

30 s (C(O)(1)

=0

With C(20) = {cot 26;, cot 26,, . .., cot 20, }, we have

5 0,0 (C(20))(—1)

z an72j<k:n>4f<—1>f‘

t2 . . ’
Zoan—(2j+1)(kn)4”(—1)3
‘7:
Thus we have
t1 )
Z On-25(0k,) (—1)!

0 = , (5)
Z O (2j+1) (O, ) (—=1)7

]_

for
> Op—2j(kn) 4 (—1)
L . ©)

Zo On—(2j+1) (kn)4(—1)7

]:
This completes the proof. [

e . mn — 4 OnOm —

Corollary 2.1. For positive integers m,n, k, if k = P then we have §;, = 515
Proof. Let 61 + 0, = 6, with m = 2cot#, and n = 2cot 6, and from (5) and (6) the proof
follows. O]

Note that by rearranging
mn — 4 44+ mk
— = —_—

k= 7
m+n m—k’ ™
thus by choosing k = m — 1, we get integer n = 4 + m(m — 1). Thus we have infinitely many
. e . mn —4
solutions of positive integers m, n, k such that k = et
Example 2.1. Take m = 5, then we have (k,m,n) = (4,5,24) such that 4 = %3_4 We have
Oy = 4+ V20 , 05 = ik \ﬁ and 6oy —24+ 580 . They satisfy 64 = 05024 — 1
2 05 + 024
mn+4 0ndm+1
Corollary 2.2. For positive integers m,n, k, if k = + , then we have J;, = i (;:n

Proof. Similar to the arguments in the previous proof, let 8; — 6, = 0, with m = 2cot 6§, and
n = 2 cot 0y, and from (5) and (6) the proof follows. [l
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By choosing n = m — 1, we have integer k = 4 + m(m — 1).
In general (6) is a fraction for any k,,, we look for the choice of k,, such that k is an integer.
The following theorem says there are infinitely many k,, for which £ is an integer.

Theorem 2.2. There are infinite sets of integers {k, k,,} which satisfy (6).

Proof. Note that we are not imposing the condition that all of the integers have to be positive. We
prove this existence by induction on n = |k,,|.

Our induction proposition F,: There are integers k,, that make the denominator of (6) equal
to one.
Therefore, k,, is such that

(Z On—(2j+1) (kn)4j(—1)j> -

Let k,, = k,,_1 U k,,, we assume P,_; is true. Then we have

to
(Z(knan—<2j+2)(kn1) + On(2+1) (Rn-1))47 (= 1)) ) =1
§=0
t2 . .
(Z(kng(n—l)—@ﬁl)(kn—l) + gn—(2j+1)(kn—1))4](_1>J> =1,
§=0

to
ko =1= on_gjn) (kn_)¥ (—1).
=0

Thus we have a k,, which makes P, true. For the base case, when n = 2, we have the denominator,
ki + ko, choosing ke = —(k; — 1) will make the denominator value to be one.

Now for every value of k; we have uniquely determined k,, therefore we have infinitely
many k,,. O

Example 2.2. According to Theorem 2.2 we take initial condition 7 and ky = {7, —6,47,2167}
gives integer ks = 4693727. Similarly, if we take kg = {2, —1,7,47,2167,4693727} this gives
integer k7 = 22031068456807.

The above Example 2.2 suggests that similar to the rearrangement (7), we get a positive integer
solution for (6) by rearranging it.

2.2 Maetallic means and the three-term recurrent sequences:

The Fibonacci numbers are given by the recurrence
1
1o

T T
with the initial condition [Fl FO] = [1 O} .

F,
anl

anl

P ®)
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11
The characteristic polynomial of the matrix [1 O] is given by A~ A —1 = 0. Thus Fibonacci

numbers are the first metallic numbers.
In general, for the p™ metallic number, we have the sequence {G,,} given by

_p 1
1100

T T
with the initial condition [Gl Go} - [1 0] .

Gn
Gn—l

anl

G, €))

In this section, we derive the relation for odd n,
arctan 5;,”“2 + arctan §,; = 2arctan daq,, ;-

The characteristic polynomial for the matrix in (9) is given by \> — pA — 1 = 0. And the
eigenvalues §, = E-VI"H and o) = 2=V

An eigenvector of the matrix is given by
1
D T 5, x|
1 0|y Y

pPT + Y = 0pT

Then we have

T = Opy.

Taking y = 1, we get v = §,. We also have (9,) = g—pl. The eigenvalue decomposition is given by
p 1 |6 (6)| |dp O 1 L —(9,)
1ol |1 1]f0 (&) ©G—0d)|-1 5 |

{6, ()] or 0 1 1 —(5)
L 1o (&) (Gp—dy) |1 5, |

1 lagﬂ (5;)n+1] [1 —(5;,)]

Thus we have

Op=0p) | 05 (&))" | |=1 G
53("+1)+(71)n 5121717(71)71
. 6]7 6;1+1 5;1
B A GO i i
p 517; 617;—1

op 65n+2 -1
(62+1) gpt!

Let tana = 07 and tan 3 = 5;}“. Then,

Thus we have for odd n, G,,11 =

tanatan g — 1
Gn+1 - )
tan o + tan 8
1
= —tan(a + B).
G ( )
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Thus
tan((ﬁ + @)/2) = 52Gn+1'
Therefore when angles are in the third quadrant, we have the relation,
arctan 5;”“2 + arctan 0, = 2arctan dag,, ., - (10)

Example 2.3. Let F,, be the n™ Fibonacci number, as a result of the (10), for even n, we can

represent the 2F,, th metallic number in terms of golden ratio 9, as,

arctan 67! + arctan 57
(SQFn = tan 9 .

Take Fy = 3, we have §g = 6.162277660168380, by evaluating arctan §7 = 1.480869576898658
and arctan 03 = 1.338972522294493 which further give tan(1.409921049596575) = J.

2.3 Pythagorean triples in the sequences corresponding to metallic means
For the Fibonacci sequence with initial condition Fjy = 0, F; = 1 we have the relation:
(Fue1Fns0)” + (2F, Fri1)® = (Fang)™. (11)

This relation is illustrated in [6]. Further [3] proved for any Pythagorean triple there are initial
conditions of (8) such that the triple occurs as (11). In [2] authors investigated Pell number triples.

Example 2.4. From the Fibonacci sequence, we have F3 = 2, Iy = 3 and F5 = 5, F5 = 8 and
Fy = 34, then we have the triple (16,30,34).
In general, in the Euclids generating parametric expression of Pythagorean triples, consider
(Gi+1 - G%? 2GnGn+17 G%+1 + G121)
R
|1 0| |of°

From the recurrence relation, we have

Gn+1
Gy

Thus we have

a(f ) B
(] [)) e

Further, we use the generating function of GG,,,

—_

1
Gp = ——x= (0" —(8)") .
/p2+4(p (p))
with §, = P2 V2P2+4and (o) = LV td V2P2+4,

190



Then evaluating

]' n ! mn n ! n n
2 52 +2 T (5;0)2 +2 _5; o (5;0)2 +4(_1) )

2 _
Gn+1_Gn_p2+4(p

Note that 0, + 0, = p, p* +2 = 02 + (6,)* and (p* + 1)* + 2p*> + 1 = 5, + (9,)*. Thus we get

Gr — Gh=pGri1Gpoy + = 1+ Z(EDH(6)" + ()1 + (1" ((8)° + (6,)) + 4(=1)"),
= pGpi1Gr1 + S;f: (P + 1) +2p° +1—(p* +2) —4),

With further algebraic simplifications, we find that
G — G = pGryaGry + (1)1 (p? = 1).
Thus in general
(PGrny2Gnr + (=1)" 1 (p* = 1))* + (2GnGni1)® = G341

Example 2.5. From the Pell-number sequence (which corresponds to p = 2) starting with Py = 0,
P, =1, we have
P ={0,1,2,5,12,29, 70, 169, 408, 985, 2378, 5741} .

Py = 2 and P3 = 5 correspond to the triple (2 x 12 — (22 — 1) = 21, 20,29). Similarly P3 = 5
and Py = 12 correspond to (2 x 2 x 29 + (22 — 1) = 119, 120, 169).

2.4 Relating metallic means to the primitive Pythagorean triples

Metallic means are related to the right angle triangles as discussed in the introduction. In this
section, we further explore the relation between metallic means and Pythagorean triples. We have
the following lemma,

Lemma 2.1. Primitive Pythagorean triples a < b < c form integer s = 2 %ﬁ if and only if
c—be{l,2,8}.

Proof. The bidirectional statement implies for primitive Pythagorean triples a < b < ¢, if s is an
integer, then ¢ — b € {1,2,8}. On the other hand, if ¢ — b € {1, 2, 8}, then s is an integer.

“If” part: From Euclid’s generating function(with (m? —n?, 2mn, m?+n?)), to generate primitive
Pythagorean triples assume gcd(m,n) = 1 and both m and n cannot be odd. Also assume
m? — n? < 2mn, in this case (a, b, c) = (m? — n?,2mn, m? +n?) .

c+b=m?+n*>+2mn
= (m+n)?,
c—b=m?+n?>—2mn,

= (m —n)>
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m+n
m—n

Thus we get s = 2

, In this case, have integer s when m — n is either 1 or 2. Butif m —n = 2,
we have a = 2(m + n) and b = 2n* + 4. Thus ged(a, b) = 2, so a contradiction. Therefore we
getc—b=1.

Now if we assume m? — n? > 2mn, in this case (a,b, ¢) = (2mn, m? — n?, m* + n?) . From
the generating triples

c+b=m?+n?+m*—n?
= 2m?,
c—b=m?+n%>—m?+n?
= 2n?.
Thus we get, s = 2 % In this case, we have integer s, when n either 1 or 2. This gives
possible ¢ — b values to be 2, 8.

“Only if” part: For primitive Pythagorean triples assume ¢ — b € {1,2,8}. whenc —b = 1 we

have only possibility m? — n? < 2mn and s = 22 jZ = 2(m + n) is an integer. When ¢ — b = 2

or 8 we have only possibility m? — n? > 2mn and s = 2% is either 2m or m, is an integer. [

Define the families of triples F; = {(a,b,c) : ¢—b = j} for j € {1,2,8}. These families of
triples are known as Fj , F,, and Fg families. From Lemma 2.1, we can derive the generating
functions of these families. Let [ = ¢ — b. When we have [ = 1, we have m? — n? < 2mn from
the proof of Lemma 2.1. s = 2(m + n). In this case, we also have [ = (m — n)? = 1 implying

m —n = 1 (because m > n). Thus we get m = 512, n=>= ; 2, and the triples
1 2 2
(a,b,c) = E(&S, 2(s° —4),25° +8). (12)

Take s = 4t + 2 in (12), and we get the generating function of £ :
(a,b,c) = (2t +1,2t> + 2t,26* + 2t + 1), for t=1,2,... (13)

In case of [ = 2 or 8, we have m? — n? > 2mn. Further, s = 2—m. Forn =1, we have [ = 2. and
n
generating function of F3 is

(a,b,c) = 2m,m*> —1,m* +1) for m=2,3,... (14)
In the case of [ = 8, we have n = 2. Thus we get generating function of Fy as
(a,b,c) = (4m,m*> —4,m* +4) for m=34,... (15)

Example 2.6. Interestingly, triple (12,5,13) corresponds to m = 3 in (15) and t = 2 in (13).
Similarly, triple (3,4,5) corresponds tot = 1 in (13) and m = 2 in (14). The triple (20,21, 29)
belongs to Fy and Fermat family (where |b — a| = 1 in the triple (a,b,c)). The families F are
known as Pythagoras family, and F5 are known as Plato family, [15].

For a right-angle triangle with sides having primitive Pythagorean triples a < b < ¢, let 6 be
the angle between the sides having length b and c.
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Theorem 2.3. Ifc — b € {1,2,8}, we have ), = cot %forpositive integer k = 2 %

Proof. By considering % in the (3),

0 0 0
cotZZ—Zcotécotzl—l:O.

We have 8, .0 = cot §. With cot § = 2, we have 2cot § = 2,/¢%;. Also from Lemma 2.1, we

a’

have k = 2, /% as a positve integer. Thus 6, = cot g. ]

c—b

Example 2.7. Consider the triple (20,21,29), we get k = 2,/% = 5. Thus 05 = 5*5/@ =

21
arccot( 20 )

5.192582403567252. It is also given by cot — =+ = 5.192582403567252.

2.4.1 Metallic means of fractional order taking fractional and integer values
and primitive Pythagorean triples

By re-arranging the metallic mean expression (2) for ¢,,, we get
20, — n 2_ <n>2+1
2 S \2 '
If we take a rational number f = %b (where a,b are from a Pyhtagorean triple, of the form
a’® + b? = ¢?), then
25— f\* _ f2+1
2 - \2 ’
e 2
- ()

b
Sodf = (E + i) _ T can be regarded as a rational metallic number taking rational value.
a

2 a
Example 2.8. Consider a = 4,b=3,c=05. Then f = g 5% = 2 is an integer.
. : . 2b (2t +1)2
Example 2.9. Consider triple a < b < cin F}, then f = - correspondsto 6y = T 2t+1

(here t as in generating function (13)) is an integer for all t.

2
Example 2.10. Consider triple a < b < cin F5, then f = % corresponds to 05 = 22% = m (here
m as in generating function (14)) is an integer for all m.

2
Example 2.11. Consider triple a < b < cin Fyg, then f = %b corresponds to dy = 24% = % (here

m as in generating function (15)) is an integer for an even m.

3 Conclusion

This article relates metallic means and Pythagorean triples. Several interconnecting relations
between metallic means are given using trigonometric identities. Pythagorean triples in the
sequences corresponding to metallic means are investigated.
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