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1 Introduction

Hamilton invented quaternions in 1843 and showed that they form a 4-dimensional non-
commutative division ring under multiplication [13,14]. Quaternions can be used to show rotations
in three-dimensional space, and have applications in computer graphics, robotics, and aerospace
engineering. They are also closely related to the more general Clifford algebras. Quaternions are
also used in various branches of mathematics, such as differential geometry and number theory.
Quaternion calculus is a dominant tool for solving problems related to 3-dimensional rotations.
Quaternions have also been used in artificial intelligence and image processing applications. They
are also used in robotics for controlling the movement of robotic arms.
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Definition 1.1. (Horadam [15]) A quaternion p is an element of the form p = po+ p1t+ p2J + psk,
where po, p1, P2, p3 are real components and 1, 1, j, k are basis elements satisfying the properties
?=32=k>=ijk=—-1,ij=k=—ji, jk=1i=—kj, ki=7j = —ik.

In 1963, Horadam [15] introduced the Fibonacci and Lucas quaternions and investigated some
of their properties. In recent years, these quaternions were studied by many authors.

The concept of k-Fibonacci and k-Lucas quaternions was introduced and explored in 2015
by Ramirez [21]. These quaternions are a generalization of the Fibonacci and Lucas quaternions.
They have applications across a wide range of branches like the usual quaternions. Numerous
researchers have extensively studied these quaternions since their introduction. See [19, 20] for
more details.

There has been a lot of research done on the different quaternions in recent years and
their generalizations have been examined by several authors. The hyperbolic quaternions were
discovered by Macfarlane [17] in 1900. Macfarlane’s work was further expanded to the Cayley—
Dickson algebras by Hurwitz. These algebras are now expressed as Hurwitz algebras.

Definition 1.2. (Macfarlane [17]) The hyperbolic quaternion O is an element of the form 0 =
01 + Og61 + 0369 + Og63 = (51, 0o, 03, 54), with real components 01, Os, O3, hy and 1, €1, €9, €3

are hyperbolic quaternion units that satisfy the non-commutative multiplication rules

€1’ = 6" =6’ = eree3 = 1, (D

€1€2 = €3 = —€2€1, €2€3 = €1 = —€3€3, €3€] = €2 = —€1€3. (2)

The hyperbolic quaternion is neither a commutative nor an associative algebraic structure. In
the classical quaternion, every imaginary basis element has the property 2 = —1, while in the
hyperbolic quaternion all basis elements satisfy €2, = +1. For more details, see [17]. Hyperbolic
k-Fibonacci quaternion and hyperbolic k-Lucas quaternion first defined by Godase [9, 10, 12].

Definition 1.3. (Godase [9, 10, 12]) The hyperbolic k-Fibonacci quaternion 5%,” is an element
of the form 5‘%7” = Qkn+ Ok nt1€1 + Pknt2€2 + O nis€s, and the hyperbolic k-Lucas quaternion
0%k is an element of the form 0%y, = Vg p + Vkni1€1 + Yk ni2€2 + Yrnises. The hyperbolic
quaternion units 1, €, €5 and €3 satisfy the multiplication rules defined in the Definition 1.2 and

Orn & Yy, are k-Fibonacci and k-Lucas numbers.

The octonions were formed by A. Cayley [S] in 1845. Octonions are also called Cayley numbers.
In 2014, O. Kecilioglu and I. Akkus [16] defined Fibonacci and Lucas octonions and explored
some basic properties of octonions. In 1988, K. Carmody [4] discovered hyperbolic octonions and
inspected the different properties of hyperbolic octonions. Furthermore, he demonstrated that the
process of multiplying hyperbolic octonions does not follow a commutative or associative order.

Definition 1.4. (Carmody [4]) The hyperbolic octonion ¢ is an element of the form o = oy +
0111+ 0212+ 0313+ 04€4+ 05€5+ 06 €6 + 07€7, Where 0o, 01, 02, 03, 04, 05, 06, 07 are real components
and 1, 11, 19, 13 are quaternion units. Besides, 64(642 = 1) is a counter imaginary unit and the

bases €5, €g and €7 of hyperbolic octonion are defined as follows:

11€4 = €5, 12€4 = €g, 13€4 = €7,

642 = 652 = 662 = 672 =1.
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The bases of the hyperbolic octonion o satisfy the multiplication rule given in the Table 1
(Carmody [4]) below. The algebraic properties of the hyperbolic octonion can be constructed
using the multiplication rule. A. Cariow, G. Cariowa and J. Knapinski [2, 3] established the low
multiplicative complexity algorithm for multiplying two hyperbolic octonions.

Table 1. Multiplication rule for hyperbolic octonions.

HENEN NSNS
?:1 -1 ig —’ig €5 | —€4 | —€7 €g
ig —’ig -1 il € €7 —€4 | —€5
ig ig —il —1 €7 | —€¢ €5 —€4
€4 —€5 | —€g | —€7 1 —il —ig —ig
€5 €4 —€7 € il 1 ’ig —ig
€6 €7 €4 —E€5 ig —’i3 1 il
€7 —€g €5 €4 ’ig ig —il 1

The hyperbolic octonion forms an 8-dimensional non-commutative algebraic structure.
Hyperbolic octonions are distinct from classical octonions. In classical octonions, all imaginary
basis elements have the property ¢2 = —1; while in hyperbolic octonions, hyperbolic basis
elements satisfy the property €2, = +1. As classical octonions, hyperbolic octonions are also
non-associative, and they further satisfy the property (e.eq)e, = —¢.(eqe,), for ¢ # d, d # p and
p # c. Details can be found in [6-8, 18,22,23].

In 2019, Godase A. D. [9, 10] expanded the ideas of hyperbolic k-Fibonacci octonion and
hyperbolic k-Lucas octonion from the ideas of hyperbolic £-Fibonacci quaternion and hyperbolic
k-Lucas quaternion.

Definition 1.5. (Godase [9, 10]) The hyperbolic k-Fibonacci and k-Lucas octonions g‘f’k,n and
ka,n are defined by the expressions Q‘z’k,n = Qrn + Pknt1t1 + Okniais + Oknisis + Qknra€a +
Drn+5€5 + Oknr6€6 + Ornsrer, and 0%y, = Ypn + Veni1is + Ving2ta + Vinrsis + Vrpracs +
V4565 + Uk nt6€6 + Vi ni7€7, Where iy, ig, i3, €4, €5, €6, €7 are hyperbolic octonion units given
as in the Definition 1.4.

2 Properties of hyperbolic k-Fibonacci
and k-Lucas octonions

Lemmas 2.1 to 2.4 are essential for proving the main theorems in this section, namely Theorems
2.1 to 2.7. The proofs of the Lemmas 2.1 to 2.4 can be found in [11]. In this section, different
properties containing hyperbolic k-Fibonacci and k-Lucas octonions are established. Furthermore,

we explore binomial sums for these octonions.
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Lemma 2.1. In the case where uw = i1 or u = Ly are the roots of the characteristic equation

r? — kr — 1 =0, the following results hold:

(a) w?=ku+1,

(0) u" =udrn + Prn-1,

() v =u"p, — (—1)",
et

(6) Usn¢k,rn - urn¢k,sn = (_]-)sn(bk,(r—s)n‘

(d) u™=u

3)
“)
&)

(6)
(7

Proof. (b) In order to prove this part, we apply the principle of mathematical induction to n. For

n = 2, we have from (3)
M% = 1Pk + Pra,
13 = padra + Pr1-
The result is assumed to be true for n. As a result, we have
W = Pk + k1,
:ug = ,u2¢k,n + ¢k,n—1'

Using (3) and (8), we obtain
Pt = "
= p1 (1 Prn + Prn—1)
= (11> P + P Ph1
= (kpn + 1)Prn + f110kn-1
= (kPkn + Pkn—1)t1 + P
= Pk pt1fl1 + Dk

In a similar manner, we can prove that

1 = padrni1 + Grn-
Lemma 2.2. If u = p or o, then

1+ ku+ w2 = gy puu2@HD),

Proof. Let u = p1. As aresult of using the Binet formula, we have

2(27 41 n+1 ntl ) 2(2n41
wk,znﬂ/h( +):<M% + 13 )Ml( )

n+1 n+1 n+1 n+1
:(u? TH )u%(ui pi )/ﬁ
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2n+1+2n+1 1)2n+1>

2n+2 )
= (u? + u?u?"w)
(ul + um"”)

n+1
=14 ku, + ,ui(z T,

_M(
_ul(

It is also possible to prove the result for u© = .

Lemma 2.3. Ift € Z* witht > 1, the following results hold

¢k 2t / wk 2t—1
1 2t — ) A _ )
< ) Ml k ILL1 k: Y

9y 2t = P _ Yrar
(2) w3 2 ,Uz\/_ L

Lemma 2.4. The following results hold fort € Z+ witht > 1

(1) M%t-}—l wk,2t+lﬂl _ (bk,Zt \/Z’
k k
(2) Mgt+1 wk,2t+1luz+ ¢22t\/z.

Theorem 2.1. Forn,m,r,s,t € Z*, we have

¢k,rng¢k,sn+mt = ¢k,sn@¢k,rn+mt + (_1)sn¢k‘,(7“—5)ng¢k,mt'

Proof. From the Lemma 2.1(e), we can write

Min¢k,rn - qugbk,sn = (_1)Sn¢k,(rfs)na
Mgn¢k rm T N£n¢k,sn - <_1)sn¢k,(r—s)n'

and subtracting, we obtain

fi i fizpiy”
By multiplying Equation (16) by ——— A and (17) by 2
M1 — M2 M1 — M2
sn+mt sn+mt rn+mt
d)k,rn(“ 14 fiahts ) _ ¢k,sn(“ 114
H1 — 2 H1—

~ o omt
sn Hip
+ (—1) ¢k,(rs)n( 1 _

1.e.,

¢k,rn0¢k,sn+mt = gbk,sngd)k,rn—i-mt + (_1)Sn¢k,(r—8)ng¢k,mt'

This completes the proof of Theorem 2.1.

Theorem 2.2. Let n,m,t € Z*. Then prove that

o] ) @
wk,zn“Q komi+2nt142 = O komt+2 T Ok miqoant242-
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Proof. Applying the Lemma 2.2, we write

n+1 n+2
Y Y L (19)
n+1 n+2
Ypapts =g pd (20)
~ o mt ~ o omt
Now, by multiplying Equation (19) by T nd Equation (20) by F2ls  and subtracting,
H1 — 2 M1 — p2

we obtain

A omt2n T4 A~ omit2ntl4o
Haph — Mol
2/}k72n+1 ( L 2

M1 — 2
~om A~ m A m n+2 ~ m n+2
_ (ulul 2 iyl ”2) N (mm S T +2)
H1 — M2 M1 — M2 ’

which implies

¢k,2n+1Q¢k,mt+2n+l+2 = Q¢k,mt+2 + Q¢k,mt+2”+2+2'
Thus the proof of Theorem 2.2. [
Theorem 2.3. Let n,m,r,s,t € Z". Then show that
(Z) kg¢k,m7‘+2t = ¢k72t<9wk,mr+l - ¢k72t—1g¢k,mr7 21
(”) kjg¢k,mr+2t = A¢k,2t9¢k,mr+1 - ¢k,2t—1g¢k,mr‘ (22)

Proof. (1) By making use of the Lemma 2.3, we have

kpdt = Grapn VA — a1, (23)
kst = —rauhtaVA — Py 1. (24)
. . . /ﬁ/ﬂmﬂ . ﬂgu?r .
By multiplying Equation (23) by ——— and Equation (24) by ——— and subtracting, we

) M1 — H2 M1 — M2
obtain

kQ¢k,mr+2t = ¢k,2t@wk,mr+1 - wk,2t—19¢k,mr'
(i1) Again, multiplying the Equation (23) by fi; 47" and (24) by 25" and adding, we get
kak,mrJer = A¢k,2t9¢k,mr+l — Vr2t-1 ka,mw
which completes the proof of Theorem 2.3. [l
Theorem 2.4. Let n,m,r,s,t € Z*. Then show that
(4) kQ¢k,mr+2t+1 = Yr2t41 Q¢k,mr+1 - ¢k,2t@wk7mm (25)
(47) k9¢k,mr+2t+1 = ¢k,2t+1@wk,mr+1 - A¢k,2tk9¢k,mr- (26)

105



Proof. From the Lemma 2.4, we have

ku2t+ ¢k,2t+1,u1 - \/Zﬁbkgt, (27)
157 = e + \/_¢k 2- (28)
. . . /fllflm . /fQMg" .
By multiplying Equation (27) by ——— and Equation (28) by ——— and subtracting, we
M1 — M2 My — M2

obtain

o — o] W
k?Q kymr+2t+1 — wk,Qt—HQ kmr+1 ¢k,2t@ k,mr:

(ii) Furthermore, multiplying the equation (27) by i1 47" and (28) by fiop5”" and adding, we get

kgwk,mr+2t+1 = ¢k72t+1gwk,mr+l - A¢k72tg¢k,mr'
This completes the proof of Theorem 2.4. [

Theorem 2.5. Let n,m,r,s,t,l € Z*. Then prove that

n

smn n n n—i /%
(_1) ¢ (r— s)mQ k,lt _Z(>(_ ) k:rm¢ksmg k,smi+rm(n—i)+it: (29)

1
=0

Proof. Applying the Lemma 2.1(e), we have
/’Lim¢k,rm - uqm¢k,sm :<_1)Sm¢k,(7‘—8)m>
M§m¢k,rm - M£m¢k,sm :<_1)sm¢k,(r—s)m-

By employing the binomial theorem, we get

smn 4n - n n—i 1 n—i  smi+rm(n—i
(_1> ¢ (r—s)m — Z (’L> (_1) k,rm k,smlul ( )7 (30)
i=0
—1)smnHn _ n 1 n—i i n—i . smit+rm(n—i) 31
( ) k,(r—s)ym — Z i ( ) k,rm k,smlu2 . ( )
i=0
i 1} figptly
Now, by multiplying Equation (30) by ———— 1 and equation (31) by —-2— and subtracting,
M1 — M2 M1 — M2
we obtain
S S I
smn n Hipty — Hap
M1 — M2
n ~ smi+rm(n—i)+l ~  smi+rm(n—i)+l
= (n> (—1)"ig n—i (Nllﬁ O — H2[ty rmno t)
pars i k,rm¥k,sm L1 — fis )
1.e.,
" /n
(_1>Smn¢2,(r75)mg¢k,lt = Z (Z>( )n z(bk rm¢k smg k,smi+rm(n—i)+it>
i=0
which completes the proof of Theorem 2.5. [
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Theorem 2.6. Let n,m,r,s,t € Z". Then show that

n
<Z> 77Z)l7~cl,2’“+1Q(;Sk,(27+1-i-2)n-i-mt = Z
—0
ZTL
(i) o1 0¥k (2r+1 4 2)mrmt = Z
=0

My ¢
i 0" k,(2r+2)i+2n+mt>

Y\
; 0" k,(2r+2)i+2n+mt

Proof. By making the use of Lemma 2.2 and Lemma 2.1 (a), we write

Y ort1 M?MH) :N% + Ng2r+2+2)
VY 2r+1 M52T+1+2) =3 + M(2T+2+2).

Thanks to Binomial theorem. By using it, we obtain

n @t42n “~ (n (2712)i42n
VR gr i > (i>u1 :

=0

n @ +2)n _ “~ (n (27+2)i+2n
Y gr1fh Z (2 ) Ha -

=0
et
Hi — H2

By multiplying Equation (34) by ———

and Equation (35) by

122#2
— M2

n
n
wl?gﬂrl Q¢k7(2T+1+2)n+mt = Z <@) Q¢k,(2T+2)i+2n+mt'

=0
Moreover, by multiplying Equation (34) by iy uf™
obtain

and Equation (35) by ioub™

n
n
w2,2r+1 ka,(2r+1+2)n+mt = Z (l) ka,(2r+2)i+2n+mt'

1=0

This proves the Theorem 2.6.

Theorem 2.7. Let n,m,r,s,t,q € Z". Then prove tha

(Z) ( )k(Z " ¢én2qz 19 k 2q7,+mt

=0

.. _ n 1—n n—1
(”) <l) ke )(wl(c ,2q )1)9 k.2qi+mt —

1=0
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k_n(¢k,2q)nA% Q¢k,n+mt>

if n is even;

n—1
oY
20 k,n+mt>

k_n(¢k,2q)nA

\ifn is odd,

kin(ék,Qq)nA% Qd)k,nert’

if n is even;

_ ntl
k n(¢k’,2q)nA 2 Q¢k,n+mt7

kifn is odd.

(32)

(33)

(34)

(35)

and subtracting, we get

and adding, we

(36)

(37)



Proof. (1) By applying the Lemma 2.3, we have

Iu%q + ,lvz)k’,Qq—l _ gbk,Zq,ul\/Z,

k k
“2q+¢k]2€q 1 :—%M%/Z-

Now, by employing the binomial theorem, we achieve

Z ( )kl nwlgn2qz 1( ZqZ) =k quA%(,u?), (38)
i=0
> ( )’f T () = (1)K 0 A (145). (39)
i=0
fi " fia g™
Multiplying Equation (38) by ——— and Equation (39) by —2— and subtracting, we get
1 — W2 M1 — 2
n k(Z . i) ILZLLL%q i+mt /L M2qz+mt
Z 7 (wk 29— 1)
i=0 M1 — 2
fi T — gyt
k=" (¢rog)" A2 ( s 2 ), if n is even,
= M1 — M2
k(o) "AT (g™ + fiops™™), if nis odd,
1.€.,
_ k= (0h.29)" A2 0% st if n is even,
n (i—n) (n—1) )
<Z> ( k,2q— 19 k2gi+mt — -
i=0 k= (Pr,2q)" A2 0% e, if 1 is 0dd.

(i) Again, by multiplying Equation (38) by /i " and Equation (39) by jiou5" and adding, we
get

= n i—n n—i ~ 1+m ~ i+m
Z (z)k( )(1/112,211_))1 <M1M%q g lﬁzﬂgq " t)
1=0

k™ (frog) " A (fin p ™ + fiaps ™), if n is even;

- A~ nt ~ n+mt
(g A (T BT e o,
H1 — M2
which implies
k7 (Oh2q) " A2 0% iy, if 0 is even;

- n i—n n—i
> (z)k( (Wi )0 kit =

. n+1
=0

T (Gr2)" A2 0%y if s 0dd.

This completes the proof of Theorem 2.7. [
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Conclusions

Our work establishes new identities for hyperbolic k-Fibonacci octonions and k-Lucas octonions.

In our earlier research, we developed some properties of k-Fibonacci and k-Lucas numbers which

allowed us to establish the identities of hyperbolic k-Fibonacci and k-Lucas octonions. These

identities can be used to solve various problems related to these octonions, and can be applied to

many other areas of mathematics. We believe that this work can open up new research avenues in

the field of octonions.
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