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Abstract: We will explore the generalization of the four different 2-Fibonacci sequences defined
by Atanassov. In particular, we will define recurrence relations to generate each part of a
2-Fibonacci sequence, discuss the generating function and Binet formula of each of these
sequences, and provide the necessary and sufficient conditions to obtain each type of Binet
formula.

Keywords: Fibonacci sequences, Binet formula, Bi-periodic Fibonacci sequence, 2-Fibonacci
sequences.

2020 Mathematics Subject Classification: 11B39.

1 Introduction

The Fibonacci sequence { F}, } is a sequence that satisfies the recurrence relation F,, = F,, 1+ F}, 5
and has the initial conditions Fjy = 0 and F} = 1. The Fibonacci sequence and its generalizations
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have been studied extensively by various researchers [7, 10, 12, 13, 15, 16, 18, 20-22, 27, 28].
Authors have generalized the sequence by altering the initial conditions [10,15,16,18,20], altering
the coefficients in the recurrence relation [7, 12, 13,21, 22] or both [3,7]. In 2009, Edson and
Yayenie introduced the concept of a bi-periodic Fibonacci sequence ¢, = a,_1Gn_1 + An_2Gn_2
where the coefficients are periodic [12]. Vernon, Arora, and Unnithan, in 2020, proved that a
linear recurrence relation with periodic coefficients can sometimes be split into relations with
constant coefficients [25]. In another paper, Vernon, Arora, and Unnithan proved that all such
linear recurrence relations with periodic coefficients can be split, regardless of the coefficients,
and provided a simple formula to compute the new constant coefficients [26].

Atanassov introduced four different ways of constructing pairs of sequences {a,,} and {5, }
and called these pairs 2-Fibonacci sequences, or 2-F' sequences [8]. These pairs and their
generalizations have been studied by different researchers [1,4,5, 14].

In Section 2, we will explore a generalization of the four 2-Fibonacci sequences that Atanassov
defined but with arbitrary initial conditions and coefficients. In addition, we will define new
recurrence relations to construct these generalized 2-Fibonacci sequences, discuss the generating
function of each of these sequences, obtain the Binet formula for each case, and provide necessary
and sufficient conditions for each type of Binet formula obtained. In Section 3, we explore the
effects of using period-p coefficients when constructing 2-Fibonacci sequences. In Section 4,
we provide examples of using each type of Binet formula to define the first few terms of the
sequences for each applicable case.

2 Main results

An order-k linear recurrence relation is an equation of the form a,.x = f(anix_1,.-.,0an),
where f is a linear function. We will define an order-2 linear recurrence relation in two variables
as a pair of equations a,.2 = fi(@ni1,0n11,n,bn), buro = fal@ns1,bpy1, an,by,) for some
linear functions fi, fo. If f; and f, are as expressed below, we will refer to the relation as a
2-Fibonacci recurrence relation. A pair of sequences ({a,}, {b,}) that satisfy a 2-Fibonacci
recurrence relation will be referred to as a 2-Fibonacci sequence.

There are four 2-Fibonacci recurrence relations in consideration:

Case 1: anq2 = V1bpy1 + Y20n,bnt2 = 010041 + 02Dy,
Case 2: 4y 19 = V10n11 + V2bn,bpio = 01bpi1 + 02ay,
Case 3: ay 19 = V1bpi1 + V2bn,bpio = 01ap11 + d2ay,
Case 4: apq2 = V1Gn+1 + V2an,bpi2 = 010541 + 020y,

We will assume ; and o; are real constants for each ¢ such that v; # 0 and §; # 0. The
initial conditions for a corresponding 2-Fibonacci sequence are ag, ai, by, and b;. There has
been extensive literature examining each of these cases where v; = v = 0, = d2 = 1, and
ag = by = 0,a; = by = 1][2,3,6,7]. These results have also inspired discussion from others
[9-11,17,19,24]. The goal of this section will be to find the Binet formula for each case where
all of the initial conditions and coefficients are arbitrary. We will omit the discussion of Case 4
since it is trivial.
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2.1 Recurrence relation

In each of the cases of the 2-Fibonacci sequences, we can separate the recurrence relations into
two new recurrence relations each using only one of the sequences and obtain the following:

Theorem 2.1. If ({a,}, {b.}) is a 2-Fibonacci sequence, then there exists a single order-4 linear
recurrence relation such that {a,} and {b,} are each solutions to the relation.

Proof. We will prove the result for {a,} in Case 1. The proofs for Cases 2 and 3 and for {b,}
in Case 1 are similar and will be omitted. Note that in each case, the relation we obtain for {b,, }
will have the same coefficients as the corresponding relation for {a,}. Let v, 79,01, 02 be real
numbers. Let {a, }, {b,} be sequences such that a,, 1o = V16,11 + Y20, and b, 2 = d1a,11 + d2b,
for all n. Then

V1bn+1 = Gpi2 — Y20,
bpis = 0112 + doby i1
Anta = Nbn+s + Y2an+2
= Y1(01Gnro + O2byi1) + Yolni2
= 11010n42 + Y1020n 41 + V20042
= Y101Gn+2 + 02(Anr2 — V2a5) + V20n 42
= (7101 + 72 + 02)Ani2 — V20205

Using the same technique as above, for the cases given at the beginning of Section 2 we can
obtain the following linear recurrence relations for which {a,, } and {b,,} are each solutions.

Case 1: cq = (7101 + 72 + 02)Cnro — 12020,

Case 2: ¢pyq = (71 + 01)Cnrg — 7101Cnra + Y2020,
Case 3: cppa = (7161)Cny2 + (7201 + Y162)Cnp1 + Y2025, O

2.2 Generating function

In each of the cases of the 2-Fibonacci sequences, we can establish a generating function to obtain
a closed form for a,, or b,. By Theorem 2.1, in each case we have {a,,} and {b, } satisfy the same
recurrence relation, so the only difference in the generating functions will be the initial conditions.
Therefore, we will simply focus on obtaining a generating function for {¢, }, where {¢, } is equal
to either {a, } or {b, }. That is, define

g(x) =co+err+ e+ = chx”. (1)
n=0
We can determine the rational function form of g(z), decompose g(x) into its partial fractions,

and determine the coefficients of the partial fractions to establish a Binet formula for c,.
Consider a sequence {c, } satisfying the order-4 linear recurrence relation:

¢4 = acs + beg + ceq + deg
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This corresponds to the following generating function.

g(z) =

co + (c1 — aco)x + (co — acy — beg)x? + (c3 — acy — bey — ccg)a®

1 —ax —bz? — ca® — dat

2)

2.2.1 Casel

From Theorem 2.1, a = ¢ = 0, and we have that ¢, 4 = bc,, 2 + dc,, b = 6171 + 2 + d2, and
d = —7205. Thus from (2), we have

o+~ (e — beg)a? 4 (e — bey )
9(z) = 1 — ba? — da* '

3)

2.2.2 Case?2
From Theorem 2.1, we have that

Cntd = ACpy3 + an+2 + dc’m

where a = 1 + 71, b = —0171, ¢ = 0, d = 202 Thus from (2), can write g(x) with these values.

2.2.3 Case3
From Theorem 2.1, we have that

Cnya = bcn—i—? + cCpt1 + dcnv

where a = 0, b = 8171, ¢ = §172 + 0271, d = 720-. Similarly, we can write g(z) as we have done
for the two previous cases.

2.3 Decompositions

Suppose we have the following rational function:

g(z) = hz)

1 —azxr — b2 — cad3 — dat’

“)

where h(z) is a third degree polynomial and a, b, ¢, d are constants and d # 0. Then g(z)
can be decomposed into one of the following, depending on the multiplicity of each root of the

denominator.
9(z) = 1 —Aelx + 1 —BGQx + 1 —06313 + 1 —De4x’ )
9(z) = 1 —Aelx + (1 —lzlx)2 + 1 —06235 + (1 _D€2$>2’ ©)
9(z) = 1 —Aelx + (1 —Belx)2 1 —06223 1 —Degx’ 7
9(x) = 1 —Aela: * (1 —lilx)z * (1 —Cglx)3 * 1 —Deﬂ’ ®
e ©)

Cl-ar (I—-a2)? (1—-ez)3 (1-en)
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We can see that (5), (6), (7), (8), (9) are the decompositions for when 1 — az — bx? — cz® — da*
has exactly four distinct roots, roots with multiplicity 2, roots with multiplicity 2 and 1, a root with
multiplicity 3, or a root with multiplicity 4, respectively [23]. Note that each ¢; can be complex
and that ¢; # 0 for any ¢ since d # 0.

2.3.1 Distinct roots

Here we will calculate the coefficients for the case of the distinct roots (5) of the partial fraction
decomposition of (4). We can see from (4) and (5) that

h(z) = A(1 — e22)(1 — e32)(1 — e42) + B(1 — e12) (1 — e32)(1 — e42)
+C(1—ez)(l —ex)(l —ex) + D(1 — e12)(1 — e2x) (1 — e32).  (10)

By setting x = 61 fori = 1,2, 3,4, we obtain the following.

B eth(1/er) B esh(1/ez)

S (7S | IS | Apon il pompey | poapen Py
) é3h(1/es) ) b1/

R oy | ey e il gy | e TR

Once we calculate the coefficients, we can represent each term of (5) as a geometric series.

g(x) :AZe’fx”jLBZegx"—i—CZeg‘x”+DZ€ZQ:”. (11)

n=0 n=0 n=0 n=0
Thus from (1), we have
cn = A€l + Bey 4+ Cey + Dey. (12)

Note that in Case 1 and Case 3 we have €; + ¢35 4+ ¢3 + ¢4 = a = 0, and in Case 1 and Case 2
we have €ex63 + €1€69€4 + €1€3¢4 + €2¢3¢4 = ¢ = 0, so restrictions on ¢; will arise from these
constraints.

2.3.2 Multiplicity 2

Here we will explore the scenario in which the denominator of g(x) has two roots each with
multiplicity 2 and the necessary and sufficient conditions to obtain this scenario in each case.
Consider the factorization of 1 — ax — bz? — cz® — dx* into

(1 —e12)*(1 — ea2)?, (13)

where €7, €5 are distinct. If we expand (13), then we have

1—2(e1 + €)1 + (€5 + 65 + derer)a” — 2(e165 + Erex)a” + efesrt (14)
We can see from each of the cases of the 2-Fibonacci sequences that a = 0 or ¢ = 0. This implies
that €; + €5 = 0 or €163 + €265 = 0, both of which imply €, = —¢;. Since €, = —¢;, we have from
(4) and (6) that

h(z) = Al —aa)(1 +eaz)? + Bl +eaz)® + 01+ ax)(1 —ar)*+ D(1 —ex)*  (15)
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Thus if we let z = i then

1
5 M) 1o
If we let = —é,then
D — h(%/el) (17)
If we let x = 0O, then
h(0)—B—D=A+C. (18)
And if we let z = % then
h(2/e;) —9B — D = —9A 4 3C. (19)

Then we can solve for A and C' from (18) and (19) to obtain
A 3h(0) — h(2/€1) + %h(l/el) — %h(—l/el)

= , 0)
O 9h(0) + h(2/€1) — %1];(1/61) — gh(—l/el). o)

As before, we can rewrite each term of (6) as a power series:
g(x) = AZ ez + B Z(n + etz + C Z(—el)"x” +D Z(n + 1) (—€)"2z™.  (22)
n=0 n=0 n=0 n=0

Thus from (1), we have

n=Ael + B(n+1)ef + C(—€1)" + D(n+ 1)(—e)". (23)

Case 1 Inthis case, it is necessary from (14) that 6,7, +72+02 = b = 2¢2 and —720y = d = —¢].
An example of the choices of the parameters for this case is outlined in Example 5 with a table
of values for (23). Furthermore, this is a sufficient condition for obtaining two distinct roots,
because if there exists some number ¢, such that b = 2¢2 and d = —¢}, then the denominator of
g(z) becomes 1 — 2e22% + efat = (1 — €)?(1 + )2

Case 2 In this case, it is necessary from (14) that ; +v;, = a = 0,—01y1 = b = 2¢3, and
120y = d = —ef. An example of the choices of the parameters for this case is outlined in
Example 6 with a table of values for (23). As in Case 1, we can see that this is also a sufficient

condition.

Case 3 In this case, it is necessary from (14) that 6175 + doy1 = ¢ = 0,8, = b = 263,
and 7205 = d = —¢}. An example of the choices for the parameters for this case is outlined in
Example 7 with a table of values for (23). As in Case 1, we can see that this is also a sufficient
condition.

2.3.3 Multiplicity 2 and 1

Here we will explore the scenario in which the denominator of g(z) has three distinct roots and the
necessary and sufficient conditions to obtain this scenario in each case. Consider the factorization
of 1 —ax — bx? — ca® — dz* into
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(1 —e2)*(1 — e2)(1 — e32), (24)
where €1, €5, €3 are distinct. If we expand (24), then we have
1—(e2+ €3+ 261)x + (263 + 2e160 + 26163 + €2 )% — (2616063 + Er6n + Er63) 1> + Eenezr?. (25)
Next, we calculate the coefficients in (7). We can see from (4) and (7) that

h(z) = A(1 — e1z)(1 — e22)(1 — e32) + B(1 — e92) (1 — e3x)

(26)
+C(1 - €2)*(1 — e32) + D(1 — 612)*(1 — ea).
If we let x = é, then
2
B eth(1/e1) . 27)
(61 - 62)(61 - 63)
If we let x = é, then
3
C= GQh(i/Q) . (28)
(62 - 61) (62 - 63)
If we let x = é, then
3
p- &Ml/e) (29)
(€3 — €1)?(e3 — €2)
And if we let £ = 0, then
A=h(0)—B-C—D. (30)

As with the previous cases, once we calculate the coefficients, we can represent each term in (7)
as a power series:

g(x) = AZe?x"—i—BZ(n—i— 1)6?x”+026§x"+D26§x”. (1)
n=0 n=0 n=0 n=0

Thus from (1), we have
¢, = A€l + B(n+ 1)€f + Ce + Dey. (32)

Case 1 It is necessary from (25) that €5 + €3 + 2¢; = a = 0 and 2¢e9¢3 + €265 + €263 = ¢ = 0,
which means that ¢, = —% and ¢ = —f;%;, implying €2 = €3, which contradicts our
assumption that e, and e3 are distinct. Thus the scenario of Multiplicity 2 and 1 is impossible for

Case 1.

Case 2 It is necessary from (25) that 2¢;€x€3 + €3€5 + e3¢5 = ¢ = 0, which means that ¢; =

—f;%;. Then we must choose coefficients 01, 02,71, V2 such that v, + 01 = a = €3 + €3 — 4%,

—0171 = b = 3ege3 — 4;%653, and 0 = d = —4% for some distinct numbers €5, €3. This
also implies that €5 # —e3. Additionally, this means ¢ is distinct from €5 and €3, since otherwise
we would have a root of multiplicity 3, and as we will show in the subsequent section, no real
coefficients 7, 72, 01, 02 exist to yield this case. An example of the choices of the parameters for
this case is outlined in Example 8 with a table of values for (32). As in Case 1 of the Multiplicity 2

scenario, we can show that this is also a sufficient condition.
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Case3 Itisnecessary from (25) that e;+€3+42¢; = a = 0, which means that e; = — <3< Then
we must choose coefficients d1, d2, 1, 2 such that 67, = b = €363+ w, Y102+ 0172 ==

2)3 2)2 .o .
—(€3 + €3)€ae3 + %, and v20y = d = —%6263 for some distinct numbers €5, €5. This
also implies €5 # —e3 since otherwise do, = d = 0, and ¢; = —% is distinct from €5, since
otherwise if €; = e, we would have €3 = —3es, resulting in v;6; = b = 0. By the same argument

we also have €; # €3. An example of the choices for d, o, 71, 72 for this case is outlined in
Example 9 with a table of values for (32). As in Case 1 of the Multiplicity 2 scenario, we can
show that this is also a sufficient condition.

2.3.4 Multiplicity 3

We will prove that the scenario outlined in (8) is impossible in each of our cases.

Lemma 2.2. If ({a,},{b.}) is a 2-Fibonacci sequence and g is a generating function for {a,}
or {b,}, and Ei is a root of the denominator of g(x), then ei does not have multiplicity 3.

Proof. Consider the factorization of 1 — ax — bx? — cx® — dz* into
(1 —e2)*(1 — exz), (33)

where €1, €5 are distinct. Additionally, we note that ¢; and ¢, are real numbers; otherwise, they
would have to be complex conjugates since a, b, ¢, d are real numbers. Since the roots have
different multiplicity, they must not be complex conjugates. If we expand (33), then we have

1+ (—€2 — 3€1)x + (3er6a + 3€])2? + (=3€iey — €3)1° + et (34)
Case 1 Itis necessary from (34) that €5 + 3¢; = a = 0, which means that e = —3¢;. Also, we
can see that 36%62 + é{’ = ¢ = 0, as well, so we have that ¢, = —%1. Then we have —3¢; = —%1,

which implies that €; = 0, a contradiction. Thus the scenario of Multiplicity 3 is impossible for
Case 1.

Case 2 It is necessary from (34) that 3e?¢; + ¢ = ¢ = 0, which means that ¢, = —3e,. Thus
2
we have that v; + 6; = a = —8¢ and —d,7y; = b = —18¢€2, which means that y; = 1% Then

18¢€2
o1
1865 + 07 = —8e€36,
62 + 8ex01 + 1862 = 0

—8ey £ \/64e3 — T2€3
2
—8ey £+ 1/ —8€3

51: 9 )

+ (51 = —862

5y =

which implies that d; is complex or ¢; = 0, both of which are contradictions. Thus the scenario
of Multiplicity 3 is impossible for Case 2, as well.
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Case 3 It is necessary from (34) that €5 + 3¢; = a = 0, which means that e; = —3¢;. Thus we
2
have that 7,0, = b = 6¢2, s0 0; = %, 0172 + day1 = ¢ = —8¢€2, and dy7y; = d = 3¢}, Then

66%72

+ 52’}/1 = —86?
T

66%’)/2 + 52"}/12 = —86?’}/1
52’7% + 86:{’71 + 66%’)/2 =0
—863 & \/64€ — 2459062

"= 20,
= —863 4 /64€$ — T2¢$ _ —8€3 4 /—8¢$
! 20, 20, ’

which implies that v, is complex or €; = 0, both of which are contradictions. Thus the scenario
of Multiplicity 3 is impossible for Case 3, as well. [

2.3.5 Multiplicity 4

We will prove that the scenario outlined in (9) is impossible in each of our cases.

Lemma 2.3. If ({a,},{b.}) is a 2-Fibonacci sequence and g is a generating function for {a,}

or {b,}, and L is a root of the denominator of g(x), then + does not have multiplicity 4.

Proof. Consider the factorization of 1 — ax — bx? — cx® — dz* into
(1—e)?, (35)
where ¢, is not 0. If we expand (35), then we have
1+ (—de))z + (663)2* + (—4e)2® + efat (36)

Since for each of our cases we have a = 0 or ¢ = 0, we can see that ¢; = 0, a contradiction. [

3 Periodic coefficient sequences

In [26], the authors showed that any sequence satisfying an order-k linear recurrence relation
with period-p coefficients can be subdivided into p separate subsequences such that there is a
single order-k linear recurrence relation with constant coefficients that each subsequence satisfies.
In the case of 2-Fibonacci sequences, a similar result arises. We will define a 2-Fibonacci
recurrence relation with period-p coefficients in the same way as a 2-Fibonacci recurrence relation
in Section 2, but replacing the constant coefficients ;, ¢; with coefficient sequences {7; .}, {din}
of period p. Likewise, we will similarly define 2-Fibonacci p-sequences.

Lemma 3.1. If ({a,},{b.}) is a 2-Fibonacci p-sequence, then there exist two order-4 linear
recurrence relations with period-p coefficients such that {a,} and {b,} are each solutions to one

of the relations.
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Proof. We will prove the case that is analogous to the case used in the proof of Theorem 2.1. The
other proofs are similar and will be omitted. Suppose we have sequences {a,, }, {b,} such that for
all n, the following holds:

Ap+2 = V1n+10n+1 + 72,nbn (37)
bn+2 = 51,n+1bn+1 + 52,nan7 (38)

where {V1,,},{7v2.n}: {010}, {02} are given sequences such that =, ,, ., = v, , and J; p+p = ;.
for all 7 and all n. Using the same technique as in the proof of Theorem 2.1, we can show that

72,n+251,n+1 ’72,n+251,n+1’71,n+2

~ Qp42 + 72,n+262,nan7
2,n+1

Aptq = <71,n+3 +
Y2,n+1

091 0 )

n+27Y1,n+1 2.n+271,n+101,n+2

bn+4 = <5l,n+3 + S bn+3 - 5 bn+2 + 62,n+272,nbn-
2,n+1 2.n+1

We can easily verify that the new coefficients in the obtained relations for {a,} and {b,} are
period-p sequences. This means {a,} and {b,} are each solutions to order-4 recurrence relations
with period-p coefficient sequences, assuming the original coefficient sequences have no zero
elements. []

Note that unlike in the case with constant coefficients, the new coefficients for a,, 4 and b, 14
are not necessarily equal. By the results in our previous paper, any order-4 linear recurrence
relation with period-p coefficient sequences can be split into p separate order-4 linear recurrence
relations with constant coefficients [25]. We will demonstrate this in the following example, the
case where p = 2. For simplicity of notation, we will rename the coefficients.

Example 1 (Subsequences of a 2-Fibonacci sequence with period-2 coefficients).

Aayys + Bayyo + Capq + Da,,  ifniseven
Gups = - (39)
Fa,.3+ Fa, s+ Ga,y1 + Ha,, ifnisodd

We first construct matrices similar to the Fibonacci matrix.

A B C D E F G H
A(l):lOOO,A(2):1000,
01 0 0 01 0 0
0 0 1 0 0 0 1 0]
AE+F BE+G CE+ H DE]
A B C D
2) = A(2)A(1) =
Q(2) (2)A(1) ] 0 0 0
0 1 0 0

For Q)(2), the sum of the first principal minors is AE + F + B, the sum of the second principal
minors is BF — AG — CE — H — D, the sum of the third principal minors is CG — DF — BH,

and the sum of the fourth principal minors is DH. Then by the results of our previous paper, we
have

tnss = (AE+B+F)apy6—(BF—AG—CE—H—D)ays4+(CG—DF—BH)a, »—(DH)a,.
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This can be applied to any of the cases of 2-Fibonacci sequences with period-2 coefficient
sequences and can be easily generalized to any period. A similar result can be obtained for

{bn}-

Last, we will show that although the period-p coefficient sequences in the relations from
Lemma 3.1 are not necessarily the same for {a, } and {b,}, the derived constant coefficients for
the subsequences are indeed the same.

Theorem 3.2. If ({a,},{b.}) is a 2-Fibonacci p-sequence, then there exists a single order-4
linear recurrence relation with constant coefficients such that both {ajn,} and {by.n,} are
solutions for all k.

Proof. We will prove the result in Case 1. The other results are similar. By Lemma 3.1, there
exists an order-4 linear recurrence relation with period-p coefficients such that {a,, } is a solution.
Then by [26] there exist four constant coefficients «; such that for each n we have a,, 14, =

Q10 3p + Q201 2p + Q3054 p + Quay,. Then

72,n+4pbn+4p = an+4p+2 — V1,n+4p+1Qn+4p+1

4
= g QiQpy (4—i)p+2 — V1,n+4p+1 5 QA4 (4—i)p+1
=1

- E %) an—i— —i)p+2 — /yl,n+(4—i)p+1an+(4—i)p+1)

4

- Z (07380 n+(4—1 n+(4 )p — Y2,n+4p Z az n+(4—1i)p-
=1

Since we assume ; ; # 0 for all 4, j, this means that for each n we can divide both sides by

Ya,n+4p to conclude by, 4, = 1043, + Q2byiop + agbp gy + by, O

4 Examples

The following are examples of the 2-Fibonacci sequences to illustrate each possible Binet formula
calculated in their respective sections. In each example,we will use initial conditions ag = by = 0,
a; = by = 1. A list of the first few a,, are displayed in their respective columns of Table 1.

Example 2 (Four Distinct Roots, Case 1). Let v, = 5 = 8; = 05 = 1. Then we have 1 — 32+ x*
as our denominator for g(x), and our distinct roots El will be i#.

Example 3 (Four Distinct Roots, Case 2). Let v; = 01 = V2 = 0o = 2. Then we have 1—4x +
422 — 4x* as our denominator for g(x), and our distinct roots 61 will be % 1 -5 :I: f
Example 4 (Four Distinct Roots, Case 3). Let v = 01 = 1, 75 = 0y = 2. Then we have
1 :|: Zf

1 — x* — 42® — 4z* as our denominator for g(x), and our distinct roots will be —1, 1,

Example 5 (Two Distinct Roots, Case 1). Let v = 1, 01 = —1, 79 = 4 and do = 1. Then we
have 1 — 42* + 4z* as our denominator for g(z), and our distinct roots will be i\/??
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Example 6 (Two Distinct Roots, Case 2). Let v1 = 2, 61 = —2, 79 = —2 and 0 = 2. Then we
have 1 — 4x* + 4x* as our denominator for g(x), and our distinct roots will be i—*/Té.

Example 7 (Two Distinct Roots, Case 3). Let v = 2, 01 = 2, 75 = —2 and do = 2. Then we

have 1 — 4z* + 4x* as our denominator for g(z), and our distinct roots will be :I:\/Ti.

Example 8 (Three Distinct Roots, Case 2). Let v = 2, 61 = 2, 79 = 1 and 63 = 1. Then we
have 1 — 4z + 4x* — x* as our denominator for g(x), our root of multiplicity 2 will be 1, and our
remaining roots will be —1 + V2.

Example 9 (Three Distinct Roots, Case 3). Let v = 2, 61 = 2, 6o = 1 and v5 = 1. Then we
have 1 — 42% — 42° — 2* as our denominator for g(x), our root of multiplicity 2 will be 1, and

our remaining roots will be —1 + V2.

Table 1. a,, and b,, values for 2-Fibonacci sequences

. ag ai a2 as aq as ag
Roots | Case Coefficients €; bo by by bs by b b
y | Si=b6=1 |a=2+¥——[0 1 1 2 3 5 3
Mm=rp=1 |ag=5-LPB=—g|0 1 1 2 5 8
A ) Si=0=2 |a=34+Y=—6 |0 1 2 3 16 44 120
MN=rp=2 |ag=5-L=—g|0 1 2 3 16 44 120
51:(52:2 61:—1,62:2, 0 1 1 3 11 21
4 3 =y =2 =147 g 1 1 3 11 21
71 =72 = €3,€64 = —3 D)
Si=—-1,71=1 o 1 1 3 8 12
2 1 =42
Sy = 1,79 = 4 1,62 =2 0 1 -1 0 -4 —4 —12
01 =6y = =2, 0 1 2 6 8 20 24
2 2 ! 2 €1,€9 = +/2
o=y =2 0o 1 -2 2 -8 4 -2
61 =0y =2, o 1 2 2 8 4 24
2 3 ! 2 €1,€2 = iﬂ
=279 = —2 0 1 2 6 8 20 24
51 =7 = 2, €1 = 1, 0 1 2 5 12 29 70
3 2
Sg =7 =1 €2,63 =142 0O 1 2 5 12 29 170
6 =71 =2, €6 = —1, 0 1 2 5 12 29 70
3 3
Sg =7 =1 €r,653 =1++/2 o 1 2 5 12 29 70

5 Conclusion

We have shown that we can express a 2-Fibonacci sequence with arbitrary coefficients and initial
conditions using a single order-4 linear recurrence relation. We have also constructed a generating
function to obtain a closed form or Binet formula for each of these sequences. We have found
necessary and sufficient conditions on the coefficients corresponding to each possible form of
the Binet formula, and also which forms are not possible, along with examples for each possible
scenario. We extend these concepts to the case where the coefficients are periodic sequences of
period p.
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